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The low lying orientational excitations in the ordered 
phase of solid orthohydrogen and paradeuterium, the so
called librons, have :>een object of a number of ~;tudies, 
both eKperimental 1 

·T· and theoretical l--K At the 
present stage it is well known that the libron -libron 
interactions consider.Lbly affect the single libron spect
rum and calculation:, based on simple spin-w:1ve theo
ries '·l-ti · fail to explain eKperimental data of a Raman 
scattering. Because (•f the complexity of the electrosta
tic quadrupole-quadrt!pole (EQQ) Hamiltonian for sys
tems under consider.ltion the problem of calculation of 
the renormalized lihron spectrum is rather difficult. 
The first attempt to take into account the libron-libron 
interactions has been n1ade in ref. 17

/. where the authors 
transform the Hamiltonian to the Bose representation 
and apply the diagrawmatic perturbation theory. In their 
method the spuriou:; kinematic terms appear which 
slightly decrease thE:~ value of the average lihron gap. 

Quite recently th;! single libron spectrum at k .-. o 
has been calculated by using RPA for the retarded Green 
functions after a suitable unitary transformation of the 
EQQ Hamiltonian 8 However, this approach does not 
predict the existence of Ute two-libron eKcitatious. Ne
vertheless, the results of these works are generally in 
good agreement with the experimental data 1 

· :; . The 
purpose of this letter is to present the method <Uld re
sults of our calc ula t10ns of the zero-temperature lib ron 
spectrum applying the diagrammatic technique developed 
for an arbitrary .:;pin and pseudospin lattice system by 
one of us '9 '. This method was already successfully 
applied to the calculation of the free energy and investi-
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gation of the order-disorder phase transition in solid 
o. 'I., and p- D/1 01 . The small parameter of our theory 
is 1, ~. where z 12 is the nearest-neighbour number for 
an f.c.c. lattice. The zeroth-order (in 1 z) libron spect
rum corrPsponds to that obtained from R.P.A. To cal
culate the Green function, we used the Wick-like reduc
tion theorem for the generalized Pauli operators which 
allows us to avoid th4} spurious kinematic terms. The 
Green function matrix K (lt,(u ) can be written as follows 

l' 

..... ~ ,... -1 ,..... ,... -1 
K ( k , <u ) =I M ( k , w ) + 2 y (It ) I . 

I' V 
(1) 

where K(k',,d ) 
!' ' H(k', WI/) and J~ ( k are 20x20 

matrices with elements m -n + m,-n ~ 
K ' , ( k, to ) , M , (k , <u ) 

au I' aa Jl 
m.-n _, 

and y , (k ), respectively, which are defined as 
a a 

men ., f3 
K , ( k, <d ) .. ~ f d r e 

aa fJ R-R',O 

ik'(R -R ',) 1 itu r 
a a v 

X 

a a 

:--:<80rn(R ,r)oO-n(R )> 
a a 

(2) 

- m ' rH m ...- _, 11 
oO (R .r)~e oO (Ra)e 

a 
(3) 

rn ~ m ~ 

o 0 ( R ) "' 0 ( R a)+ 2o·m 0 a ' 
(4) 

< -- ••• ,> -

Tre -f3H 
(5) 

. rn-. 
H is the EQQ Hamiltoman , 0 (Ra) (m~O. ±1.±2) is 
the molecular quadrupole momentum operator (in J ~1 
manifold of states) /5/ related to the site of the crystal _, 
lattice denoted by the vector H

0
, a= 1 .2.3.4 numbers 
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of the orientational sublattices, M m,n, (k~ w ) is tltP 
aa • v 

Fourier-transform of the two-point irreducible (with 
respect to the interaction lines) part 191 and y ~~;; 1! ( k' ) 
is the Fourier-transformed EQQ coupling constant 
ym,l) (Ii' , - R ) 'r, ·6/ Following Raich and Etters 'n' we aa a a · 
introduce the quasi-Pauli operators a) ,b1 which cn~ate 
on the i -th molecule the .I r 1 rotational state with z . m n .,.. 
Ji = i 1, respectively. We calculate Ma ~,(k, tu

