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PART I 

1. Introduction 

We shall consider here the interaction of the 
electron with the phonon field and with the external 
electric field. 

In this paper we will derive exact equalities 
which by applying a suitable approximation proce
dure can be transformed into equations for the 
study of kinetic properties, 

The hamiltonian for our dynamic system (S, ~) 
of interacting electron (S) and phonon field ( ~) 
may be written in the form: 

P2 ... 
... ~ + 

H=-+E(t)r+ ~1iwkbkbk+ 
2m (k) 

(1.1) 
+ 1_ I f (k)( ..!_ f2 ei(k.-;) 
yV (k) 2~ 

(bk+b~k). 

where E ( t ) is the external electric field, multiplied 
by the charge e c ; w k , f (k) are the spherically .... 
symmetric real functions of the wave vector k, 
e.g. for the Frohlich polaron 

g 

f (k)= ~-. 
!kl 

wk ""W 

being the coupling constant. 

(1.2) 
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In this expression r and p d~note the 
position and momentum of the electron, V is the 
volume of the considered dynamical system, while 
bk , b ~ are the phonon bose amplitudes corres
ponding to the vector R. The frequencies wk are 
supposed to be essentially positive. 

The summation (k) proceeds over the usual 
quasi-discrete spectrum of k, becoming continuous 
in the limit V -> oo • 

In some situations it will be convenient to 
use the notion of an adiabatic switching off the 
interactions. 

We may then introduce the factor eft (f > 0) 
to annihilate the interactions at t .... - oo ; in the 
final result we put f -> 0. 

Therefore we shall .start by considering the 
hamiltonian: 

p2 ft .... + 
H "'--+e E(t).r+ ~1\w b b + 

t 2m (k) k k k 

eft 
+ --

yV 

1/2 ......... 
~ (.::!L) f(k)e

1
k-r • (b +b+ ). 

(k) 2wk k -k 

Let us now inrtoduce some notation • 
So, A (S) will denote a dynamical variable 

depending> only upon dynamical variables p, r 
of S and thus commuting with all b k• b ~ . 

( :1_3) 

In the same way A ( ~ ) denotes a dynamical 
variable depending only upon dynamical variables 
.... b k ••.. bt .... of ~ and thus commuting with p 
and r. 

The general dynamical variable may be denoted 
by A(S, ~ ). These conventions being adopted we ....; 
denote: 

p2 
f t .... .... r ( S) ,. - + e E (t) r 

t 2m 

4 

+ H(~),. I 1l.wk b kbk 
( .K) 

(1.4) 

eft 11 112 ik•; + 
H ' ,., H '(S, I) .. -== ~ ( -) f (k) e (b k + b k). 

t t yV (k) 2wk -

Then (1.3) yields: 

H t "" rt (S ) + H ( I ) + H ~ (S, I ) . ( 1 • s) 

We begin by making use of the Liouville 
equation for the statistical operator 9) t : 

a g)t m m 
i1'1 - = H t ;v t - .h t H t ( 1. 6) at 

with the initial condition at some time t 0 far in 
the past: 

:D t
0 

= p (S ) T ( ~ ) , (1.7) 

where p (S) is a statistical operator for the system S 

Sp p (S)= 1 
(S) 

and :D ( ~) describes the statistical equilibrium in 
the system ~ alone: 

:D(~) = z -1 e -,8H(I) 

Sp :D(~) .. 1 . 
(~) 

z .. Sp e -,8H(~) 
(I) (1.8) 

Therefore one obtains the conventiona.I normaliza
tion for the statistical operator: 

Sp T t = Sp :D t ""Sp p(S) Sp :D(~),.. 1 (1.9) 
(S,I) (S,I) 

0 
(S) (I) 
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It will be convenient to introduce the operator 
U(t,t

0
) : 

au(t,t 0 ) 
i1r ---,. H t U (t, t 0 ) 

at 
U(t 0 ,t 0 ),..1 

As Ht is hermitian we have: 
+ 

. au(t,t 0 ) + 
-rt'i ,.U(t,t 0 )Ht 

at 
+ 
U(t 0 , t 0 ) =1 

Hence U (t, t 0 ) is the unitary operator: 

+ -1 
U(t,t

0
)=U (t,t

0
) 

(1,10) 

(1,11) 

In terms of these operators the formal solution 
of (1,6), (1.7) can be written as: 

:l)t =U(t,to):Dto u-1(t,to ). (1.12) 

Consider a dynamical variable A. Its average 
value at the time t is 

<A~ "' Sp A :D t 
(S,!.) 

In virtue of (1,12) one obtains: 

<A> = Sp AU(t,t
0

):Dt u- 1 (t,t
0

)=SpA(t):Dt 
t (S,!.) o o 

where 

+ -1 
A(t)= U(t ,t 0 )AU(t,t 0 ) .. U (t,t0 )AU(t,t 0 ) 

A(t 0 ) =A 

6 

(1,13) 

(1,14) 

(1,15) 

This leads to: 

<A >t ~ SI>__ A :D t = Sp A (t) :C t 
(S.~) (S ,!.) 0 

From ( 1.15) we see that A ( t ) is nothing else 
than the Heisenberg representation of A. 

(1,16) 

Note that if the com nutator between A and B 
is a c -number: 

[ A , B ] = AB - BA ,. c 

the same relation holds also for their Heisenberg 
representations: 

[A(t),B(t) ],. u- 1(t,t
0

)[A,B] U(t,t
0

) xc. 

Consider now a dynamical variable of the type <fl (S) 
and denote by <fl(St) its Heisenberg representation, 

From (1.16) we get: 

Sp <fl (S t ) :D t ,. Sp <fl (S) g)t ,. 
(S,!.) 

0 
(S,!.) 

,. Sp <fl (S) I Sp :D t I. 
(S) (!.) 

Therefore in terms of the reduced statistical opera
tor: 

Pt (S).Sp :Dt ; 
(!.) 

Sp p (S) -1 
(S) t 

this relation yields: 

Sp <fl(S t) :Dt ,. Sp <fl (S )p (S) 
(S,!.) o (S) t 

In the particular case when 

<fl(S)=F(p) 

(1,17) 

(1.18) 
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we can write: 

Sp F(§)pt (S)- f F(p)wt (p)dp 
(S) 

where 

w t (p0 ) = Sp 8 (p .... - p 0) p t (S) 
(S) 

(1.19) 

(1.20) 

Let p ( t) denote the Heisenberg operator of 
the electron momentum. Then (1.18) gives: 

Sp F(p(t))5)t
0 

= f F(p)wt (p)dp. 
(S,I) 

From (1.17), (1.20) it follows: 

Jwt(p)dp,..1 

(1.21) 

and it is easy to see that w t (p) may be inter
preted as the probability density of momentum at 
the time t. 

Let us now turn our attention to the dynamic 
variable of the type f (S) which does not depend 
explicitly upon time. 

Its Heisenberg operator f (S t) obeys the equa
tion of motion: 

ih ar(St) ,..f(St)H(t)-H(t)f(St) 
at (1.22) 

where H(t) is the hamiltonian Ht expressed in 
terms of the Heisenberg operator: 

H(t),.. rt (St )+ H(I t )+ H'(t). 

Here: 

8 

p2 (t) ft -+ .... 
rt (St ) ... -- + e E (t)r(t) 

2m 

(1.23) 

+ H(It)- I 1iwk bk(t)bk(t) 
(k) 

n 112 {k. rh> 
H'(t) .. e_ I(_.!.._) f(k)e {bk(t)+b~k(t)!,.. 

yV (k} 2 wk (1.24) 

eft ,.._I( 1i 112 v v (k) -2 -) f(k)l b (t)+ b + (t) 1 {k · r"ct) 
wk k -k e 

-+ -+ + 
where p (t), r (t), ~ (t), b k (t) are the Heisenberg 
operators obeying the equations of motion: 

d r <u._ .. _!_ .... < t > 
dt m P. 

-+ -+ 1 ..... 112 
dp(t) .. -eft E(t)-ien--=- I(-"-) x 
d t yV (k) 2w k 

-+-+ 

x f{k)keik•r(t) (b (t)+b+k(t)) 
k -

1/2 ..... -+ dbk(t) --iw b (t)-ien 1 f(k)(-1-) e-lk•r(t) 
d t k k yV 2nwk (1.25) 

db~k(t) •iw b+ (t)+ien 1 f(k)(-1-//2e-ik;f(t) 
dt k -k yV 21iwk 

and the initial conditions: 

-+ -+ -+ -+ + + 
r(t 0).r , p(t 0),..p, bk(t

0
),..bk, b_k(t

0
) .. b_k 

Substitute (1.23) into (1.22) and remark that 

[ f(St ), H(It )] ,.. 0 

(1.26) 
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because 

[f(S),H(I)]= 0. 

Therefore (1.22) can be written in the form: 

a rest) rt est )f(St)- rest )rt est) 
-+ at in 

f(St )H'(t)-H'(t)f (St ) 

in 

from which it follows: 

I 
a rest) rt est )f(St )-f(St>rt est> 1 T 

Sp a-+ i'h t 0 
(S,I) t 

- .:. Sp {f(St)H'(t)-H'(t)f(St)!Tt 
lu (S,I) o 

Remark that in virtue of (1.18) we have: 

Sp 1 arcst) + rt (St)fCSt)-f(St>rt (St> !Tt _ 

(S,I) at i"ft o 

(1.27) 

(1.28) 

• Sp {f(S) 
(S) 

+ n (S) r . ...:..<S..:...) -~f..:..( S..:;).;...r.::...t ....:..<S...:..) 
i1i 

p t (S) l 

and thus: 

Sp{f(S)~t(S) + rt(S)f(S) -f(S)rt(S) p (S)},.. 

<s> at i1r t 

10 

.. -. 
1
_ sp 1 r ( s t ) H '(t)- H ' (t ) r ( s t ) l :_. ·v 

rtl (S,I) .) • 

In view of (1.24) this equality yields: 

Sp{f(S) apt (S) + rt(S)f(S)-f(S)rt(S) p (S)I"" 

<s> at i1i t 

.. -ieft 1-If<kH_.l_-rsp rcst)efkt<t(b (t)+b+ <t>>Tt 
yV (k) 21\wk (S,I) k -k o 

+ 

(1.29) 

V2 ..._.. 
+ ieft 

1 
I f (k)(-1 -) Sp (bk(t) + b + k(t)) e ikr(t) f (S t) Tt . 

yV (k) 211wk (S,I) - o 

This relation will be studied in the next paragraph. 

2. Elimination of the Phonon Field Amplitudes 

We now proceed to eliminate the bose amplitudes 
bk, b~k of the phonon field from the relation (1.29). 
Our main aim here consists in obtaining the equa
tion in which only positions and momenta 

r(r), p(r) t~r ~ t (2.1) 

of the electron enter explicitly. 
The equations (1.25) lead to: 

- + + - + bk(t) -- i B k(t)+bk(t); b_!lt)zi B_k (t)+b_k (t) (2.2) 
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where 
1 1 1/2 t . . ...... 

