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'The pa.rametric excitation of electron1agnetic vibrc-~~ions i;-; 

narrow gap semiconductors v,'ith nonparabolic energy dispersion 
defined by the Kane's model is investigated usinQ the ouanh•r:' 
formalism proposed in/ 1/. The numerical estimates ~perfon~ed for 
the typical sample of n-lnSb crystal in different cases show th<\t 
the deviation from parabolicity makes the instability threshold flr.:ld 
values lowered by about one order of magnitude, 
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1. INTRODUCTION 

As is well known, the parametric excita.tion in 
solid state plasmas is intensively studied in the 
last decade. 

In this phenomenon the energy of external ectro
magnetic wave field is transferred to the system 
under consideration by a resonant mechanism that 
takes place when the field amplitude is large enough 
to cause the vibration (with the external field fre
quency) of certain physical parameters of the system. 
In the case of relativistic systems such a vibrating 
pa.rameter is the mass of particles that depends 
upon their velocity in radiation field. This effect was 
first considered by N.L.Tsintsadze/2/.La.ter it was 
pointed outl3/ that in the plasma of narrow gap 
semiconductors in which the electron energy disper
sion is expressed in the Kane's model/4/ by the 
pseudorelativistic formula 

. 4 &2 
&~)=~~~) - p2 c * 2 

' 
(1) 

where m and p are the particle's effective mass 1,1 

and canonical momentum, respectively, c* = (E g/2m) 
2 

with E g being the energy gap value, there realises 
the same excitation mechanism. The authors of /2. 3/ 

have investigated this case for a single electron 
system is the hydrodynamical approximation without 
taking into account the thermal motion effects. 

The purpose of this paper is to make an ac
count of the effect of nonparabolicity of the type 
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(1) in the parametric excitation process in interact
ing electron-phonon systems, The calculations will 
be carried out in the framework of the quantum for
malism proposed in (1). Analytical results for insta
bility growth rates will be presented for interacting 
electron-phonon (Sec, 3) as well as for single elect
ron (Sec. 4) systems, ~or cpmparison \vith the re
sults presented in Ref, 1 1. 3 · 51 the 1umerical estimates 
for the threshold field values have been performed 
for a sample of n-InSb crystal, 

2. EQUATIONS FOR POTENTIALS 
OF ELECTROMAGNETIC PERTURBATION FIELD 

Let us consider an interacting electron-phonon 
system placed under the action of a strong radia
tion field that can be presented in the well-known 
approximation by an oscillatory electric field ... 

... 1 aAoC0 ... 
E

0 
(t) =-- -- = E

0 
sin(<J

0
t. (2) 

c at 
For arbitrary electron energy dispersion 

e-> 
&(p- -A (t)) and in the presence of the external 

c 0 
field E0 (t) , the Hamiltonian of such a system intro
duced in ( 1) takes the form: 

... e ... + 
H = ~ &(p- -A (t))a .... a .... + ~ 

.... c 0 p p .... 

+ 
w ... b ... b -· 

·P 1,q 
iq i,q i,q 

-L 
p,q 

__,. e ,......,. e--+ --+ 
le¢(q,t)- -[ v(p- -A0(t) +q) 

2c c 

.....,. .....,. e .....,. __,. ...... + 
+ v(p--A 0(t))]A(q,t)la ....... a ... + c p+q p 

i + + 
+ ~ C ... (b. -:t + b. ... ) a... ,_,a ..... 

. ->-> q !,4 I,-q p-1-q p 
1 ,p,q -> 

+ 

... ... a &(p) 
Here v( p) = .... is the electron velocity, All 

other notatio~ are the same as in I l/. 
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(3) 

Introducing the "quantum distribution function" in 
the form 

+ --+ ~ ~ 
<a ... a ...... , =n-. (t)8 ... + f(p-tq,p.t) 

p p+ q p q, 0 
(4) 

-"-
n (t)cc <a:..a ... > , 

p p p t 

one can obtain, using the Hamiltonian (3), the linea-
rized equation of motion for f(p+q,p, t) as: 

a ... ... ... e ... 
i-f(p+q,p,t) =l~(p--A (t)+q) -at c o 

e __.. __,. ...... __,. 
- &cp-zA 0 Ct))lfCp+q,p,t) + (5) 

.....,. e __,.__. e--+ -+ --+-+ e--+ -+-+ 

+I e¢(q,t)- -[ v(p- -A0 (t) +q) +V(p---...,A0 (t))}:A(q,t) lx 
fu c c 

x[n .... (t) -n ... _.(t)J. 
p p+q 

Following the work 131, we shall consider n .... (t) 
an equlibrium Fermi distribution function. P 

as 

Now we must solve the complete system of Max
well eq11ations with charge density p and current 
density j expressed through the function f as fol
lows: 

.... .... ... -> 
p (q ,t) e ~ f( p + q, p, t) , 

.... 
p 

(6a) 
... 