1
, ) to 

the first order in 1 /z neglecting the wave structure of 
the librons. Before calculating M m,!l(l{, w ) we oh-

aa v 

tain the renormalized propagator § (w ) for tlw 
0 v 

localized libron by summing some infinite class of the 
diagrams. The result is 

co -a 1 a 
,j (<d ) =- 2 0 l' -----------

i (l) - -; j (t) - i' 
V 0 I' 2 

(6) 

where 

r
0 
~ 0.728c

0
"' 16.911 · (7) 

is the renormalized energy of the localized libron, 

c 
0 
~ .:.. 12 ~ y ~~ = 21.2 I' 

j IJ 

( s 38.83 J' 
2 

' 11 

I' is the EQQ coupling parameter, 

a 
1

"' 0.7713 and a 2 ~ 0.2287 . 

-

(8) 

(9) 

The presence in ~~ 
0

( (d 
11

) of the pole ( 
2 
~ 2 ( 

0 
points 

to the existence, in the system of two-lioron exci
tations17'121 Of course, if itd lies in thesingle 

l' 

libron band, the second part of ~~ 0 (wv) 
To the first order in Ih: the matrix 
written as follows 

can be neglectPd. 
... -+ 

M (k , w ) can he 
v 
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" ... 
M(w ,k)s\\8 ,M (w )jj 

v aa m,-n v (10) 

with non-zero functions 

Mm.-m (wv) and M 1 . 2(<uv)-M 2 . 1 (wv)·M~1.-2 (<v~)s 

"'M::_2,-1 (wv ) · 

More detailed considerations show that for the frequency 
iwv of: the libron band nearly total contribution to M 

is due to M ( w ) = M ( (() ) = M ( w ) . 
1 • -1 v - 1 . 1 !' 1 v 

The other 

functions M mn (~ ) contribute to higher orders in 1/z. 

Thus, we have 

M ( w • k)"' M ( w ) I I 0 ,( i) i- i) ) II . 
v 1 v . ' ua trl • 1 m . - r ' (ll) 

Hence it is easy to see that in 1/z approximation the 
libron frequencies will be expressed by y 111

•
1! (k) with 

n.m~ -1: l. The M1 (c,>l') to the first order i¥r l 1 'l has the 

form (we use the renormalized propagator 

-4€ 0c _. 
) 2 -2 Mt (wv ""(iw ) - f 0 

v 
where 

2B 3 
C= a (1- -a 1 )a0.769·l 

1 -2 co 
with 

B~ ~(\y 1.1 \2 +\ yt:-1 j:!). 
j iJ lJ 

(•j (u, ) 
0 v 

(6 )). 

(12) 

(13) 

(14) 

~ . (2) ...,(1) 
The k~O libron frequencies for T g , lg and E 6 modes 
are 22.55 I' , 13.38 I' and 10.60 I'. respectively. The lib-
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ron frequencies with J ~1-. J =3 corrections (see a note 
added in proof of ref. 131 

) are calculated to be 23,12 I~ 
14,16I' and 11,56l' for o-H 2 and 12,87r, 15,23I'and 
23,89 I' for p-D 2 . By fitting to the Raman experiment 
we obtain the average (nonweighted) quadrupolar coupling 
parameter I' as 0.56 em - 1 for H2 and 0.70 em - 1 

for D2 which are in good agreement with other experi
mental values. The average libron gap c L is calculated 
to be: 

2 

c L "' £0 [ 1 + ~ (I+ 
1 

- 1 ) ] • 16 .29 r , 
(0 

(15) 

where 1+1 is the first moment of the density function 
for the harmonic libron spectrum 16 /. This value is very 
close to that obtained in ref. 171 
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