Bk (t),.-=- f (k)( _) f d r e -1wk (t- r )Hr e -1k r (r) 

yV 2Ti~ to 

+ 1 1/2 ..>.. ( ...... 
B_k(t)z-= f(k)(__!__) / dre 'l(l)k t-r)Hr -ikr(r) (2.3) 

y V 2fiwk to e 

and 

- -iC<.k(t-tc} - + iwJt<t-t 0 ) + 
bk(t)ze bk, b_k(t)se b_k (2.4) 

Therefore (1.29) can be put in the form: 

Sp!f(S) apt(S) 

<8> at 

rt (S )f(S )-f(S)rt (S) p (S) J. 
+ i~ t 

...... 
ft 1 1 112 i k r ( t) 

"'- ie -=I ~(k)(--) SJ2.f(St )e x 
yV (k) 2:flw k (8,l:) 

- - + x!b (t)+b+(t)-iBk(t)+iB k(t)l~t + 
k -k - 0 

(2.5) 

+ien 1 I ~(k)(-1-f2 
Sp! bk(t)+b\(t)-

yV (k) 21iwk (8,I) -

...... 
. + ikr(t) m 

-1Bk (t)+iB -k(t) }e f(St) ;t, to 

H~re Bk (t), s:_k (t) in fact depend explicitly only 
~pon r_(r) (t 

0 
~r~ t) but the "free" bose amplitudes 

b k (t). b -:_k(t) are still present. _ _ + 
In order to get rid of these bk, b ... k we now 

propose to prove the following lemma: 

12 

Sp bk(t) 'U (S,};) T ,. 
(8,I) to 

1/3 Sp! bk(t) 'U (S, I)- 'U (S, I )b k(t)!T t 
- flwk o 

1-e (8,I) 

Proof: 
By noticing (1.7) and observing that bk commutes 

with any operator of the type <I>(S), we have: 

Sp bk(t) 'U(S,I )Tt
0 

""Sp bk(t) 'U(S,I)p(S)~(I) = 

(8,I) (8,I) 

""Sp b k(t)! Sp 'lJ (S , I ) p (S) l ~ (I) 
(I) (8) 

Sp 'U (S , I ) bk (t) :i\
0 

"' Sp 'lJ (S , I ) b k (t) p ( S) ~ (I) '"' 
(S,I) (8,2) 

Denote 

~Sp! Sp 'U (S, I )p(S)lbk(t)1} (I) 
(I) (8) 

Sp 'U (S, I ) p (S),. B (I) . 
(8) 

Then: 

Sp b (t) 'U(S ,I )g\ ,.. Sp b (t)B(I)~ (I) 
k 0 k 

(8,I) (I) (2.6) 

Sp 'U (S,I )bk(t)~to ""Sp B (I)bk(t)~(I). 
(S,I) (I) 

13 
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Let us recall here an important property of the 

equilibrium averages in the statistical mechanics. 
Consider an isolated dynamical system, cha

racterized by some time independent hamiltonian H 
and two dynamical variables A ,B , corresponding 
to this system, which do not depend explicitly 

upon t. 
Then, for the equilibrium averages: 

<A(t)B>eq =SP A(t)B :Deq 

<BA(t)> - SpBA(t) :Deq 
eq 

in which 
. i 
.LHt -1f"Ht 

A (t)z en Ae 

we have 

"" 
<A(t)B> ""J J(w)e-iwtdw 

eq 
-oo 

00 -{3wfl - iw t 
<BA(t)> -Je J(w)e dw. 

eq -oo 

We write these relations in the form: 

. i T H (t-t
0

) - =tr" H (t- to) 00 -iw(t-t 0 ) 

Sp(e Ae B:D ) - J J(w)e dw 
eq -oo 

i i 1\H(t-t0 ) -:nH(t-t 0 ) 

Sp ( Be Ae :D ) "" eq 

(2.7) 

oo -{3Wfi - iw( t- t0 ) 

- J e J(w )e dw. 
-oo 

14 

Take now as this system our system l and put: 

H-H(l), :Deq = :D(!.) 

A=bk, B=B(l). 

Note also that in this case: 

. ( i i 

b (t) 
-1wk t-t 0 ) --(t-t )H - -(t-t )H 

k =e b =e 1r o b e 1'i o 
k k 

Thus ( 2. 7) lead to: 

_ -iwk(t-t0 ) 

Sp bk(t)B(l):D(l)=e Spbk B(l):D(l),. 
(l) (l) 

"" f J (w )e -iw(t-to) dw 
k 

-oo 

- -i~(t-t ) (2.8) 
Sp B(l)bk(t):D(l) =e 

0 
Sp B(l)bkT(l) = 

(2) (2) 

,. J e -{3-n. w -iw(t-t 0 ) 
J (w )e dw. 

k 
-oo 

These relations show that J k ( w) is proportional to 

0 ( w -(Uk): 

J k ( w ) = I k o ( w -w k ) 

and hence: 

-(Jfiw -f31iwk 
e J k ( w ) = e J k (w ) 

Therefore from (2.8) we also obtain: 

Sp B(2)bk(t):D(l)=e-{31rwkSp bk(t)B(2):DC:l) 
(2) (l) 

15 
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or, in virtue of (2.6): 

- -{311w -
Sp 1J (S .~) bk(t) g)to .. e k Sp bk (t) 1J (S .~)j}t0 
(S,~) (S.~) 

which yields 

Sp (b (t)'lJ(S.~)-'lJ(S.~)b (t)lj}t .. 
k k 0 

(S.~) 

-{31fw 
(1- e k ) Sp bk(t) 1J (S . ~) g)t 

(S.~) o 

We now see that: 

Sp bk(t) 1J (S • ~)9)to = ___ 1 -- x 
(S.~) 1-e-{31twk 

X Sp I b (t) 1J (S .~ )- 1J (S .~ )bk(t) I g)t 
k 0 

(S.~) 
-{311wk 

- e --x Sp 1J (S , ~ ) b k(t) g)t
0 

= --=7Sfiwk 
(S.~) 1-e 

x Sp(b (t)'lJ(S.~)-'lJ(S.~)b (t)l9)to 
k k . 

(S.~) 

and our lemma is proved. 

t6 

Denote 

-{31twk 
e 
-----=Nk 

1-e 
-(3"fiwk 

(2.9) 

(2.10) 

Then the relations (2.9) can be written in terms 
of these equilibrium averages of the occupation 
numbers b:b k: 

Sp bk (t) 1J (S , ~ ) !l\ .. 
(S.~) 

-(1+Nk)Sp I i\(t)'lJ(S, ~)-'lJ(S.~ )bk(t)l iJt
0 (S,~) 

Sp 'lJ (S .~ )bk (t)iJt = 
(2.11) 

(S.~) o 

""Nk Sp I bk(t)'ll(S,I)-'lJ(S,I)bk(t)lg}t 
(S,I) 0 

By replacing here: 
+ 

'lJ(S,!)-+ 'lJ(S,I). k-+-k 

and performing the complex conjugation procedure 
we immediately obtain: 

Sp 'lJ ( S , I ) b + (t) g) t -
-k 0 

(S,!) 

- (1 +N ) Sp I 'lJ (S, I )b + (t)- b +k(t) 'lJ (S • I) I iJ t 
k -k - 0 

(S,!) 

(2.12) 
-+ 

Sp b -k (t) 'lJ (S, I) 1\ ,. 
(S,!) 

.. Nk Sp l.'ll(S ,I)b:k(t)- b~k(t)'lJ (S ,I) I g)to 
(S,I) 

17 
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We now proceed to use (2.11), (2.12) for the 

case when: 

'U(S,l) .. <ll(St) (2.13) 

Here as always <ll(St)denotes the Heisenberg ope
rator corresponding to the dynamical variable <ll(S). 

Therefore, because bk, b~ k commute with <ll (S) 
the operators b (t),b+ (t) must also commute with <ll(St) 

k -k 

b (t)<ll (S ) - <ll(S )bk(t)=O 
k t t (2.14) 

<ll(St )b~k (t)- b~(t)<ll(St )=0. 

By taking into account (2.2) we obtain: 

- -bk(t)<ll(St)-<ll(St)bk(t),diBk(t)<ll(St )-<ll (St )Bk(t)l 

<ll(St )b~k (t)-b_;(t)<ll(St )-iiB~~t)<ll(St )-<ll(St)B~/t)l. 

In this situation (2.11), (2.12) lead to: (
2

•
15

) 

Spl bk(t)+b ~k (t) I <ll(S t ):Dt
0

"' i(l +Nk) Sp I Bk(t)<ll(St )-
(S,l) (S,l) 

- <ll (S t )Bk (t) I :D to+ iNk Sp I B ~k(t) <ll (S t)- <ll (S t)B":_k(t)l:D t 
(S,l) 

0 

Sp <ll (S )lbk (t) +-b + (t) l :D .. 
l t -k t0 

(S, ) 

dNk Sp I B (t)<ll(S )-<ll(S )B (t)I:D + 
(S ,l) k t t k t0 

+i(l+Nk )Sp IB+ (t)<ll(S )- <ll(St)B+k (t)l :Dt 
'C' -k t - 0 

(S,~) 

18 

from which it follows: 

Sp<ll(S ){bk(t)+b+k(t)-iB (t)+iB+ (t)I:Dt .. 
l t - k -k 0 

(S, ) 

,.,j Sp INkBk(t)+(l+Nk)B~k(t)l<ll(St ):Dto- (2.16) 
(S,l) 

-i Sp l(l+Nk)<ll(S )Bk(t)+Nk<ll(S )B+ (t)I:D 
~ t t -k to 

(S, ~) 

Sp I b (t)+b + (t)- iB k (t)+ iB +k(t) I <ll(St ):Dt "' 
~ k -k - 0 

(S,~) 

-iSp INk Bk(t)+(l+Nk)B~k(t)l<ll(St):Dto-
(S,l) (2.17) 

-i Sp l(l+Nk )<ll(S t )Bk(t)+N k<ll (St )B~k (t) I:Dt 
(S,l) 0 

Put in (2.16) 
->-> 

<ll (S t ) .. f (S t ) e i k r ( t) 

(2.16a) 

and in (2.17) 

->-> 
i k r(t) 

<ll(St ) .. e f(St ) . 
(2.17a) 

Then by using the expressions for B k (t), B ~k (t) 
from (2.3) one obtains: 

->-> 
ikr(t) - -

Sp f (St )e I bk (t)+b~k(t)- i B k(t) + iB ~k (t) I :D t
0 

.. 

(S,l) 
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I 
I 
[i 
i' 

r: ,. 

. Et 1 1 1/2 (<) t -E'(t-f") -i~(t-f) 
""1e -= (--) .1..(k) f dre IN e + 

yV 2n~ to k 

20 

-+-+ ............ 
iwk(t-T) -ikr(r) ikr(t) 

+ (1 +Nk)e l Sp e f(St )e 9)t0 

(S,!.) 

