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CoOTHOWEHHe MeXAy H3IOTPOonHuiME Moaensamr lNedaenbepra
B CHAMMeTpHYeCKOH rpymmof
HallgeHa CBS3b MeXay R3OTPOMHLIME MogensMH [eAsenGepra M HempupOAH—
MBIMH TPeACTAaBIeHHSME CHAMMeTpRYecKoll rpymns., Ha ocHoBe 3Toro pesyibra-
Ta MOXeT 6HThb mMolydeH nw6odl raManbToHuaH [eHaenGepra B xBasuamarosHaib-
oM prae. IlpeanoxeH Kiaacc HPoCTHIX "ofpeaaHHbx” moaneneh lellaenGepra,
Yy KOTOpBHIX COXpaHseTCs MHOrO CBOACTB TOUHBIX raMHlbToHRaHoB [ellsenGepra.

Pa6oTa BumonHeHa B JlaGopaTopkn Teoperudeckoit puamky OUAU.
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Relation Between Isotropic Heisenberg Models
and Symmetric Group

Using the relation between symmetric- group and isotropic Hei-
senberg Hamiltonian, we propose the quasidiagonal form of this Ha-
miltonian. The class of the model Hamiltonians is proposed and the
properties of these models are illustrated by the example of a one-
dimensional Heisenberg model.
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Introduction.

It is well known that the problem of exact calculation
of the thermodynamic quantities for quantum spin models is
notoriously complicated.lhere exists huge literature devoted
to both exact and approximate methods of solving this problem Lel.

Even in rather special classical problem of solving the
isotropic Heisenberg model the progress is really small,
despite a great effort made in this field. Thus, it remains
worthwhile to study simple models,still containing most important
properties of realistic models.

In this paper we propose the class of such "restricted”
models following from the relation between the isotropic
Heigenberg Hamiltonian for spin 1/2 and the irreducible representa-
tions of the symmetric group SN.This allows to reduce the Hamilto-
nian of the Heisenberg model to a quasidiagonal form.We believe
that the discovered relation between the Heisenberg models and the
symmetric group,opens & new possibility foi‘ such a classical field
of studies.

It seems that the above-mentioned relation 1s simply a mathema-
tical formulation of the basic ideas underlying this model.



Thus, the P‘l matrices generate a reducible representation X
of the symmetric group SN P
e £
1.Isotropic Heisenberg Hamiltonians. The Hamiltonian /1/ expressed in terms o ‘_\

In this section we shall derive the relation between the
isotropic Heisenberg model and the symmetric group S,.
) o L o -39 R +2 R /1a/
The isotropic Heisenberg Hamiltonians for spin 1/2 have the . i) J
following form

! . Xog¥ Ys z z
H ) —z EJ“ (6‘ 0-’ * 0’.0’1 o Gj ) ! is a linear combination of the SN-group elements in the
X-representation.This X-representation can be reduced by the

use of standard methods [3 4]
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where 6= { o) , S ’(; 0)' ¢ (o—|. are the Pauli matrices and
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The matrices P.‘ have many intelestlng and nice properties 2
i/ A1l P have the dimensionality Pl ./N is the number of sites/
1i/Their elements are equal to either O or 1. N neck its validit
iii/In each rovw and colum there is only one element not equal to O. Formula /4/ 1is a proposal,we are able to'c ec. 8 Yy
iv/ T"'P =2"" up to N § 12.However,one can show that the dimensionality of X
v/ 2 1 ig the sum of the dimonsionalities of r.h.s. representations
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From the properties v/ and vi/ it follows,that to each matrix there dim X = 27 = > (N-2¢+1) dim [N-k'k] /5/
corresponds a permutation f“ “re
.. N (& N (N-2e41)
s AZ%-- vyt =p- . /3/ = N-2k4) 7
Pi\ <_‘>(43_1,.--j--!.--~N) P\" ' goc ) (N-ke1)!
The permutations P;i/so-called transpositions/ are the generators .-

of the group of permutations of N elements SN‘



Since every term of Hamiltonian /1a/ reduces to the quasidiagonal
form,we obtain the Hamiltonian /1a/ in a quasidiagonal form.
Th. vroblem of diagonalization of the Heisenberg Hamiltonians

as well as the evaluation of the partition fumction is still not '

solved.We have shown that using the Trotter formula [2] and

the transfer matrix method [5.(-] the above problems can be reduced
to finding the maximal eigenvalue of some matrix,which is the
function of P‘.l. .Thus,from Eq./4/ it follows that only one of the
r.h.s, irreducible representations plays the essential role.
Unfortwmately,it is not known which one.