.... e ... q e .... 
j(q,t) =-~lp+- --:A (t) 

m .... 2 c o 
p 

1 ... _. e ... 2 ... .... e .... 
- --[(p+q- -·A (t)) (p + q- -!A (t)) + 

2mE c o c o 
g 

... e .... 2 .... e ... .... ...... 
+ (p- c'A 0 (t)) (p- ~·A 0 (t))] lf(p + q, p,t) -
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e
2 

->-> 1 -> e-> 2 ->-> 
-- ~ n ... !A(q,t)- --[(p--~A (t)) A(q,t) + 

me P p mEg c o 

~ e""""' ~....,. ~e ...... 
+ 2((p- cAO (t)) ·A(q, t)) (p- cA

0
(t))] !. 

Introducing the transformation 

X-> X= X· exp!-i(,\sinw
0

t +77Sin3(o
0
t)l, 

where 

' e 3 V 2 
1\"' -~[1--( E -> ... mw2 8 -*-)] (q·E ) 

0 c 0 ' 

71 
, __ 1_ __e__ V E 2 .... .... 

2A 2(-) (q·E) 
mw

0 
c* o 

... ... eE 0 
VE_ 

mw 0 

(6b) 

for the quantities f I A I ¢ , p , r ' one obtains the 
eystem of equations for the Fourier components of 
A and ¢: 
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21RL (w)cj;(w+ Lw
0

) -QL (w)~(w+Lw0 ) + 
L 

... -> 
2 ~ - -

+ f3 QL (w)[ A(w+(L+2)w
0 

)+ .A(w + (L -2) w
0 

)] l -

-{L·e ... 2 P (w+m'uJ )j(w+(L+m')w
0
)-

0 L ~ +t L 0 ,m -

- {3
2 

2 I 3q PL ((u+ m'w
0
)¢(w+(L+m')w

0
)

L,m ~ ±2 2mc 

-> 

- QL (w+ m 'w 
0
kA(uJ-t- (L +m ')w

0
)! -

for 

2 
w

2 
2 P F ~ 2 ~ ~ 

__ P_l[ 1- 2{3 ---]A( w}-{3 [:A(w+2w 0)~A(w-2w 0)]1= q2c2 mEg 

~ (?a) 
2 J (,\)J ,(77)J o (,\)J , n, (77HMw-(n+3n ')w

0
AA(w+(f+3f')w

0
)+ , n n n+t. n+L n,n 

U' 
... w-(n+3n')w

0 
q 

+ q 0 [ - --] dw-(n+3n ')w 
0
)¢(w+( f+3f')w 

0
)1 

qc 2mc 

<ill E0 and 

~I RL (w}¢(w+Lw
0
)-QL (w)A(w+Lw

0
) + 

2 "' ...... -+ ....... ....... 4 

+{3 [QL(w)+2(QL(w)·e )e ][A(w+(L+2)w )+A(w+(L-2)w }]l-
0 0 0 0 

... 
-p.·e 0 2, PL(w+m'w

0
)¢(uH(L+m')uJ

0
)-

L,m =±1 

-> 

-{3
2 

2 !-q-P (w+m'uJ )cp(w+(L+m')w )-
L. '=+ 2 2mc L o o ,m -

(?b) 
-[ Q L (w+ m 'w 0)- 2;0 (Q L (w+m wo)·~o)]A (w +(L+ m ')wo )!= 

2 p2 
w 2 F -> ... uJ q 

=[ ~~ (w) + ----.£.-(1 -2{3 - -)}A(w} + ~ [- - -]£((o)¢(w}-
q2c2 mEg qc 2mc 

2 
2 w ... -> 

-(3 -L! A(w-t-2uJ ) +A(w-2w
0
)+ 

q2c2 o 

-+ -+-..,.-+-+ ----) 