112 t -E'(t-r) -iw (t-r) 
-ien 1 (-1-) f(k)f dre I(1+N )e + 

yV 21iw t k 
k 0 

iw k (t- r) ik1( t) -ikftr) 
+ Nke l Sp f (S )e e g)t t 0 

(S,!.) 

(2.18) 

....... 

Sp lbk(t) +b~k (t)-iBk (t)+iB~k(t) je ikr(t) f(St )9)t ,. 

~.!.) 0 

. ft 
=le 

1 (-1 -)1/2 "'(k) ft -E' (t-T) . YV 211w ' d,e IN -•"'k(t-'l 
k t ke 0 + 

-++ -++ 
iwk (t-r) -ikr(r) ikr(t) 

+ (1 +N ) e l Sp e e f (S ) g)t -
k t 0 

(S,!.) 

ct 1 1 1/2 t -c(t-r} -iwk(t-r) 
- ie --=(-) f(k) f dr e ·1 (1 +N k)e + 

.1v 2nw t v k 0 

N 
iwk(t-r) 

1 8 
iltnt) (S ) -fkt(r)m 

+ k e p e f t e :.vto 
(S,!.) 

Substituting these results into (2.5) we find that: 

Sp !f(S) apt (S) + 
(s) at 

ft- .... .... p2 p 2 
e E(t) (rf(S) - f(S) r) + 2m f(S) -f(S) 2m 

-~---pt (S) I= + 
ifi 

1 2ft f 2 (k) t -c(t-r) -i~(t-r) 
=-e I--fdre !Ne + 

V (k) 21!~ t 0 k 

iw (t-r) 
+ (1 + N k ) e k l x 

S I 
-ik1(r)f(S) fk1(t) -i~r) litr(t) ( )Ia'\ (2.19) 

x p e t e - e e f S t :.v to + 
(S,!.) 

1 2ft~ ~2 (k) t -c(t-11., -i~(t-r) iwk(t-f') 
+-e "-' -- fdre l(1+Nk)e +Nke lx 

V (k) 2ti.wk to 

-+ -+ __...... _,..... --+--+ 

ikr(t) -ikr(r) ikr(t) -ikr(r)lm 
xSp!e f(St)e -f(St)e e :.vt 

~ 0 (S,-) 

In this equation the phonon field amplitudes do not 
enter explicitly. Indeed here the right-hand side 
depends only upon "trajectory" of the electron 
i.e. upon (2.1). 

It must be stressed however that ~(r), p(r) 
depend in a very complicated way upon the initial 

... .... + values r • p , ... bk .... bk .. . . 
Therefore in order to obtain from (2.19) an 

explicit equation we must rely on a suitable 
approximation procedure. 

Consider now the case when we -take 

f(S),. f( p) 
and hence 

f(St )= f(p(t)). 
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r 
Vl/e have 

__, __, __, __, ar(p) 
r f ( p)- f ( p) r "" i1'1' ----"4 ap 

Thus from (i.19) it follows: 

.... a P t cs ) n __, a f(p ) 
Sp I f ( p ) --- + e E (t) -- p (S) l .. 

at a P t (S) 

~ Idpl f(p) awt(P) + e0 E (t) ar(p) w (p) 1. 
at ap_, t 

It is easy to see that: 
_..... __, __, 

ikr 
e f ( p ) = f (p-n k) e i k r 

f( 
.... ) ik~ ik7 
p e = e f(p+1ik) 

which yields: 
__, __, __,__, 

f I p(t) lei kr(t) = e ikr(t)f I p(t)+1ik l 

~~ 4~ 
ikr(t) __, __, __, ikr(t) 

e f!p(t)l,..f!p(t)-nkle 

Because both sums over (k) in the right hand 
side of (2.19) are invariant with respect to the 

transformation: 
__, __, 
k __, - k 

this transformation will be performed in the first 

of these sums. 

22 

With all such remarks we find: 

_, __, a w t ci:i) n ... a w t (p) 
( dp f(p){ - e E(t) --- l• · at __, ap 

__, s __, a w t (p ) n __, a r (p ) ... 
% I d p l f ( p ) a + e E (t) ----w ( p) l = 

t a P t 

2ft 1 ~ f2(k) It d -t(t-r)l N -i~(t-r) 
= e - .:. re e + 

V (k) 2tiwk to k 

+ (1 +N ) iwk(t-r) 
k e 

rttct) - i kr"cr) _. ... __, 
l Sp [ e e l f (p (t)- nk )-f (p(t)) 1~\ ] 

0 

(S,L) (2.20) 

(,}2 t 
2ft 1 .t. (k) ·f(t-r) -iwk(t-r) 

+8 V l Idre l(l+Nk)e + 
(k) 21iwk to 

iw 11 t- r) __,__, _,_, 
+Nke 1 Sp [! r(p(t)-1fk) _ f(p(t)) leikr(t) 8-ikr(r) ~ 

(S,L) to 

where 

~to .. p ( S ) ~ ( l ) (2.21) 

This exact relation will be considered in the 
next paragraphs as a source for obtaining 
approximate equations. 
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3. Kinetic Equation in the First Approximation 
for the Case of Small Interaction 

We will examine here the case when the 
interactions are small. It is convenient to charac
terize the coupling constant by a small parameter 
which will be denoted by a assuming that f 2 (k) 

is proportional to a • 
For example, in the framework of the Frohlich 

model of the polaron the standard dimensionless 
parameter characterizing the intensity of the 
electron-phonon interaction is: 

2 ---
a = _ _g_::__ V _m_ 

4rr1iw 2 2ttW 

(3.1) 

in our notation. -> 
We will also treat external force E as being 

formally proportional to the small parameter. 
Then, in zero order approximation, when the 

interactions are completely neglected, we may 

write: 
-> 

-> -> p(t) 
r(r}=r(t)- --(t -r) 

m 
(3.2) 

Such an approximation will be used in (2.20) only 
for terms proportional to a. 

Specifically we put (3.2) under the sign of 
Spur, using the "zero order approximation" in the 
following way: 

~ app 

--+ 4 ..... -+ 
ikr (r) - ikr (t) -> -> -> 

{ Sp e e [ f(p(t) -nk)-f(p(t))]9}t 
(S,I) o 

-> -> 
_ Sp ikr (t ) -> -> - e o • r -ikr (t) 

(s,I) e 

-> -> -> 
[ f(p(t) -11k) -f(p(t)) ]~ ' 

to 
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~* ={ Sp [f(p(t)-1Ik)-f(p(t))]eik;(t) e-ik;(r) ~ l = 
app (s,I) to app 

->-> 

= Sp [f(p(t) -ltk) -f(p(t)) ]eikr(t) 
(s,I) 

- ik; (t,r) <1' 
(3.3) 

e 0 
.v to ' 

where 

-> -> p ( t) 
r (t, r) = r(t) - --(t - r) . 
o m 

It is to be pointed out that these expressions 
are multiplied by f2(k) -proportional to the small 
parameter. 

We thus expect that the first order terms in a 
in the right-hand side of (2.20) are correctly 
evaluated. This is the only approximation we need 
and all we have to do further is to carry out 
the limiting processes V _, oo, t0 ->-oo and in con
clusion to put l -> 0. But first let us disentangle 
the expressions ~app• ~:PP given by (3.3). · 

Using the com'Tlutation properties between 
components of the the vectors r(t) • p(t) one 
immediately obtains: 

->-> ->-> -> .... {l{t) ->.... itik2 
[kr0 (t,r) ,kr(t)]=lklr(t)- -(t-r),kr(t)]= --(t-r). 

m m 

As is well known, if the commutator 

[ A, B] 

is a c -number then: 

(A, B) 

eAeB =e 2 eA+B. 
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This enables us to write: 

-+-+ -+-+ i11~ 
ikr (t, r) 

e o 
-ikr(t) --(t-T) 

e = e 2m e 

which leads to: 

11fk2 
........ 

-->-+ ) 
ikp(t (t-T) 

m 

[i; _ e2ffi(t-r) 
app -

kp(t) 
-l(t-r)-

Sp e m [ f(p(t) -11k) -f(p(t))]~t 
(s.I) o 

Let us go back to the relation: 

Sp .F(p{t) ~t ) = f F(p) w (p) <iP (1.21) 
(s,I) o t 

valid for arbitrary function F(p) of momentum. 
Taking here 

-+-+ 
kp 

-+ -i(t-T)- -+ -+ -+ 

F(p) = e m [ f(p -1ik) - f(p)] 

we obtain: 

2 ....... 

~
!{ kp 

-+ i(t-f') ---) .... ... .... -+ 
[i; = fdpe m m [ f(p-trk) -f(p)] w (p) = 

app t 
(3.4) 

2 -+-+ 
. 11k kp -l(t-r)(-+-) 

-+ 2m m -+ -+ -+ 
=fdpe f(p)wt(p+trk) 

2 -+--> 

i(t-r) ( 1!k - ~) 
-+ 2m m .... .... 

- f dp e f(p) w t (p) . 
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It is easy to see that [i; :PP is the complex conjugate 
of [i; • Therefore: 

app 

11k
2 1/ 

i(t-T) (-+_£) 
c- .-. 2m m r!. -+ -+ 
l9 * = f dp e f ~P) w (p + n k) -app t 

2 ........ 
1!k kp 

-i(t-T) (-- -) 
-+ 2m m -> -+ 

= f dp e f(p) w t (p) . 

(3.5) 

Substitute now these expressions into equation 
(2.20). Let us then pass to the limit V .... oo which 
amounts to replace the sums: 

_!_I 
v (k) 

by the corresponding integrals: 

1 .... 
-3fdk ... 
(2rr) 

It is convenient to make the transformation: 

.... -+ 
k .... - k 

in the integrals containing wt (p). We will also 
introduce the new time variable 

t-r=.f 

instead of r so that: 

t t- t 0 

f dr ... = 

I t.?_ • 't n tr1e llmr 
f dcf. 

0 

t
0

-+-oo 

these integrals become 
00 

f dcf ... 
0 
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In such a way we can write the equation of the 
first approximation in the form: 

__, __, aw (p) -H ... aw (p) 
f dp f(p) I t - e E ( t) _: } at ap 

~t 02 e __, __, __, oL (k) __, __, 
= -- f dp f(p) f dk-- Af (p ,k) , 

(217) 3 2fi (t)k 

where 

!A/p.k) = f d~e --f~ ((1 + N k) eiwk ~ + Nke -iwk ~) x 

0 

xle 

~ ->-> 
-i~(-+kp) 

2m m 

. /: :tlk 2 -> -> 
__, __, lr, (~+~L 

\\ (p + 1\k) - e 2m m ) w (p) I + 
t 

+ f ~e --f~ ((l+N )e -i~~ +N eiwk~ ) x 
0 k k 

2 ->--> 

i~~+ !.£...) 
2m m 

x I e 

2 ...... 
-i~(~+ !£...) 

