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AKceHoB B.n., llipal!6ep 10. El7 · ll4l9 
K TepMO/liiiiBMHKe CTIHIIOBblX CHCTeM B MeTO/le <\JyHKUHii fpnHa 

MeTonoM aeyxBpeMeHHbiX ¢yuKunlt paccMoTpeHa Tep"ollnHaMHKa ~wnenH 

l13HHra c nonepe'IHbiM noneM B npii6mnKeHIIH xaoTn'IecKnx ¢aa. B ornn'I<W 

OT o6ht'IHoro nonxoaa napaMeTp nopHJlKa onpenenneTCH H3 MIIHHMyMa cno6oa

Holi 3Hepr11H, a KnHeMaTH'IeCKI!e npaBuna cyMM ucnonb3Y!OTCH an<I oueHKH 

TO'IHOCTII Up116niOKeHHH, 

Pa6oTa Bblf!OnHeHa B na6opaTOp1111 TeopeTH'IeCKOli <\JH311KH 011 fiH. 
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Aksionov V.L., Schreiber J, El7 · IJ.l.l9 
On the Thermodynurnics of Spin Systems in the 
Green Function Method 

The thermodynamics of the Ising model with transverse field 
is considered within RPA. Contrary to the conv0ntiona! RPA, the 
order parameter is determined by the free energy while su111 rules 
are used to check the accuracy, 

The investigation has been performed at the La.boratory 
of Theoretical Physics, JINR, 
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Applying the method of double-time Green fun
ctionsa(GF) 11.2/ to spin systems, the equations 
for <S >(a= x,y,z) are usually obtained from the kinema
tic sum rules, However, in such an approach the 
thermodynamic equilibrium cannot be ensured in 
general since the sum rules follow from operator 
identities rather than from equilibrium conditions, 
Besides, the accuracy of the used approximation is 
hard to estimate, 

In ·the present letter a thermodynamically consis
tent procedure is proposed, With the help of GF the 
free energy F is calculated, from its minimum one 
gets <.Sa > , and sum rules are employed for check
ing the accuracy of the approximation, We consider 
the Ising model with transverse field: }{ =- 1'2. S ~ -

n z z 
-lh 2. Jnmsnsm, where the conventional RPA for 

n,m 
z 

GF yields an ambiguous result: the value of <S > 
exceeds that one in MFA for all temperatures con
trary to the results obtained by the diagram techni
que /3,4/ • 

To calculate F let us introduce }{(,\) = H
0
+A(H-H J. 

where }{ 0 = - I~~ S ~- ~ h zS; + lh ~ h z<S ~ >, 
z z 

h = ~ J nm <S m > • The order pctrameter a = <.S n > 
m 

is fixed and considered as a thermodynamical va-

riable. Using the exact relation ~ <S:(t)i d~ S~(t)> ,\ 
U 1 X 

= < n> ,\ + 21N <S >A, F may be calculated by 
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1 y d y 
F = F(A = 0) + f dAll <S n (t)i-d Sn(t)>A + 

0 
n t 

X 2 
+ N(i<S >A + J

0
a )/2], 

(1) 

where < ... >A is the statistical average taken with 
J{ (A). 

With the help of the RPA results for GF I 41 
and employing the spectral representation 11.21 it 
can be shown that the integral in (1) vanishes, 
i.e., F RPA=F(,\ = 0). Thus in this case F could be 
easily obtained and is given by that one of MFA. 
Possibly, this fact can be explained by the speci
fic feature of the model where the interactions bet
ween transverse components of spin are absent, 
consequently, there is no contribution of collective 
dynamics to thermodynamic quantities. Hence 
oF RP A I oa = 0 leads to the equation for a which is 
the same as in MFA /5/ • Furthermore one can 
show that as well in the presence of an inhomoge-

neous field H~= eXI> (iqRn)Hf3 the integral in (1) 

does not contribute to F RPA • That means that 

in RPA the isothermal susceptibility x Tn1;! = J<.S~/aH~ 
is given by the same expression as in MFA /5/. 

Using these results, we are able to determine all the 
correlation functions <Sahs {3> = <Sa> <Sfl;, + caf3+ C a[3 , 

m n m nm nm 
f af3 . /4/ 

where nm are obtarned from the commutator G F • 
C ~~ are some constants Ia/ and as they cannot 
be completly derived from GF the thermodynamical 

relation Ca{3=kBT(vTa{3_v(-)a{3) must be applied,where 
nm A nm A nm 

x<-~~ is the isolated (Kubo-) susceptibility. It 
results in the equations: 

ZZ 2 2 X 2 2 
C .... = h zb/t --.(1- (r<S > + h zb/k BT)J _./h ), 

q q q 

X. ZZ XZ X XZ XX 
(1- <S >J--.)C .... = hzC .... , (1- <S >J_,)C .... = hzC .... , 

q q q q q q 

4 

(2) 

l 
' 

1 

~I 
J 

where 4b=(1-th(h/2kBT)), h 2 =i 2 +h 2,<Sx>=ia/h, z z 
and t ~ = h ; + ['(I' - <S x>J .... ). It is of interest to note 
that th~ results agree -&-ith the ones of the diagram
matic approach handled also in RPA /a/ . 

The accuracy of the given RPA can now be 
checked by the relative deviation from the kinematic 
sum rules: L\aa = (4<(8 ~) 2 > - 1) , L\ xz= 4<8~8;> 

( < S ~>=0) and from the dynamic one : L\ P = 4i d~ < S ~(t)> 
(Fig.l). Numerical calculations were done for the 

1 
model case, where 1/N ~ f(J .... ) = f dxp (x)f(J 

0
x), 

q q -1 
p(x) = 2/"v (1- x 2) 
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Fig.l. Temperature dependent deviations from 
sum rules for 1/J

0
- 0.4. 
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As it is generally known, RPA poorly accounts 
for the longitudinal correlations, particular at T c 

(Fig.2 ). Nevertheless, one can regard the proposed 
RPA as a good interpolation scheme to describe 
both the collective dynamics and the thermodynamics 
of the considered model. 

~ . 10-2 
zz 

I 
50 

L.O 

30 

20 

10 
r::.._ ~~ I I --- kYJo 

I ~-- I I 

0.1 1
o.2 '' 0.3 

Fig.2. The deviation 
temperature. 
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