Summing up,every isotropic Heisenberg Hamiltonian may be reduced
to the quasidiagonal form

1)
H=ED H (n-2es),

k=0

/6/

where

Ho= ~D 13 P+ 2 834,

R:‘ are the representatives of permutation P'l in the
irreducible representation [N-(ik] = .
[Rp=———)

L4

2.Restricted Heisenberg models

The problem of calculation of the thermodynamic fumctions
is a very complicated task.For this reason we shall study simpli-

fied models,which still contain many properties of real Heisenberg
models.

From the set of irreducible representations in Eq./4/ \
the most simple are those connected with the following Young
diagrams ‘}

E]:Dj = [n-1,1] and O-—— 13 = [N]

For these representations the Hamiltonian /la/ may be diagonalizeg,
and thus,some of the energy eigenstates of the Heisenberg Hamiltonian
can be derived.

The Heisenberg models limited to those representations
shall be called the restricted models.Singularities which will
appear in such models will also appear in the familiar models,
although the critical indices could differ.

For illustration,let us consider the isotropic one-dimensional
restricted Heisenberg model with the following Hamiltonian

N
H= -2 3> PRy, + 10n4 Pose® P - 11/
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The representation which is the sum of —=D & =2
is of the dimensionality N,and it is isomorfic to the natural
permutation representation of SN'
Since the matrix P; i
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corresponds to the transposition Ali. ,the restricted
Hamiltonian /7/ takes the form
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The Hamiltonian /9/ can also be written as

= -3 -1
H=-3(T+T ) - (Zn-9)14, /10/
where | is the matrix corresponding to the permutation

1232 ... W
T = (250000).

The permutation | obeys the relation

TN={. M/

Thus,all of the eigenvalues of the Hamiltonian /7/ are of the
form

A= - Joos 08— 3y 43 /12/

k= 0,A,2... ,N-t .

’

Let us e%udy the partition function 2 and internal energyE

- - X E
Z_ = 'D'—GPH = erﬂ(g 1 Z efhlws N

k=0

, /13/

= -2
E =g MZ.
In the thermodynamic limit N-+oo for the internal energy and
the specific heat €, , we obtain,

E = ‘%]+U(’:M(I°—I) ‘ /14/

A

_ %E _ 2 —fs] /15/
Cv= gt = % (P e™ (3T,- 21,4+ 41,)
n Jcosx
I,‘= :—fSw;kxeP X,

where Ik are the Bessel functions of imaginary argument [?-] .
Our results for E and C, are shown in Fig.1 and compared
with both results for Ising model and Bonner and Figher results
for Heisenberg model for 11 sites [4] .
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Fig.1
Comparision of specific heats and internal energy for

/a/ 8 = 1/2 Heigenberg ferromagnetic coupling /Bonner,Fisher/

/v/ 8 = 1/2 Ising coupling,ferro - or antiferromagnetic

/e/ 8 = 1/2 Restricted model coupling ferro - or antiferromagnetic
/4/ s = 1/2 Heisenberg antiferromagnetic coupling /Bonner,Fisher/

One can see that the obtained results are quite reasonable.
Since the physical nature of restricted models is not clear yet,
we hops to devote the forthcoming papers to this problem,

Evaluation

The basic result of the paper is formula /4/.As we already
have mentioned, there is a strong support for a belief that
this formula is generally valid for any N.Since the symmetric group



igs the best known one,one can hope that the existing powerful
methods can be applied to the spin models.Further,we expect that
these irreducible representations are not accidental but there
exists a deep physical reason for their occurence.It seems that

restricted models,especially those with the long range
interactions,exhibiting the phage transition in non-zero
temperature could help to clarify this point.

The author is very grateful to Drs V.B.Priezzhev and
T.Paszkiewicz for useful discussions.
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