__, .... 2m m __, 
w (p+1lk) -e w (p) l. 

t t 

Because f(p) is an arbitrary function of p this 
equation leads to: 

-> --> ~t 2 aw (p) t -> aw (p) e .... £ (k) -> -> 
t - e( E(t) -h- = -- f dk --!A£(p,k}(3.6) 

at ap (2rr)3 21iwk 

Arranging the terms in the expression of A (p ,k) 
we find £ 

:A <P. k) = I ( 1+ Nk) w (p + "hk) - Nk w (p) I X ( t t 

28 

nk2 kp n 2 "k; 
-i~(-+- -w ) i~(-+--w ) 

"" f~ 2m m k "" -£~ 2m m k 
x I f e- e ~ + f e e ~I+ 

0 0 

+IN w (p+1ik)-(l+N )w (i>)l: x 
k t k t 

~k2 k-> ~k 2 k .... 
-i~ (-+_£_+w ) -£~+ i~ (-+!L+w ) 

2m m k "" 2m m k 00 - f~ 
xlf e e ~+ f e ~1. 

0 0 

or else 

__, __, -{3tlwk ( ... ) 2 __, __, 
__, ... \\ (p+1ik)-e _ wt __ P 11 (flk +.!P...-wk) + 

:A (p, k) = (:). £ 2m m 
f -, ..... n wk 

1- e 

... -+ -{3flwk __,) 2 -t-> 
w t (p + 1\k) e - w t (p 11 ( nk + ~ + w ) , 

+ _(:).1iw f 2m m k 
1-e"' k 

where 

~ ( z) = f e --f I ~I e i(z ~ . 
( . 

-0<> 

Note also that 

Tik2 kp 1ik2 kp 
lim 11 f ( -- + - + w k) = 2178 ( -- + -- + w k ) 
f-->O 2m m 2m m 

29 



.... -+2 ... 2 _ ...... 2 
(p+llk) _ L + 1iwk (p+11k) 

2
m 2m l=277ho( 

2
m 

= 211o I tr 

For this reason: 

... ... 21711 ... -+ 
lim A( (p, k) = I w t (p + 11k) -

(-> o 1- e-fhiwk 

A.. .... .... 2 
-,._..uwk -+ j~> ((p + 1\k) 

- e w (p) u -
0

-

t zm 

.... 2 
L -11wk) + 
2m 

I w t (p + nk) e -,8nwk 

-+ .... 2 
- w (p) lo<(p+tik_)- +1iw 

t 2m k 

... 2 
~P-). 

2m 

... 2 ) 
~P- :;:-nw k • 
2m 

Let us now make the last step by putting E .... 0 
in equation (3.6). 

We then obtain our equation of the first 
approximation in the final form: 

.... .... aw (p) .... aw (p) 
_t_ - E(t) ----! 
at ap 

(3. 7) 

1 f2 
= -f dk (k) 2 1(-+ .... 

(217) 2w k (1- e-/31'1wk) wt p+'tlk) -

30 

.... .... 2 
-J3trwk ( .... ) I o ( (p + t1k) 

- e w p 
2 t m 

.... 2 

p -'ttw ) + 
2m k 

1 -+ f 2 (k) -+ --> -j3Tiwk 
+ -- f dk I w t (p + 11k) e 

(277) 2 -J3trw~ 
2wk (1- e ) (3.7) 

-wt (~) lo( (p + llk)
2 

2m 

.... 2 
_P __ +'fiwk) 
2m 

It is evident that this equation is just the usual 
Boltzmann equation. The integral terms in the 
right-hand side correspond respectively to one
phonon emission and absorption. Such Boltzmann 
equation was extensively studied for the investi
gation of the transport properties. 

For the steady-state situation, when the electric 
field is time independent, (3. 7) yields: 

2 -E aw(p) = _1_ f dk f (k) lw(p+11k) -
-+ )2 -J311wk ap (277 2w (1-e ) 

k 

.... -+ 2 ... 2 
-J3flw k . ( .... ) lo( (p+-nk)_ - _P_ -1iw k) + 

- e w P 2m 2m 

+ - 1- r dk. f 
2 

(k) (277f l . ... .... A..-o 2w (1 -{3fi.w w (p--+ tik) e -,.....uwk 
k -e k) -

.... .... .... 
- w(p)lo((p+11k)2 

2m +11w k 

....2 
L). 

- 2m 

(3.8) 

31 



In an interesting case of low temperature, when 
the factor: 

e 
-{3'6w 

can be neglected, the resulting equation was 
considered It/ by J.T.Devreese and R.Evrard 
for the Frohlich model of the polaron. 

They have found a very complicated behaviour 
of the distribution function w(p) suggesting the 
existence of an essential singularity occuring 
at E = 0. 

In conclusion let us say a few words about 
one oversimplified way of approach to determine 
the dependence between the applied electric field 
and steady-state average velocity v of the elec
tron. 

Let us multiply both parts of (3,8) by p and 
integrate over the whole momentum space, 

After some trivial transformations one obtains: 

.... 1 d4 .... 
-E = _ J ~ .qk)tlk 

(2rr)2 ,,__ (1 -/8'fiwk 
.::wk - e ) 

X 

2 -->--> 
..... .... (1tk) kp 

x J dp w (p) o ( - -- + 1\- - "'lw ) 
2m m k 

2 .... 
- _1_ J dk ~ (k) flk X 

(2rr)2 &u (e,Bnwk -1) 
k 

(3.9) 

2 -->-+ 

x f <IP w(p) 8( (1ik) + 1ikp -1iw ) • 
2m m k 
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Here, according to the notation of § 1: 

.... .... 
E = -eclh 

where ~ denotes the external electric field, 
So far it is an exact consequence of the 

Boltzmann equation. 

(3.10) 

We now make a rough approximation by taking 
--> 

the drifted maxwellian as a trial function for w(p) : 

,.. .... .... .... ,B 3/2 
w(p)=p (p-mv); p (p)=(--) 

M M 2mrr 

and substituting it into (3. 9). 
This leads to: 

~ 2 (k)-nk 

&uk (1-e-,B1iwk) 

.... 1 --> 
e &; =- J dk 

c (2rr)2 
X 

-,8 p2 

e 2m 

2 ........ 
--> --> {1Ik) 11kp -->--> 

x J dpp (p) 8(-- + -- -11(w -kv)) -
M 2m m k 

_1_ J dk ~2 
(k)11k 

(211 )2 &u (e ,B1iwk - 1) 
k 

X 

2 -+-+ 
--> .... (11k) "hkp ........ 

x J dpp (p) 8(-- + -- -1i(w k- kv)) 
M 2m m 

(3,11) 
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Note that: . 
2 -+-+ -+ -+ 

(1\k) 11kp -1i(w -kv)) • o(---+-m~ k 2m 

2 ........ -+-+ /: 
. (11k)- !!E._ + 1i ( lt) - k v)) ':. 

1 oo 1 ('Fti} m k d( 
--I e 

2rr -oo 

s<<nk)
2
+ tikp --n <wk -i;» = 

2m m 

2 -+-+ 
('Ilk) 1rkp .... -+ ,/: 

oo i(-+---1r(wk-kv)J':. 
!.._ I e 2m m d( 

2rr '""""' 

and 
-i(1ikp (1ik)2(2 

-+-+ 

IPM(p)e m dp-e-rm 1f 

-+-+ 2 
.... i e 1ikp - ('tik) e2 

IPM(p)e m dp-e 2m 7f 

Therefore from (3.11) we get: 

.... 00 e c ~ - I de 1 I f 2 (k)n i in<% - rv > e 
'""""' (2rr t 2 w ( e ____ _ 

k 1 - e - {311: wk 

.34 

(3.12) 

2 (2 
(tlk) (7S- i() .... 
2m fJ d k . 

-i1l (lt.l k-ltV':l( 
e )e 
e {:3Tiw k _ 1 

(3.12) 

This approximate equation was obtained in the 
paper /2/ by K.K. Thornberger and R.F.Feynman 
for the case of small interaction*. They have 
found that the mobility derived from (3.12) in the 
weak coupling limit does not agree with the 
mobility obtained from the standard Boltzmann 
treatment. 

We see here that this disagreement is caused 
by the use of an inadequate approximation, that 
of the drifter maxwellian, in relation (3.9) which 
itself is an exact consequence of the Boltzmann 
equation. 

The connection between formula (3.12) and the 
use of the drifted maxwellian as the trial form 
for the steady-state distribution function was also 
noted by J.T.Devreese (private communication). 

*' In their system of unities and notation 
1 1 1/2 .... .... 

11 .. 1 , (\ .. ytv ~ ~ ) f (k), E ,., e c & 

equation (3.12) has the form: 

.... 00 E = I d e I 
1 
c 2 ..... i <%-k v )e 

-oo (k) k I k (-e _____ _ 
1- e- f:3wk 

e-i(wk-kV')( - k2 (2 
R ) 2m ( "'ff - i() 

~-' wk e 
e -1 

- that of formula ( 17) in the mentioned paper. 
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4. Formulation of the Linear Model 

We wish now to show that the results of the 
paper 121 as well as of the previous paper /3 I, 

concerning the calculation of the impedance, could 
de directly obtained without path-integral methods. 

Our starting point resides in the exact equa
tion (2.20) in which we choose: 

... ... 
f(p) ""p (4.1) 

Denote the average momentum of the electron by: 

<p > t = f p w t (p)dp 

Use also the notation 

fkt(r) -tkf(t)g) ,. ct> (t ,r, t 
0

) 
Sp e e to k 

(S ,:I.) 
(4.2) 

We have 
....... ....... 
ikr(t) -ikr(r) .-+-+ 

Sp e e g)t 
~.:I.) 0 

Sp I 
9
1kr (r) 

(S ,:I.) 

...... ) + 
-ik r(t I g) 

e to 

'"' tl>k* (t , T , tO ) • 

Therefore (2.20) with (4.1) lead to: 
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... 
- l d <p \ +en E (t) I -

dt 

""L e2£t :I. f2(k)k 

V (k) 2w (1-e -f3trwk ) 
k 

t . f d r l e ICt\ ( t-r} 
to + 

(4.3) 

-i~(t-r) -f3t.wk -f(t-r) 
+e e }e '(t,r,t

0
)+ 

t 1 2£t:I. 
+ v e (k) 

t:l f d -t(t-r) 
2wk(1-e-t-'h"\) t re le-iwit(t-r) 0 + 

iwk(t-r) -f3~~jcl> * ( t, r, t 0) · 
+ e e k 

It is still an exact equation. It is clear, 
however, that in order to obtain explicit, though 
approximate, expressions for ct>k we need to realy 
upon a suitable model hamiltonian, which would 
lead us to exactly soluble equations. To obtain 
a reasonable approach this model hamiltonian 
must be chosen so that the behaviour of its r(t) 
somehow simulates the behaviour of r( t) correspon
ding to the exact hamiltonian (1.1). 