+ 2e 0 .[ 2e 0 .A(uJ)+e 0 .(A(w+.&d
0

)+ A(uJ-.&o
0

))JI 

for q l E
0

, 
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where the following notations have been introduced: 

t' r
X = Xn' f' 

t1 , 1 

cu + L w 
0 

= w + c e-e , + 2 e 
1 

- 2 r ~ lu• 
0 

, 

9 4 e-
p (uJ)=-;- 2. Jo(TJ )J,y(T} )Jl' (rJ2)J.,,(rl, )x 

L q p t 1 r 1 1 , 1 2 

( np'+ q - n P ) 
x_ -

E--> -• -E _, -w-Cf+2P 
1
)cv

0
-iO 

p + q p 

--> 4 2 
RL((,J)= 2..7 ~ Jv(TJ )Jf'.(,, ).Jf' (TJ,).Jp,(rJ,)" 

m cq p 1 1 1 2 1 -

(n 0 ~ - n _. ) p 
X __ _J__!:~!-·_P __ _ 

E, , -E .-w-U t-2f')w
0
-iO 

P+ q P y 

~ ij 4 rr e 2 ~ ( 
Q (w)"" Q ((IJ) = --:-2 k Jr (rJ )J0 ,(TJ )Jn (ry ).Jo, '1.) < 

L L (mcq) P 1 r1 2 1 r 1 2 

( n p t q - n p' ) Pi Pj 
X --------------

f, , -E, -(u-(f f2f' )cv -iO 
pt-q p 1 0 

i,JocX,y,z 

E, 
p 

2 2 .) ,. ,. 2 
= E,(p)t-~[1-..!:C__:__2(eo·P) 3 

-lmcu~ mEg-- - 8 
e·zEg 
--1. -2 

I ,--> 
't 1 -~ TJ 11 p ) 

8 

mE u)
0 I' 

e Eo .2. -• ' ~· __, '> .., -
- -;2E ___ 2 [p teo·P )-(p +-Q)-(eo·(p\;j))J. 

gwo 

'l 
:J 

.. 

;i 

'7.,% f/ry (p) 

2 2 
e Eo • ~· -• 2 • -• 2 -• • 2 2 

2 3 
l2[(e

0
.(p+q)) -(e

0
.p) ]+(p+q) -pl. - ~ 8m E g cv 0 

'J w-
\((u) -1--

2 9
d!:;), 

2 
'> 4rr e n0 (t)...,::.----=- ( n 

0 
., 2. n ,) , p p q c- p m 

eEo 
11 ~" 2m c:;;;- {l = L( VE )2 

8 c* , 

I> i j ~ __. 
(Q. a) = Q a

1
, (a b ) "" a. b. 

. I J 

--> 
Eo e = --

o Eo 

--> • q 
q =--:- • 0 q 

Pp z rnv F i~3 the electron Fermi momentum, Jr is 
the E3es:-;el functioll of the first kind; n ' n ' e 
e, ' v 1 ' f' i are integers. 

In obtaining (7a,b) we have set ?t<<1 , {3
2

<<1 
and also taken into account the fact thut quantities 
;RL1·~<1, IQij 1«1 when i~j as they represent the 
small contribt ttion of nonparabolicity effects. In agree
ment with this only the terms linear· with respect 
to thE: mentioned quantities hc:i.ve been retnined. 

3. INSTABILITY ANALYSIS FOR COUI=)LED 
ELECTRON-PHONON SYSTEMS 

In this section, proceeding from EcF:;, (7a,b) we 
obtain the dispersion relations for electrostatic and 
electromagnetic wctves in an electron-phonon system 
at td solve for possible instability grmvth rates of 
these waves in different cases. 

We shall work in the rectangular sy3tem of 
coordinates with z -a.xis being parallel to the wave -+ _.., 

vector q and the electric field vector E o lying in 
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xz -plane. As the parameters i\ , TJ , 
711 

, TJ
2 

in-
volved in Eqs. (7a,b) are much smaller than 1, 
in further calculations only terms linear in them \NiH 
be retained and in accordance with this one will 
have J o(i\) • J0 (TJ) d. 

