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fansrceeuq 3. E17- 11199 

fu.opO.llHH8MH't!€CKH€ OIIHC8HHSI CBepxTeKyqefi: CHCT€Mbi 

npo6JleMa B38HMO.OefrCTBYlOIUeii caepxTeKyl.lefi Ea:se-)KH,llKOCTH B Mo.ae-

1IH Eoronro6oaa paccMoTpeaa e aeyx npeacTaeneansrx: qacTuu u Kaaaul.JaCTHU 

( ¢oHOHOB). H ai:tneaa CBSI3b Me >Kay 3THMH npe.ocTaB11€HHSIMH. n OK838HO, '1TO 

a npe.oene M81lbiX HMnym,coa raMHilbTOHHaH Eoronro6oaa, Bbipa)KeHHbii.f: qepea 

OIIepaTOpbi II1IOTHOCTH K0Hll€HC8T8 H CKOpOCTHt HMeeT KB8HTOBbiit rH.llPOllHH8-

MH'I€CKHii sua. KaHOHH't!ecKoe u- v rrpeo6paaoaaHue .siBnSieTcH a aToM cny·
qae IIpHMepOM npeo6pa30B8HHSI, CBSI3biB8lOW€rO KBHOHHqeCKH€ rrepeMeHHbi€ 

'18CTHll C ¢oHOH8MH. 

Pa6oTa BbiiionHeHa a Jla5opaTopuu TeopeTuqecKoH ~PnanKH 0115111. 

Coo6weHHe 06b911HH9HHOf'O HHCTHTyTa smepHblX HCClleJlOBSHHli. ny6Ha 1978 

Galasiewicz Z.M. E17- 11199 
Hydrodynamic Description of Superfluid Systems 

The problem of consideration of interacting superfluid Bose 
systems either in terms on initial particles or quasiparticles (pho
nons) is examined with the help of simple Bogoliubov model. It ap
peared possible to join these two pictures. 't\Ja.mely it was demonstra 
ted that for small momenta Bogoliubov Hamiltonian expressed by 
condensate density and velocity operators has a form of quantum 
hydrodynamical Hamiltonian. The canonical /u,v/ transformation is 
just a special example of transformation connecting particle canoni
cal variables with phonon ones. 

The investigations has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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1. Introduction 

In 1941 Landau /1/ obtained hydrodynamic equations descri
bing in a phenomenological way superfluid helium 4. In the same 
paper density of particles and density of current have been 

" regarded as operators and mass density ~(t,r) and velocity 
" field y(t,r) as quantized canonical variables. These variables 

enter the Hamiltonian describing the fluid. According to exa
mination of the energy spectrum the lowest excitations in super
fluid helium 4 are phonons with spectrum t(p) • cp, where c is 
sound velocity and p is momentum. 

The phonon-phonon interaction was considered in /2/ with the 
help of Hamiltonian describing four phonon processes. Just the 
Hamiltonian describing four phonon processes, named quantum 
hydrodynamical Hamilton:l.an (QHH), is a basic one for considera
tions of ref. /J/. It has a form 

"' ~ ..... "' c~" -" ) H =- ~ L (~ Y,l!-11 + ~ cs'~"<?,-p 
1' 

A A A C-1.-(,;J.J.I .. -A)A II A ) 

+ fL:.C~flCSi- 'l!~r .. r +, J«..Z... ~.,csi-~-~-p 
f>, '1-
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( 1.2) 
The operators <;,. , l!p are expressed in terms of opera-
tors of creation and annihilation h-;_ , Jrk. of phonons 

gf : v 1-f ( jy; f- kf ) 1 

A - tr-.z- (.6 - ,6' .. ) !!t -y Tfp f f -f I 
7-: -- 117 f(i -J:) ::-p - I ;:s;, - --r ,- .. , 1. 3 > 

Density and velocity operators satisfy commutation rela
tions (i'l=1) 

[ ~ f 1 ~ -k. l ~ -~ tS"pL 
( 1.4) 

By the way we will outline how to get Hamiltonian (1.1) 
using for simplicity classical considerations. 

Energy for unit volume of the fluid and for volume V = ~ 

( 1. 5) 

is ,..___ 'tl"~ 

E =<s""L" + ~s H =- )E <tV, 

where the first term in expression for E denotes kinetic 
energy and second internal energy ( £ is energy for unit mass). 

We are interested in a flow of fluid with small velocity y. 
It produces deviation from equilibrium values g., E., to 

I f ( f I 
~ =~.,t-~ and E-=E.,r-€. ~ is of the same order of 

smallness like v or ~ 
0

11 ~ "'- ~ 'oL. ) • Our aim is to develope 
Sf.. in power series in keeping terms till S 1 in fourth 

power. It is convenient to use following thermodynamic relations 

cL r3t:) -= i:rcLs +- s To~.o, 
( 1.6) 

where .l.J" is enthalpy 
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We remeber that 

(?£.) = ,( ~ 
r.Js ~ 

( 1.8) 
From (1.5) - (1.7) we have 

(fJ (gf. )\-::. "' (f')~(~f.)\-=- h iff) . ., (r'J~) (?.e)= £ J.. 