Consider first the case when there is no 
external field 

... 
E-0 

and draw the attention to the hamiltonian: 

p2 c2r2 + 
H L - -

2 
+ -- + :I-11 v (k) b k b k + 

(4.4) 

m 2 (k) 
' (4.5) 

i 1r 112 ...... + 
+ -=. :I. ( --) JI (k )(It r )( b k + b k ) yV (k) 2v(k) -

where JI '(k) are spherically symmetric functions ... 
of k, v (k) being also spherically symmetric are 
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moreover essentially positive: 
v (k) > 0 . 

Before the limiting process 
still finite the number 1l v 
over ( k) is supposed also 

V .... oo , when V is 
of terms in the sums 
to be finite. 
Heisenberg equations: Then the corresponding 

.... .... 
d r (t) p (t) . ----. dt m 

.... . 11 1/2 .... + 
dp(t) --c2t{t)- 1 I(-) JI(k)k(bk(t)+b_k(t)) 
dt yfV (k) 2v(k) 

dbk(t) 1 1 1/2 ........ 
----iv(k)bk(t)- -=(--) JI(k)(kr(t)) 

dt yiV 21iv(k) (4.6) 

db+ (t) 1/2 ........ 
-k ziv(k)b+ k (t) + 

1 ( 1 ) JI(k)(kr(t)) 
d t - yiV 21iv(k) 

.... .... .... .... + + 
r(t

0
) .. r; p(t 0 ).p; bk(t 0 )=-bk, b_k(t 0 )-b_k 

constitute a finite linear system of ordinary 
differential equations with constant coefficients and 
thus are exactly soluble. 

We now proceed to show that by a suitable 
choice of the constant c2 the hamiltonian (4.5) 
becomes translation-invariant. 

Let us start from the identity: 

Ihv(k)lb~+ 1 i(ltr)~k) ltbk- 1 i(ttr) JI(k) },.. 
(k) yfV v (k)yi211v(k) yiV v(k)yi2tlv(k) 
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+ . 11 112 ........ 
.. Itlv (k)bkbk + 1 I(--) JI(k)(kr)bk-

(k) yiV (k) 2v(k) 

11 1/2 JI 2( ) 
- i I c-) JI(k)(kr)b + + _!_ I ~ (k:-r >2 

yiV (k) 2v(k) k V (k) 2v ~k) 

and note that in virtue of the spherical symmetry 
of JI (k) , v (k) 

JI 2 2 
.!... I (k) (k1) 2,.. r2 ..!.. I JI (k) k 2 
V (k) ~ V (k) 3v2(k) 

For this reason 

H L • p22 + ( c 2 - ..!_ I JI 2 (k) k 2) ~ + 
m V (k) 3v2(k) 2 

+ I1tv (k )I b: + ~ (,1) JI (k) II bk- ..Lckr"> JI (k~l. 
(k) y V v (k)V2nv(k) /V v(k)yi2tlv(k) 

Therefore, if we choose: 

2 1 JI 2 (k) k 2 

c - v ~) ~(k) (4.7) 

then H L becomes invariant with respect to the 
translation group 

-+ ~ ;t i mr:t) JI (k) ( ) r-+r+K,bk-+bk+-\.li.K f;2 4,8 
JV v (k )(21r v (k)) 

Such an invariance must,_. lead to the existence 
of a conserved vector P 
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-> 
ctP o --dt 

(4.9) 

which may be interpreted as a kind of the "total 
momentum". To find the expressions for 1 let us 
note that from ( 4.6) it follows: 

d (bk (t)-h:k(t))"" -i v (k)(b (t) + b + (t))- ..L (-1 -;112 Jl(k)("k;(t)) 
d t k -k - 21'iv(k yV 

and hence 

.!.__ 1 I JI (k )( _:!i_ r2 b k (t) _ b~k (t) __ 
dt yV (k) 2v(k) v(k) k 

.. - i _1_ I ( 11 112 ,. {V (k) 2v(k)) Jl(k)k lb (t)+b+ (t)l-k -k 

- t I ~\kr(t))k"' dp(t) +c 2r(t)- _!_I JI
2

(k)(kr(t))k 
(k) v (k) dt v<k)v2(k) 

But here due to ( 4. 7) 

!._I Jl
2

(k)(kr\:t))k .. r(t) _!_ I Jl
2

(k)k
2 

.. c2 ;(t) 
V (k) v2 (k) V (k) 3 v 2(k) 

Therefore 

J: IT (t,.\ 112 + 
_d_l p(t)- _1_ I ~ (....lL) (bk(t)-b k(t))l-0 

d t v'V (k) v (k) 2 v (k) -

from which it follows that the conserved vector, 
we looked for, is 
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-> -> p ,. P _ _1_ I k Jl (k) 11 u 2 + vV v(k) <2v(k)) (bk -b-k > (4.10) 

Let us introduce the external field thus replacing 
hamiltonian H L by 

- -> -> 
HL,.,HL+E(t)r (4.11) 

-> 
Because H L commutes with P and because 

[ P /3 , r Y ] .. [ p /3' r Y ] '"' - i 1'l o f3y ; /3 , y .. 1 , 2 , 3 

we see that now 

ct 9\t!. .. _ i <t > 
dt 

(4.12) 

We may observe that for the hamiltonian ( 1.1) 
when (4,4) holds the translation group becomes: 

->-> __,. .... -> - ik R 
r -> r + R , b k -> b k e ( 4.13) 

In this situation the total momentum is given by: 

~ ...... ... + 
p,., p + Itikbkbk 

(k) 
(;±.14) 

-> 
When the external field is switched on then this P 
also verifies equation (4.12). 

Consider the hamiltonian (4,11) and the corres
ponding Heisenberg equations: 

m* d;(t),. p(t) 
dt 

(4.15) 
-> . h 1/2 ... 

dp(t) =- -c2r->(t)- 1 I(--) JI (k)k (bk(t)+ 
yV (k) 2v(k) 

-> 
+ b+ (t))-E(t) 

-k 
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. db (t) 1 1 1/2 ,.. ... 
---L-"" -iv(k)bk(t)- -(--) Jl(k)(kr(t)) 
dt jV 2ti:v (k) 

+ 
db_k(t) 

dt 

aiv(k)b~k(t)+-.2-c ___ 1 1/2 (4.16) v v 2tl v (k)) JI (k) (kr (t)) 

r(to)=r, p (to)ap; 
+ 

b (t
0
)=b • b+(t ).b 

k k -k 0 -k 

from which it follows: 

-iv(k)(t-t0
) 1 1 1/2 t -iv(k)(tJ),._. 

bk(t),.b e --::=(---) Jl(k)je (Kr(r))dr 
k V V 2tr v (k) t

0 

+ iV(k)(t-tc) 1 1 1/2 t iV(k)(t-T) ->-+ 

b+~t)=b-ke +-:=(---) Jl(k)fe (kr(r))dr 
· V V 2Ti v (k) t

0 

The substitution of these expressions into eq.(4.15) 
yields: 

dptt)+c2 r(t)+ i _!_ I_ JI
2
(k) k fdr (kf(r )){ e iV (k)(t-T) _ e -iV(k)( t-T )Ia 

dt V (k)2 v (k) t
0 

. 1/2 
=--1-I_( 1l ) Jl( -> -iV(k)(t \ yV(k) 2v(k) k)k(bke -tO'+b+ e iv (kXt-tc) 

... -k )-

-E (t) 

Let us perform the integration by parts: 

42 

t . if dr (kr(r))le 1 v(k)(t-r) -iv(k)(t-r) 
to -e I 

1 t ...... . 
z- v(k)f (kr(r))~l elV(k)(t-r) -iv (k)(t-r) 

t
0 

dr + e !dr ... 

(i~r(t)) 2 (krJ cos v(k)(t-to )+ 
""- 2 0k) + v(k) 

2 t .... d r< r > 
+ -- f dr (k --)cosv(k)(t-r) 

v (k) t
0 

dr 

and recall that: 

1 JI2 (k)ltrt_-> 1 JI2(k)k2 -+ 2-+ ) 
-- ~ -- \Kr(t)) .. -- I. r(t)=-C r(t 

v (k) v 2 (k) v (k) 3 v 2(k) 

2 -+ -+ ) 
.!__ I_ .:!!. (k)k ( k _<!!:k._ ) COS V (k)( t- T) ,. 
V (k) v 2(k) dr 

"" ..!... I. JI 2(k)k 2 
V (k) 3v2(k) cosv(k)(t-r)dr(r) 

dr 

We then obtain: 

dp(t) + _1_J dr K(t- r)p(r) .. -rK(t-to )-
d t m * t

0 

- _!__ :!: ( If 1/2 -. ( ( 4,17) 
k + e o ) .JV (k) 2v(k)) Jl(k)lt(b e 

111 
k)(t-to) b+ iv(k)(t-t ) 

-k -

-+ 
-E(t) 
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where 

2 2 
K(t-r)=..!.. I JI ~k)k cosv(k)(t- r). 

v (k) 3 v (k) 
(4.18) 

Consider the averaging of this equation over the 
initial statistical operator 

:D t .. p (S) :D (I) 
0 

and denote: 

m*<v(t)>-<p(t)>,., Sp p(t):Dt 
(S, I) 

-> ->Cl\ < r > "" Sp r :v t 
(S, I) 0 

"" Sp rp (S) 
(S) 

Because: 

<bk>-0, + 
<b_k>""O 

eq. (4.17) leads to: 

(4.19) 

0 

-> t -> 

m* d<v(t)> + f dr <v(r)> K(t-r)=-<r>K(t-r)-E(tt4.2o) 
d t t

0 

Here <v(t)> is the averaged velocity of the 
particle. -. 

Let us investigate now the situation when E(t) 
is a periodic function of t, multiplied by the 
factor e£ t (£> 0}, corresponding to the disappearance 
of the external electric field at t-+- oo, and when 
we look for the steady-state solution of (4.20) i.e. 
the solution represented by the product of the 
factor e£ t and of the periodic function. As (4.20) 
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is a linear equation we can restrict ourselves to 
the simplest expression: 

-. -> (-iw+f)t 
E(t)""Ewe (4.21) 

-+ 
Really if E (t) would be a sum of such terms with 
different w then the resulting steady-state solution 
of (4.20) should be the sum of solutions for the 
case (4.21). 

We thus will examine the equation: 

d<v(t)> t .... .... <-iW+f )t 
m* --- + fdr < v(r)> K(t-r}=--E e 

dt -oo w 

By substituting here: 

-+ -+ (-iW+f)t 
<v(t)>sV e w 

one obtains : 
00 (iW-f)t --> 

{m*(-iw+£)+ ( K(t}e dt}v ,-E a w w. 

Definition ( 4.18) leads to: 

00 (iw -f)t 1 Jl2 ( ) 2 1 1 
JK(t)e dt=- I l k I + -----1. 