The analysis will be done in the high-frequency 
long wave-length limit ( qvF«w. q< q FT .. w /v F ) 

and in the so-called "two-mode approxinfation" 
(see ref. / 11 ). 

For zero external field (E .. 0) one can obtain 
from the system (7a,b) the e~pression for the fre
quencies u•1 2 of the two longitudinal (electrosta-
tic) and w1. 2( q) of the two transverse (electromag-
netic) eigenmodes involving the terms due to nonpa
rabolicity effect. Thus, one has: 

w2 .. L!(w2+w2)+\w2 -w2)[1+ 4w;w[(l-£oo/fo) ]lh l 
1 ,2 2 P L - P L (- 2 _ 2 )2 ' ( 8) 

wp WL 

where wL is the longitudinal optical phonon frequen-
cy and 

2 2 
- 2 wp PF 
w =-(1- --). 

p ( mE 
"" g 

The expression for wi ,2((j) has the same form as 
(8) with 

2 
-2 2 1 2 2 2 PF 
w -> (l) "' - [ q c + w (1 - --)]. 

P pc f P mE 
00 . g 

ForE 0 ~0 ,<iiiE0 the system (7) leads to un
coupled dispersion equations describing longitudinal 
and transverse waves. The equation for longitudinal 
modes is: 

10 

~ (w) ~ (w - w 0 ) "" I J1 (A ) [ d w - w 
0

) - d C<J ) ] + 

+P 1
•0 (w-2w )-P1

'
0 (w-w )l~ 

0,0 0 0,0 0 

~ ( uJ) = f ( w ) - P 0 · 0 (w ) . 
0,0 

(9) 

I 
! 

I 

I 

I 
J, 

f (w) is the lattice dielectric function that yields 
the growth rate y (the resonant coupling modes are: 
wx~, WO-w .. w 1 and SO w 0 ,.,w 1 +w 2 , w 1 <w 2 ) 
in the form 

eqEo w~ (w~-d1 )(w~-w~) 'h 
y = -- • ------[-------) X 

4mtoc (u, 1 +w2 )2 w
1

w2 w
1

w
2 

2 q2 +(1615)p~-+ ~~I . 
x 11-9(1 - mEg E Jw

2
-w

1
) 

For transverse modes (w xw
1
(q), w 

0 
-w '"' w ( q•)) 

we have the dispersion relation 
2 

\*(w )i~*(w-w 0 ) =I J 1 (i\)[~(w) -~(u•-wo )l +

+- Q~·.~ (w-2w 0 )-Q ~.'g (cv -w
0

) !2 • 

vvhere 

2 2 
wp PF 

\ *(w) = '\(w) t-Q(w) t- 22(l- mE ), 
q c g 

Q (w) = Q~:~(cv) 

(10) 

(11) 

XX yy -> -> ) (note that Q L ,.Q L ""Q L for q 11 E 0 • The growth 
rate in this case is expressed by the formula 

2 2 2 
eqE qp w 

0 F P 
Y.,. 20m_f_ • -;r :;"2(q)u_l2 (cf)[w (lt)+w

2
(q)] 2 

<X' 1 2 1 

(12) 

X 

2 2-> 2-> 2 [w -w 
1
(q)][w 2 (q)-wT] 

xl T _, _, 
w1(q)w2(q) 

~ 2 ~ -> 
l 2·11-9~2+.§__!L+ 3w1(q)w2~ 

7mE E[ ~ _.I· 
g g w2(q)-w1(q)] 
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/\s is seen, in the case of parabolic energy 
dispersion the growth rates (10) and (12) coincide 
vvi th those calculated in !11. 

We now turn to the case of q ~Eo. Eqs. (7) show 
that there exist the purely electromagnetic (trans
":erse) _perturbations polarized perpendicularly to 
E 0(E ~+ E 0 ) and the coupled ~lec~rostatic (with 
E j_ E 0 )-electromagnetic (with E I! E 0 ) ones with 
"mixed" polarization, The usual procedure leads to 
the following grovvth rate formula for the purely 
transverse mcx:ies (with w • w (i{ ) , 2 w -w "" w (q ) ) : 

2 0 1 
2 [ 2(~) 2][ 2 2 ~ 

1(32 Wp lw2q-wTwT-w1(q)] 'h 
y-2 2-+ 2_. -+ -+ I (13) 

f
00

[(u
2
(q)-(,>

1
(q)] w

1
(q)w

2
(q) 