\ COfS ~ MJC 1 fO~/~ \'Qs ~ ~f ~ fdS j s / 

(~J~rgdL -o ('"<. .-(, ~ [ n 
r;,s j ~ - 10s s) = -s-- .2A.. -1_) 

1 ( 1. 9) 

(
ro"(gt)) t() (L (,(. ~) c .2. r .l. J 
~ f t) :::.. fQ J L ~ ... 2 "? L (,a -1) {-#I 
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where u, w are given by (1.2). 
'I'erm r ~0 f 0 J.. v describes energy of a fluid in rest 

and do not describe phonons. Term J . .tJ. S 'cL V -= 0 because 
J ~.tV-= }3o ol.V • Therefore Hamiltonian of interacting 

phonons has a form 
" " A I' 

H::: H 1- H t- H
4 .L 3 I 

A 1 ( [ "- :l.. .(. ;1. t.q v 
~--~~ ~ ·:;: ) ~ 0 + -.r ~ J J. J 

~~~:: 1:,) h'vz_+ 3 ~l~):~~~] £LV
1 

<1.1o> 

I~ -= .1... r ra ,_ (·.c...~..). ~\tV 
I ~ .l- ~ r.>5 l- ~ j 

In ref. /3/ the fundamental assumption is that superfluid 
helim is described with the help of QHH (l.l),i.e.,not in terms 
of particles (helium atoms) but in terms of quasiparticles 
(phonons). Under second very important assumption that average 

<v._) is equal to velocity of superfluid component the 
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authors were able to derive Landau two-fluid equations for su
perfluid helium 4. 

On the other hand Bogoliubov /4/ obtained Landau equations 
starting from Hamiltonian describing particles. In spirit of 
Bogoliubov paper, in ref. /5/, operators of mass density of 

"' condensate g" and velocity of condensa ~e (superfluid velo-
city) of condensate (su:rerfluid velocity) y" have been intro
duced. They are built from the operators of creation and annihi
lation of particles 

A ( f-g" ;. """' 'fs., .4 t- ,()_ ) -t -1' f' / 

A .b ,f ·v-c - .:::. - (--tt - 4 -r) - 1' - .,....... ..._lff,. 1" -r , 
(1.11) 

and satisfy commutation relations 

( ~~fJ I ~ t ] = -f ~A_ 
( 1.12) 

In (1.11) ~D denotes density of Bose-condensate at 
equilibrium. Under assumption about existence of Bose condensa-
te 

Al--r 11- =No ...... f.l 
a c I 

+ 
.4-., 4,. .:. ~" I y 

,.o.., - a., \r.::-Vv - VV :. Y So 

(1.1J) 

It is justified to separate /5/, in the expression for density 
and current, terms of the form (1.11). Namely 

"' A"')+- -t-
~k, = mv '{V T~-i ~+!, = ~'154 {(k,._t· ~._) 

/'-1-
'S/t, 

I' 'f- AJ(-

-1- _. 'fY L_ IL .D;_! ~-t~ = ~ ,t + 
f>":#Z7J.-,. .a. ._. / 

.-:- I( L 'f J._ = ,r.;v f ~-~ ~+~ ;=. 
- VV .,. - T ~ 7· ;>. 

L {f., (4 - A-t- ) 
-1: o1.. .. -t. 

(1.14) 

I( ~.b f I) /,\ ~~ ,A A_~ 
+ fV L-.?- ,a.,p-1 f~ot =-/t l- J A : ""'Jc ~t t- /t' 

f'"' 1 i - - -
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Comparison of (1.3) with (1.11) 
formation from canonical variables ( 

suggests very 
" A 

~1' , '!1> 
).Namely 

simple tZ'Blls
) to canoni-

/< A 

cal variables ( ~:.'1' , :!{ 

where 

/\ 1 ,1\ 

gt == !,. s:1' 
A "' v: = t. v<

_f' If _r 

- U o"" U-;
;)_f' 

= U V.~ur 
-~ 

~t.:. ~ v ;;~; 

/ (1.15) 

J 

(1.16) 

The aim of our present considerations is to try to examine 
connection between (l.J) and (1.11) on the basis of a simple Bogo
liubov model /6/ describing nonperfect Bose gas with a weak 
interaction between particles. 

2. Hamiltonian of a nonperfect Bose gas as a quantum 
hydrodynamical Hamiltonian 

Let us consider system of nonperfect Bose gas with Hamil-
tonian " c ) + H = L ( .t~ t- Va3o ~f Ll-f' 

e. 1' 

+ +- ) + f ~SoL { ~f!L/' + -(lf /!:f 
f~ . 

(2.1) 

, r 
Here Va describes interaction between particles, t:J..,'f' 

1 
Ll.f' 

are creation and annihilation operators of particles. (We under
line now that our "superfluid" is described in terms of initial 
particles). Operators of particles are expressed by 