0 V (k) 6v (k) £-i(w+v(k)) f- i(w-v(k)) 

Denote 

2 2 
I JI (k)k {8 ( v (k)- U )+ 8 ( v (k) + U) I "" I ( n) 

(k) 6 v 2("k) 

Then: 

I(-n) .. I(n); Hn )~ o 

jK(t)e(iw-£)t dt,. i j I(n) --d,;-;;.0-=-
o -oo w + lf- n 

(4.22) 

(4.23) 
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Therefore: 

lm*(-iw+f)+ifi(O) dO 
--oo (t) + if - -

l<v(t)>a-E e(-iwH)t 
(t) 

But in virtue of ( 3.10) 
.... .... 
E ,..-e ~ 

(t) c (t) 

and by the definition of the current: 

j (t)~-e <~(t)> 
(t) c 

Hence 

oo 2 (-iW+f )t 
lm*(-iwH)+ifi(O) ~O O lj)t)=ec~we '(4 24) 

-oo w+lf- • 

Let us now perform the limit V .... oo assuming that 
for any real w and positive f 

{ICO) d~ .... f J (n) .::;.;d.n;:___ 
-oo (t) + lf-n -oo (t) + lf- n 

V->oo 

(4.25) 

After taking such a limit, put in eq. ( 4.24) f .... 0. 
We then obtain: 

j (t) .. _l_e2~ e-iwt 
w Z/w) c w ' 

where 

Z (w),..-m*iw+ijJ(n) dO 
+ -oo w-n+iO 

(4.26) 

Taking here electronic charge e 0 as unity we see 
that expression (4.26) represents just the impedance, 
corresponding to frequency - w. 

As we will see later, because of limiting 
processes, all expressions we need, including ( 4.2), 
depend only upon the function J(n) and not upon 
the particular choice of v (k), J1 (k). 
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Therefore first we will take a. suitable 
expression for J (n ). Let us choose J (n) in the 
following way: 

I) J ( 0) is an analytic function of the complex 
variable regular in the stripe: 

I Imn I ~ 1Jo 

u) J co)= JC-n) 
c . 

III) I J (w) I< - for In I > (t)o ; (t)o • c ""const 
= lnl2 "' 

IV) For real n. J(n )> 0. (4.2ia) 

We then take the expressions for JI (k), v (k) 
such that*: v (k) > 0 

...!._ JI
2 (k)k2 < c 1 

V v (~ > w 6 2(k) '"' w • C 1 "" cons t., independent 
'"' v of V (4.27b) 

2 2 (d 

!_ ~ JI (~) k .... f J < n ) d n . o < w < "" 
Vv(k)<w 6v (k) 0 (4.27c) 

* One of the possibilities of finding such 
expressions for Jl(k),v(k) is the following one: 

We take 
Jt,..(~rrn 1 2rrn2 2rrn3) L3-V 

L ' L ' L ' 
(n1 , n2 , n

3 
) being integers both positive and ne

gative, assuming that 

n2 +n 2 +n2 1 0 1 2 3 F 

thus excluding the zero value k from sums over (k) 
Then put: 

v(k)zS I kJ, 
3 

J1 2(k) z277 2 ~ J ( S l k!) • 
I kt 

where s is a positive constant independent of V 
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In the considered situation it is clear that 
relation (4.25) holds for any fixed f>O and that 
the convergence there is uniform with respect 
to w ( -oo < w < oo ) • 

Let us introduce the function of the complex 
variable w : 

~(w)"' if J(O) _j_g_. 
-oo w -0 

(4.28) 

We see that it is regular for 

I Imw I> 0. 

Because of the properties (4.27) it is easy to see 
that 

~ ( w),. lim i fl ( 0) ~ 
V-+oo -oo w -0 ' 

Im w f 0 (4.29) 

Here, in virtue of (4.22): 

00 2 i 
i r 1 c n ) _ d n ,. i }:, ~(k)k < 1 + 1 ) 

w-0 (k) 6J?(k) w-v(k) ww(k) · 

Hence this function is analytic in the whole c 
plane and its only singularities are poles on the 
real axis: 

Wz±v(k) 

The limiting function however has the cut over all 
the real axis : 

~(w+ iO)- ~(w-i0)=2rrJ(w) > 0. 

So, in fact, we have two analytic functions: 

~ ( w) = i r J( 0 ) _<Ul_ 
+ -oo w -o · for Im w ~ 0 

(4.30) 

~_(w)=i f J (Q) ~. 
-oo w-0 

for Imw~ 0 
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In view of (IV) these functions are simply 
related to each other: 

~_(w)= -~+ (-w), for Imw <0. (4.31) 

Therefore we need to examine only one of them, 
e.g. ~ + (w). Denote 

Re w = w , Im w = y > 0 . (4.32) 

Then, for any fixed w 
1 

> 0 

W+Wl . 
~ (w +iY):i I J (0 )---..!ill-+ i I J (0 )w-0-ly dU 

+ IO-wl>w1 w+iy-0 w-w1 (w-U)2+Y2 

But 
w+W1 w1 
I w-o dO=-I o dO=o 

w-w/w-0)2+y2 -w1 02 +Y2 

and thus: 

W+W 

~+(w+iy) = i I J(n)--2..~- + i I 1 J(n)-J(w) 

I
n 1 w +lY -0 ( n)2 2 (w-O)dO+ 
u-w >w 

1 
w-w 1 w-u +Y 

W+Wl 

+I J(o) y2 2 dO 
w-w

1 
(w-0) + y 

from which it follows: 

~ Cw > = um ~ (w + iy > = i I J co ) d 0n + 
+ 0 + w-u 

y-+ IU-wl>w1 

+ i Wj1 J (Q) - J(w ) d Q + 1T J ( W ) 
w-w

1 
w-0 

(4.33) 

(4.34) 
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So, ~+ (w) is the analytic function also on the real 
axis. By using ( 4.33) it is easy to show that: 

I const 
~ (w)j < ----, 

+ = lwl 
I wj -. oo • 

We further have: 

~ (w) = ~ (w) + 2n-J(w) = -~ (-w) + 2rrJ(w). 
+ - + 

In view of condition (I) the function 

-~ (-w) + 2rrJ(w) 
+ 

is analytic for 

0 > Im w ~ - ry 
0 

• 

(4.35) 

(4.36) 

As it coincides with ~ (w)on the real axis, we see 
+ 

that ~ + ( w) previously defined for Im w~O can be ana-
lytically continued in the region ( 4.36). 

So, we may write: 

~ (w) = -~ (-w) + 2rrJ(w) , 
+ + (4.37) 

for 0 > Im w > -ry • 
= = 0 

It can also be established that inequality (4.35) 
holds everywhere for 

Im ~ ~ -ry
0

• (4.38) 

Consider now the impedance function 

Z+(w) =-im*w+~+(w) 
in the domain ( 4.38) and note that on the upper 
half-plana and on the real axis it can have no 
zeroes because in view of ( 4.33) 

ReZ+(w)>O for Imw ~ 0 

Therefore the zeroes of this function in the 
considered domain (4.38) if they exist at all must 
be confined to region ( 4.36). But 

Ll+(w) -+0, !wl-+ oo 
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and for this reason the zeroes of Z (w)can be 
found only in the bounded region: + 

IRe w I ~ const, 0 > Im w ~- ry 0 • 
(4.39) 

As is well known, an analytic function can have 
only a finite number of zeroes in such a bounded 
region. If zero-points are really contained in 
(4.30) take a quantity ry>O so that -ry is greater 
than the imaginary parts of all these points. If on 
the other hand the region (4.39) contains no ze
roes of Z+(w) at all, take ry= T/o. In any case we 
see that by choosing an appropriate value of ry>O 
we can attain the situation when the region 

Im w,;- T/ (4.40) 

does not contain any zeroes of the impedance 
function z+ (w) . 

Therefore the admittance function 

1 
Z +(w) 

is a regular analytic function in region (4.40). 
Its behaviour at infinity is given by 

~+ (w) 1 1 1 
--= ----=- --+ 
Z/w) -m*iw+~+(w) m*iw m *iw(-m*iw + ~+ (w)) 

(4.41) 

- 1-+0(-1-), jwj-.oo • 
m*iw w3 

In conclusion let us give an example. Take: 

. k~ 1 
~ (w) =1-l-----+ 

+ 2 
1 1, y>O,Imw >-y, 

(4.42) w- 170 + iy w + 1/0 + iy 

. k8 1 1 ~- (w) = -~+(-w) = 1-l . + . 1,Imw<y. 
2 W+ v 0 -1y w- v0 -1y 
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Then 

1 kg y y 
J(w)=-!L'l+(w)-L\ (w)l=-1 +----1. 

2rr - 2rr (w-v 'f+ y 2 (ww ) 2+f 
0 0 (4.4 

In this example all our conditions are satisfied, 
The same situation would be attained also in the 
case when instead of one term (4,42) a finite sum 
of such expressions was considered, 

After these rather lengthy discussions of the 
analyticity of impedance and admittance function, 
let us return to our fundamental equation ( 4,17) in 
which we take: 

-> -> 
E(t) = ~ E e -iwt 

(w) w ' (4,43) 

We will try to solve it by the Laplace transform 
method, Thus both parts of ( 4,17) will be multiplied 
by 

iwt n . .., e , W=H+lU (4,44) 

and integrated over t: 

-> J dteiwt dp(t)_ + - 1- t dteiwt /ctrK(t-r)p(r) = 

t dt m* t t 
0 0 0 

=-; r dteiwt K(t-t ) -~ E r ei(w--w)tdt- (4,45) 
t 0 (w) w t 

0 0 

_I·_ ~ ( 1I )1/2 -> oo ...j V (k) 2v (k) Jl(k) k I b I dt e i( w-v(k)) t iv(k) t k e o + 
to 

+ 00 i(w+v(k)) t -iv(k) t0 
+ b I dte e l . 

-k 
to 

00 I dt eiwt 

to 

dp(t) = -p e iwto - iw tdte iwt p(t) ' 

dt to 

00. t --+ 00 0 oo.--+ 

I dte Iwt I drK(t-r)p(r) =I K(t) e 1wt dt I e 1wt p(t)dt. 
t 

0 
t 0 0 t 0 

Therefore: 

-1- 1-im*w + f K(t) e iwt dt l t p(t) e iwt dt = 

m* o t 0 

_. iwt 0 _. iwt0 
=pe -re 

00 
• i(w--w) t0 IWt -> e I K( t) e dt + ~ E -'----- + 

o (w) w i(w-w) 

iwt 0 + iwt0 

+ _1_ ~ (-n:-)1/2 JI(k)kl bke- + b_ke l. 
...jV(k) 2v(k) w -v(k) \H v (k) 

Here, because of (4,23) 

00 oc 

I K(t) e iwt dt = i I I(v) ~. 
o -oo w-v 

Denote: 

-im*w + i tl(v)~ = z(V) (w), 
-oo W-v (4,46) 

i j l(v} ~ = L\(V)(w). 
-oo w- v 



We then obtain: 

"" f p(t) e iwt dt = m*p e iwto 
t --
0 2 <v>(v.) 