(13) shows that the excitation in this case is caused 
essentially by the nonparabolicity effect, For the 
COUpled plas man-polariton mOO es ( W = W 2 1 W 

0
- W • W 

1 
c<i>) 

the grovvth rate Y has the form 

2 (2 2[2 2(-->] eqEo wp w2 -wT) wT-w1 q) 'h 
}' = - [ (q) J l -+ --> --> ] l 

4mc"" w2 w1 +w 2 w (q)w (w2-w2)[w2(q)-w2(q)] 
1 2 2 1 2 1 (14) 

2 w2 
2 ~ (1- g_ -~-+ )!. xll-2(3 -mE 5 w (q) 

g 1 

The numerical values of the threshold fields 
are estimated in the same way as is shown in 
ref, 

111
. For this purpose the sample of n- InSb crys

tal was taken, This is a typical narrow gap semi
conductor that may be described by the electron 
energy dispersion formula (1). The results are: 

1) for the longitudinal mcx:ies with q II E : 
Eoth =-3,5.10

3 -& for Q=5·105 cm- 1 , (15) 

2) for the coupled electrostatic-electromagnetic 
modes with q -l- Eo 

12 

' 

I 
I • 
~ 

E 6 
oth "' 10 

v 
em for q ~ 5 · 10 3 em~ 1 (16) 

Here the following data have been employed (see 
refs.· 1·5 '): n~10 em , m =0,01 m , B ""0,234eV, foo""' 9 

27 1013 ·1 13 ·1 . 
to~ , u> L"' seG. wp ~·10 sec the damping constants: 

Tph ~7·1010sec·l for phonons and rpl ==1,7-1012 sec~t 
for plasmons. 

Comparison of (15)-(16) with the results obtained 
in refs, 1 

·5 · shows that the nonparabolicity effect 
makes the threshold field values lowered by several 
times in all cases, 

tl, SINGLE ELECTRON SYSTEMS 

The problem of parametric excitation in single 
electron plasma can be treated using Eqs. (7) with 
<(co)= 1, 

The plasmon frequency co* in the absence 
external influence is then obthined from G (w) = 0 
has the form 

2 
.2 2 (1 Pr 

(d ~ (J) -. ---- ' ) ' 

P P mE g 

of any 
and 

(17a) 

while the frequencies of electromagnetic modes are 
determined by J\ *((u) = 0 and are 

2 .. 2 2 2 
<u (q) =w * + q c 

..L (17b) 

The instability analysis in the presence of the 
radiation field E 0 (t) is carried out analogously to 
the case of electron-phonon systems. The results for 
instability growth rates and threshold fields are 
(n=101 7cm-·3 ,w =2,7.1014 sec- 1 ,and the effective col
lision frequen~y of electrons Yett = 6.1011 sec- 1 

have been taken/31 ) : 

1) for the plasmon-mode w = w * with q II E0 p 
when (u0 =w; : 
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2 II 
3 2 Pp -72 

y = ~ {3 w (1 - -- ) 
2 P mEg (18) 

E "'9 ·10 3 _y_ · 
oth em 

-> 
w (q) 
+ 

2) for the purely electromagnetic mode 
-> -> 

with q \\E 0 when 

2 2 2 
1 2 °P 1 q Pp 

y=-{3 ----(1-- ---). 
2 w (q) 5 m2w2(q) 

~ -1. 

(19) 

E th"'5 ;104 L for q=5·10 3 em- 1 ; 
o em 

-> 3j for the _;lectromagnetic mode w ...L ( q) with q_L E 0 , 

El E (w0 =w...L(q)): 

(U2 1 q2p2 
1 2 n F ) y= -{3 ~(1+- -----
2 w .1 ci) 5 m 2 w l< q) ' 

(20) 

E ,5.104 _y__for q=5·10 3 em- 1 ; 
oth em 

4) for the coupled electrostatic-electroma.gnetic 
mode w; with q -L E (w 0 =w*P), the growth rate y 

and the threshold field Eoth are determined by (18). 
As is seen from (18)-(20), the results for the 

growth rate expressions coincide with those calcu- t 
lated in ref. 131 is the thermal motion effect is neg- · 
lected, So it is clear that this effect has made the 
threshold field values somewhat lower than ones 
obtained in ref, /3/. 
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