1 A 
,(L =-- 17-<.. l" ~ .z,.._ V"fo :>_.t, j- ll'f\..~ ~ ''}t/JeJ. 

) 

(2.2) 
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JL+ 
-II. 

.f A 1\ 

= J.1h. Vfc ~--: - ~ Vfo t ?-;;k ~ 

) 

One can put into (2.1) (see ,e.g., ref. /6/) 

Vo ~o = """"_.( 2. 

and have for (2.1) expression 
' ) of .A A " f . 2. ·-- ,c..· ..c.. H :::I [C..,... +- J..('(YI.c 't-.~.~, ~-r ~, 

e r 
.A /' J + ·""'-~ 0 ·U: .c. v--(.. 

T --f _, 

(2.3) 

(2.4) 

At sufficiently low temperatures we can drop terms with 
.1. 2 Q. higher 1' • In this case -f.{,.,. L< ,...._,.c • Now Hamiltonian 

(2.1) or (2.4) has form of the QHH (1.1) 

1\ [ A J\ 
· A "" -V r-1~-= :t I. ~· :!.-t y; + 

1' 

l. ,. 

-~~ %~~ ~~ l 
) (2. 5) 

~-:--':. tm. ~ 0 • 

It means that starting from the Hamiltonian of particles 
we can get quantum hydrodynamical Hamiltonian ( QHH). 

With the help of Hamiltonian (2.5)one can find equations of 
A "'.c.. 

motion for operators '$ ~ and 1J 
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..... ./, .A ·"' 
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where.~ denotes chemical potential per unit mass /7/ 

·"'-' = VJSc 
;1'>V 

(2.6) 

(2. 7) 

The first of the eqs (2.6) is the continuity equation for conden-
sate, and second (of the form '"al!'JII'St ......... "V f'-' ) is the Landau 
equation for superfluid velocity. 

Now we should like to change from particles to quasipar
ticles using the known Bogoliubov /u,v/ transformation. 

J. Transformation of canonical variables by Bogoliubov 
transformation 

f We change l"now from operators .a.f' 
1 

.12f to new Bose 
amplitudes (31' , / 1> describing quasiparticles (Bogo-
liubov phonons) 

+-
_,<2,.-f ::: J.£{f)f3r r ~)(3-f 

J 
t- .,.. 

4, = M,.(f)j3_f 1- v-~)(3_,. / 
.u ,, ) - 1lf!J) =: 1. - (3.1) 

The canonical variables transform 

V-: = (M.tfJ - v-{f)} ~ ?~/? ft. -ji_ +) = ( /.Lfp) -1l{p)) 0. 
_, ,..,.._ ..... J" r-:; I' - 1 

-" r -" 
~:., ~ r j).,r,) -1J(f' v tnl. Vf, 0-tJ-(3"' ) = f iLf/;J 1- vt~JJ J rs" . (3.2) 

We see that we must now calculate coefficients ( .#-f,p) - v-~r) 

and (,.u.tp) .f-1)(f)) of transformation (3.2) in the limit of 
small p. One can find them from standard condition that in 
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transformed Hamiltonian (2.1) coefficient of 
vanishes. This leads to equations 

rf,f3·r +- (3-~f-3;) 
IJ 2 ;_ 2 <l. 't /", 
"1 £ (p) J)., (,p) 7) (f) - /I?LC = v 

2 ... 

M- (f) - 1} [f;) :::: 4 f(p) =.-Cf ' (3.3) I 

For small p 

~1-({') ==-±{1- v -;~"'+ 1)::: ± mt; (t- !e-)/ 

1.l(pJ = .t. ( 1 + \I,... g- ) = d. ~ (.1 t- :f-. ) 
.2_, l ---p- t -1 ~ t 11M-.G . 

This gives 

~~ ( A ,p ) 
/1.)-( r) = r -q; 1 - ~ ~ 

)A..(b)"' {/IO'L (1 f :J._ _£_) 
I :l.f .:L 1/>C.~ 

Finally we ha·ve 

,U(fJ) - u~(f) :::: (-;!:c. "" 
1-( (f) t- 1.1(/JJ = j/.z--c ::: 

r 
Transformation (3.2) has a form 

1 
ol..f 

o(f 

I 

.J 

A 
/1 .c .!.... 11: 

A A 

?_, = ol.~ - + 
s ,t:. = o(_ ~ 

-r "' r ) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

Independently of appro~imation it is evidently a canQnical 
transformation. 

In our model t-/ 0 llt::" N ' i.e., So ~ '5 

Kr,~t ~::;~ ~ Y "f"' " o( 

f 
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and 

(3.8) 

We see that in our model the transformation which connects 
canonical variables of particles and of phonons is just known 
as /u,v/ transformation from particles to Bogoliubov phonons. 

It is a pleasent duty for me to thank Dr.V.B.Priezzhev 
for valuable discussions. 
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