A (V) ( ) . 
n w Iwt0 - m*r----e 
z<v\w) 

iwt 0 -iw t0 .... e e 
-i I m*E ------- + 

(w) w (w-w )Z (V)(w) (4.47) 

. + 
1 1i 1/2JI(k)keiwto bk b_k 

+ --I m*(---) _______ :_ _____ !----+ ----!. 
'1/V (k) 2v(k) Z (V)(v.) w-v(k) Vv+v (k) 

But, as is well known: 

f(t) = -1- j e<o-iil) t I /"r(t) e on-o > t dt ldil. 
2rr --0<> t 

0 

t > t 0 

For this reason, by using the notation 

""' (0-iil)(t- t ) 
i e 0 

--- f ------------ dil = f(v, o, t- t ) • 
277 -oo (n + io- v) Z < V)(n + io) 0 

(O-i0)(t-t
0

) 

_1._ F ~-~---- ctn 
2rr -oo Z (V)(n + iO) (4.48) 

= _1- F 1- _1 __ + ~(Vtn! iol __ l e (0-iil)(t-to) dil=go(o, 

2rrm* -oo iU-o (iil-o)z<V)til+io) 

(V) (O-iil) (t- t ) ) 1 ""' tJ. <n + io) o ctn = g (o, t- t • -- f -------- e 1 o 
2rr -oo iV{n + io) 
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from (4.47) we get: 

p(t) = p (S) (t) + p (E)(t) + p(I) (t) 

P_.(S)(t) = m*i)g (o, t-t ) - m*rg (o, t-t ) , 
0 0 1 0 

~E)(t) =-m*I Ewf(w,o,t-t )e-iwto. 
(w) 

(4.49) 

-p<I\t) = -im* I (-n-) 
112 

JI(k) k lb f(v(k) ,o,t-t )+b+ f(-v(k) ,o,t-t ) l. vv (k) 2v(k) k o -k o 

It 'is to be stressed that function (4.48) depends 
essentially on V. 

In virtue of our choice which has led us to 
conditions (I)-( IV) and ( 4.27) we can perform the 
limiting process V ... oo. Till yet o could be an arbi
trary positive quantity. 

We now choose: 

0 =!!... 2 . 

On the other hand it is easy to see that: 

oo (0-ifi)(t-t
0

) 

g
0
(B,t-t ) ... if; (t-t ) = _1_ J e <12, 

o o o 217 -- z <n+io) 
+ 

(4.50) 

1 .,., ~ <n:+io) <B-ifi><t-t > 
g (B,t-:t ) -.if; (t-t ) =- f + n 'o) e 0 d!l,(4.51) 

1 0 1 0 271 z ( + 1 
-- + 

(D-ifi) (t- t 
0

) 
. '"" e -tifi. 

f(v,8,t-t0) ... ¢(v,t-t0) = ~...!, (ll+io-v)Z + (fi+io) 

v .... 00 
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r Because of the identity: 

1 1 L\<n+io) 
-- = -- + -------

Z(!l+io) o-m (i!l-o) zen+ iO) 

and because o is now fixed (4.50) it can also be 
shown that the convergence: 

lf(v,o, t-t
0
)-¢(v, t-tJ l---0, vlf(v ,o,t-t

0
)-¢(v,t-t

0
) I .... 0 

v .... oo (~5~ 
is uniform with respect to real v, when 

lt-t 0 1 ~T 

T being any constant independent of V. 
Let us proceed to study the behaviour of the 

limit functions 1/J 0, 1/J .1 , ¢ for t- t
0 

.... oo • 

It will be convement to recall that the functions 

L\ m + io), 
+ 

1 

z+ <n+io) 
are regular analytic functions of n in the region 
where 

Im 0 ;; - o - TJ = - 30 . 

Therefore the integration occuring in the expres:
sions of 1/J 0 , 1/J 

1 
can be shifted from the real axis 

to the axis 

c -3io - ~ , - 3io + oo ) , 

which amounts to the cha nge of the variable: 

n .... n- ·3io 

For this reason: 

•1• (t-t .) - 1· Ioo L\+{n-i7]) · -ifl(t-t ) . -..J't-t ) 
'f' 1 0 ' - .-. . e . Q n • .,, ·o . 

·<·.217'--oo·Z(O-i'll( due , 
+ 
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-i!l(t-t 0) -TJ (t-t 0) 
1 oo e dOe 

1/J (t-t 0) =-2 I z <n-iTJ) 
0 17 -<X) + 

=-1 t L\+ <n-iTJ) 

(77+in)Z <n-iTJ) 
+ 

-i!l(t-t ) -TJ(t-t d 
e 0 dOe . 

217-oo 

because: 

00 --ill( t-t c) 
e I ·---dO =0, 

-oo 1] + iO 
for t > t 0 

Therefore by taking into account 
lated inequalities we get: 

-TJ(t-t ) 
11/J 1 (t- t o) I ~ K 1 e o 

-TJ(t-t
0

) ; t > t 0 I 1/J 0 ( t - t 0) I ~ K 0 e 

where K 0, K 1 are constants. 

previously formu-

(4.53) 

Let us apply the same procedure to the 
expression of ¢(v ,t-t o) . We must only note that in 
the region 

Imn + o > -TJ 
the functio~ under the sign of the integral ( 4.51) 
has a pole 

n = v- io. 

Hence: 

00 -ill( t-t 0) -iv(t-t 0 ) i -TJ(t-tr) e dO= 
) e +-e I (..-. · ) ¢ (v, t- t 0 = ( ) 217 _

00 
(n +iO-V) Z + H -lTJ 

z+ v (4.54) 

-iv( t-t J -ill( t-t 0 ) 

e i -TJ<t-to) oo L\+ <n-iTJ)e 
---+-e I dO, 

Z (v) 217 -oo m-i7]-v)(i0 +TJ)Z (O-i7J) 
+ + 
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because 

-iil(t- t ) 
"" e o 
J --------- d{l = 0, t > t 0 • 

--oo m - i 17 - v )( n - iq) 

Expression (4.54) leads to: 

j¢(v, t-t 0 ) -

-iv(t-t 0 ) 

e 

Z +( v) 

I < K -q( t- t ) 
= 2 e r:t 

-iv( t-t ) 
lv¢(v, t-t

0
) -v ~--~-1 <K e -J7(t-to) 

Z+(v) = 3 
t > t 0 

Here K 2, K 3 are the constants. 

(4.55) 

We now return to the initial statistical operator 

:C t = p (S) 1: (I) . 
0 

Take a positive number e independent of V and 
note that the eigenvalues of the operator 

{>2 + e2r2 (4.56) 

are 

(2n 
1 

+ 1) eh + (2n 
2 

+ 1) en+ (2n3 + 1) e11 , 

where n 1 , n 2 , n 3 are non-negative integers, 
Let us also take a positive constant K inde

pendent of V so that 

K 2 » eli. 

We now choose p(S) as a positive operator with 
the usual normalization 

Spp(S) =1 
(S) 

in such a way that its eigenfunctions be orthogo
nal to all eigenfunctions of (4.56), for which: 

2 
(2n 1 + 1) eli + (2n2 + 1) eli + (2n 3 + 1) eli > K . 
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Denote 

1, z 2 0 
O(z) = I 

0 
-

0 ,z< 

We then see: 

Sp 0 (K 2 - p 2 - e 2 r 2) p (S) = 1 . 
(S) 

For this reason operator ( 4.56) can be treated as 
a bounded operator 

p2 +e2f'2;;;K2 

and thus 

IPI ~ K' 1;1 ~ ~ 
Here I •.• I denotes as usual the norm of the 
opeartor, 

In view of (4,51), (4,53) 

_. (S) _. _. 
p (t) -. m*ltf; (t- t

0
) p - tjJ (t- t 

0
) rl , 

V 
0 1 

_. 00 (4.57) 
-.(s K1 -q(t-t o> 

\lim p )(t) I ~ m*KIK 0 + c I e 
V-.oo 

Note also that the vector p (E)(t) is an ordinary 
e-vector and that in virtue of (4.51), (4.55): 

-+(E) -+ _. -ry(t-t ) 
\limp (t)-m*v(t)j <I IEwjK 2 e 

0 

V-.oo (w) (4.58) 
_. 

_. E 
v(t) = _ I _w __ e-iwt 

(w) Z (w) 
+ 

_. 
We see that here v(t) is just the average velo-
city corresponding to the steady-z!rte solution. 

Consider at last the vector p (t) and denote 
its components by p ~I) (t) , j = 1,2,3. 

J 
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We have: 

(I) (I) (I) (I) 
Sp p. (t) p . , (r}~ t = Sp p . (t) p . , (r) ~ (I). 

(S,I) J J 0 (I) J J 

Here us usual 

~(I) = const e -f3~t"' (k) b~ bk 
(4.59) 

By using the spherical symmetry of functions JI (k), 
v(k) we obtain: 

(I) (I) 2 
Spp. (t)p ·' (r)~(I)=(m>l) o. ·' F(t,r,t

0
), 

(!.} J J J,J 
(4.60) 

where 

1 11: 2 ( 21 1 F (t, T 't 0) = -v !. 6v( ) JI k) k f3 f(v(k),o,t-to) f(-t{k) o,r-tJ+ 
(k) k 1_ e- 11v(k) 

0 . . , 
J,J 

-{31iv(k) 
e 

+ f (-v(k) ,o, t- t 0) f(v(k), o, r- t 0) I , 

1 -{311v(k) 
-e 

= 11, 
0, 

j=j' 

j~j' 

From (4.22) it now follows: 

oo 1iv 
.F(t,r, t 0 ) = f dvl(v) ----1 f(v,o, t-tJf(-v,o,r-t 

0
) + 

0 1 -{3hv -e 

-{31rv 
+ e f(-v,o,t-t0 )f(v,8,r-t

0
) I. 
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Let us take into account (4.27),(4.51), (4.52) and 
pass here to the limit: 

00 1i 
F(t,r,t

0
)-+ f dvJ(v) v l¢>(v,t-t 0)¢>(-v,r-tJ + 

0 -Btiv 
V-+OQ 1-e 

+ e -{31rv ¢(-~, t-t
0

)¢(v, r-t
0

) l 

from which because of (4.55) we obtain: 

-.. -71( t-t ) -71(r- t J 
jlimF(t,r,t 0 )-.F(t-r)j~K(e 

0
+e } , (4.61) 

v ... OQ -
K = const 

where: 

.F(t-r) = {ctvJ(v) -nv l e-iv(t-r)+e -{31tv+iv(t-r) 

0 1-e -fh'tv z + (v)Z + (-v) }. ( 4.62a) 

Because J(v) = J (-v) this relation can also be written 
as: 

-iv(t-r) 
oo 11v e • 

.F(t-r) = f dvJ(v) -{311v z (v)Z (-v) 
-oo 1-e + + 

(4.62b) 

But: 

2trJ(v) = ~+ (v)-~ _ (v) = Z +(v)- Z _(v)= Z + (v)+Z /-v) 

from which it follows: 

1 1 Z (v}+Z (-v) 1 1 1 
----J(v)=- + + =-1--- --I r 
Z (v)Z (-v) 277 Z (v)Z (-v) 2tr Z (v) Z (v) 

+ + + + + -

Because J (v) is real and positive we have: 

2trJ(v) = Re Z + (v) + Re Z + (-v) , 

0 = lmZ (v) + InZ (-v). 
+ + 
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r On the other hand: 

00 

J(n) dQ z (v) = i r 
+ ___;,., 0-v+ iO 

and thus 

Re Z (v) = 11 J (v) = Re Z (-v). 
+ + 

Therefore 

Z + (-v) = Z: (v) , 

2 
Z (v) Z (-v) = I Z (v)l 

+ + + 

and so we can write: 

00 

F(t- r) = J G(v) 1fv -jv(t-r)d 
---e v, 

-{3hv 
1-e --()() 

1 1 __ 1 _1=~-)-
G(v)=-2 ~~ Z (v) IZ+(v)l2 

17 + -

(4.62c) 

It is interesting to point out that the equilibrium 
average 

<p. (t)p., (r)> 
J J eq 

=lim Sp p. (t) p ·' (r)9: (S,I) 
V~oo (S,I) J J eq 

corresponding to hamiltonian ( 4.5): 

-1 -f3H L -f3HL 
gj (S, I) = Z e ; Z = Sp e 

eq (S,I) 

is equal to 
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8. ·' (m*) 2 .F(t-r) 
J,J 

:j 

l 

or, otherwise: 

<p. (t) p .,(r)> =lim lim Spp(~)(t) p(~) (r)9: 
J J eq t ....-oo V-..oo (I) J J to 

0 

= lim lim Sp p :(t) p ~, (r)9: 
t ->-<X> v .... oc(s I)J J to 
0 ' 

Consider now the probability density of momentum 
distribution of the particle S for the hamiltonian H L 
of (4.11) and use the general equation (1.21). 

Then: 

f 
-iX; C~) ct.... 8 -iX;< t) (/' e wt p p = p e .v t • 

(S,I) o 

Because -p<I)(t) , -p<Eb) are defined by (4.49) one 
obtains: 

.... .... .... --(~) 
-iAp ~ .... -iAp - < t) r e w (p) dp = Sp I Sp e :c (I) l X 

t (S) (I) 

x 8 -iAui'<S)(t)+p<E)(t))p(S). 

From the fact that p (I) (t) are linear forms in 
bose amplitudes it fbllows: 

........ (I) 2 
<Ap (tf> 

~--(I) 
Sp e -lAp (t) T(I) = e 

2 

(I) 

where 

<A;(I)(t)> 2 = Sp (A~(I)(t)) 2 T(I)-(m*) 2 A2 F(t,t,t 0) 
(I) 
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r 
I We thus have: 

...... 
- _. -i..\p ... ... 
w t (A.) = I e w t (p) dp = 

= Sp p(S) expl- A.
2

(rr#F(t,t,t
0

) -iA(p<s\t) +p(E) (t) I, 
(S) 2 

which yields: 

w (p) = -
1 - I eiA; w CA)M 

t (27T) 3 t 

=(-1 -)3( 27T 3/2 -> ->(S1. 
27Tm* F(t t t ) ) Sp p(S)expl- (p--p l._t)-P(E)(t))2 

' ' 0 (S) 2 I. 2(m*) .F( t t t ) 
' ' 0 

The limiting process V ->00 leads to: 

lim w (p) 
V->oo t 

1 3 2rr 3/2 
=(--) (--) 

21rm* a(t,t
0

) 

Sp p (S) exp 1- (p-p ss>(t) .... p(E)(t) ~i·63) 
(S) -- _oo_ 

2a(t,tJ(m*) 2 I, 

where: 
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a(t,t 
0

) 

_. (S) (t) 
p 00 

p (E) (t) 
00 

lim F( t,t,t 
0

) 
V->oo 

lim p (S)(t) , 
v ->00 

lim p (E)(t) . 
V->oo 

Therefore from (4.57), (4.58), (4.61), (4.62c) it now 
follows: 

1 3 1 3/2 
lim w (p) ... (-) ( ) exp 1-
V-ooo t m* 21r.F(O) 

(p- m*v(t)) 2 I , 
2(m*)2 .F(O) 

t-t
0

_.oo (4.64) 

"" tlv 
F(O) = I G(v) dv. 

--oo 1- e -nf3v 

We thus see that after the limit V _."" has been 
carried out the momentum distribution function 
exhibits irreversible behaviour and tends to a 
steady-state form when t- t 0 _. oo ._. 

In the particular case when E = 0 this form 
corresponds to the equilibrium distribution 

I ... 2 
(-1-)3 ( 1 ) 3 2 expl- __ P __ I 
m* 2rrF(O) 2(m*) 2 F(O) 

(4.65) 

which has a "quasi-maxwellian" behaviour. We say 
"quasi" because instead of the temperature module 

() = _!_ in ( 4.65) there stands 
f3 

00 

m* I 'G(v) 1iv dv. 
--oo 1 -{31i.v -e 

We may also note that the general steady-state 
distribution function is obtained from the equilibrium 
function (4.65) by introducing the drift velocity v(t) . 
When 

... ... 
E(t) = E = const 

this velocity is also constant: 
... ... 

.... E E 
v = - -- = - -- • ( 4.66) 

Z (0) 1rJ(O) 
+ 

Let us now pass to our main aim - to evaluate 
expres;Sion (4.2) in our model, based on the hamil
tonian H L • 
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We first note that in our model Heisenberg's 
equations are linear and it is easy to see that 
the commutators 

[r.(t), r.,(r)]; j,j'=1,2,3 
J J 

are c -numbers. 
For this reason: 

;>-+ -+-+ -+-+ -+ -+-+ --+--+ 

ikr(r) -ikr (t) -ik(r(t) - r(r)) [ kr(r) ,kr(t)] 
e e = e exp = 

2 

.... t ... 
-ikf p(S) 

r 7ds 
exp [ ~r), k;(t) ] 

= e 
2 

which leads to: 

«llk(t,r, t 0 ) = 

.... t ->(E) 
-ik r p ts> 

=l e r ~ds 
--+--+ -+--+ 

[kr(r), kr(t)] 
exp-----1 x 

2 

.... t ;<Its) 
-ik f ---::;r-ds m 

... t ;<s)(S) 
-ik f -=..-ds 

m 
x Sp e T 

~(!) Sp e r p(S). 
(!) (S) 

(4.67) 

To disentangle the commutators let us note that: 

1 t 
[r. (t) ,r .,(r)] =[r. (t) 'r., (r)- r., (t)]=- - r [r. (t),p., (s)]ds. 

J J. J J J m*r J J 
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We further have: 

[r.(t) ,p ·' (s)],. [r. (t)-r. (s), p ·' (s)]+ iT!.o. ·' .. 
J J J J j J,J 

1 t 
'""ilioj j' +- f [ P. (a),p., (s)]da 

, m* s J J 

and therefore 

(t- T) 1 2 t t 
[r .(t),r., (r)]= -i'flo. ·' --- (-) fdsf[p. (a),p., (s)]da = 

J J J ,J m * m * r s J J 

(t -T) 1 2 t t (l) (l) ( ) 
=-ilio. ·' ---(-) Jdsfda[p. (a),p., (s)]- 4.68 

J .J m * m* r s J J 

2 t t (S) (S) 
-(~) J dsfda[p. (a),p., (s)l. 

m r 8 J J 

Because the considered commutators are c -numbers 
we may write, in virtue of (4.60): 

[p<~>(a),p.<?2>(s)] = Sp [p~l)(a), p~~>(s)]:D(l)= 
J J (l) J J 

""o ·' (m*)
2

{F(a,s,t 0 )-F(s,a,t
0

)!. 
j,J 

On the other hand (4.49) yields: 

_1_ [p<.s)(a), p~~) (s)] = i1lo .. , l g 
0 

(o ,a-t 
0

)g
1 

(o. s-t 
0 
)-

(m *)2 J J J .J 

We thus obtain: 

[(i~;(t)), (kt( r))]= 

- g 0( o ,s -t 0 ) g 1 (o • a-t 0) I 

-i1rk2(t-r) 
~+ 
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2 t t 
+ k I dsida{F(s,a,t 0 )-F(a,s,t0 ) + 

r s 

(4.69) 

+ tti { g
0
(8,s-t

0
)g

1 
(8, a-t

0 
)- g

0 
(8, a-t 

0
)g l (8 ,S- t

0
))}. 

It is also · easy to see that: 

t -.(I) 
-+ I p (s) ds 

-i k * 
r m k2 t t 

Sp e 
(I) 

= exp I-- I ds Ida F (s,a,t
0

) I. 
2 T T 

(4.70) 

Relations (4.69), (4. 70) are to be substituted into 
expression ( 4.67). 

By taking the limit V -+ oo and computing the 
asymptotic part of (4.67) for t 0-.-oo we obtain: 

<l>k (t ,T ,-oo) = 
t 

-iJ(k;(s))ds t t 

"'e r exp k 2{ in~+ .!__ J dsf da(F (a-s)- F(s-a))-
2m * 2 r s 

t t 
- .!__ J ds I d a F ( s - a ) I. 

2 T T 

But, because of ( 4. 6 2c) 

1 t t 00 

-f dsJdaF(s-a)= I G(v) 'tlv 1-cosv(t-r)dv 
2 T T - {:H.V 2 -oo 1-e 1-'" v 
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~ 
' ''· 

J· 
I 

., 

f 
h 
i· ,, 
II 

3\ 
t 

l 

oo -iv(a- s) 00 

F (a-s)- F (s-a)= I G(v )nve dv =- i IG(v)tlvsinv(a-s)dv 
-oo -oo 

t t "" sin v(t-r) 
Ids Ida{ F (a-s)- F (s-a) I = i11 I G(v)! (t-r)ldv 

T S -oo V 

Thus we are led to: 

<I> (t, T , -oo) = 
k 

t -+-+ 
-ii(kv(s))ds . 2 t-r 1 IooG( ) [-Sinv(t_::d -(t-r)]dv)-

r exp {11\ k (-- + -- v 
= e 2m* 2 -oo v 

(4.70) 

-lik2fG(v) hv 1-cosv(t-r)dvl 
-oo 1 - {31iv v 2 

-e 

This expression is to be substituted into equation 
(4.3) in which also the limits: 

1) V-+oo, 2) t
0

-.-oo, 3)c->0 

must be carried out. 
In such a way we obtain the general equation 

from which the results of mentioned papers/2,3/ 
could be obtained. Note that there m *=m and the 
function (4.42) is used with y-.0. We may also 
note that by substituting f(p) =P

2 
into (2.20) 

the equation for the rate of change of the electron 
kinetic energy will be obtained. Such an equation 
can be disentangled just as previously by using 
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l 

' 

the linear model, and be applied to verify the 
results follmving from ( 4,3) with ( 4, 71), 
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