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Two Exactly Solvable Isotropic Heisenberg Models 

The connection between the permutation group representation 
and the isotropic Heisenberg models is used for the solution of two 
of them: the quantum Curie-Weiss model and the model with the 
nearest neighbour interaction. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR, 
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Introduction 

The basic prob~em of the statistica~ mechanics is the 
ca~c~ation of the partition function ;2 11 

2. = 2 e-('>E(Q) 
II 9. ' /1/ 

where E(Q.) are the eigenva~ues of the Hami~tonian.So,in order 
to perform such ca~c~tions one sho~d diagona~ize the Hami~tonian, 
This is not easy task and in the case of the Heisenberg spin mode~ 

-~ 'J··6"-.(f· 
L..... 11 I j 
~ij> 

H /2/ 

this prob~em is still unso~ved. In our previous paper ['~1 we have 
found the re~tion between irreducib~e representations of symmetric 
group SN and any isotropic Heisenberg Hami~tonian for spin 1/2 
for the ~ttice with N sites. 

This re~tion allows one to reduce any of these Hamiltonians 

to the quasidiagona~ form. 
In this paper we shall describe the exact so~ution for two 

mode~a based on our previous rea~ts.One of them is the qusntum 
Curie-Weiss mode~ [ ·11 rl th Hami~ tonian 

J ~ ~ H = - - 2: () .. (). 
N 1'<<j'N ' .I ~ 

/3/ 
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and the second one is the N nearest neighbours mode1/NNNr1/ 

N 

H., - J :> (');. o.,. 
i;' 

/4/ 

The quantum Curie-Weiss model is especially interesting s~nce it is 

the simplest model exhibiting the phase transition l>~J . 

~e relation between symmetric group and Heisenberg Hamiltonian 

We can write any isotropic Heisenberg Hamiltonian for B=1/2 
in the following form 

ll - - ~' ., .. ~- .t-, 
tt- ~<J'l \ J -22J,'j F:j + ~ J;j i' 

/5/ 

where P.j are elements of symmetric group s
1 

in some re~ucible 
representation X with the dimensionality ~. 

The X representation can be reduced in the following way: 

X = (N<-t) ~ 61 (N-1) s= $ (t-H,) ~ IP .. -

/6/ 
(~] 

= tB (l't-2.1<~1) [1'<-lr.,lt] l 
k.~o 

liJ ~ r:· 
~ 

N odd 

N even 1 ..... 
where [111-l<.,lr.) = ~ denotes the irreducible representation SN' 
and E9 means the direct sum of representations 

From formula /6/ it follows that our general Hamiltonian 
/5 I can be rriuced to the quasi diagonal form, 

l'tJ 
I.J ffi (N-ZI:.H) ~'C' ? 

1<.:0 
/1/ 

where 

4 

» == 1(. 
"' . k ~ I< - ~ 2J,j P;~ + ~ J;i 1 , 

/8/ 

k 
P.j are the representatives of the transpositions of the i-th 

and j-th sites in the representation [N-Ir.,k] .We denote the 

unit matrix in the same representation by 11 k 

2.The N nearest nei5hbours Heisenberg model /NNNM/ 

The Hamiltonian /4/ can be rewritten in the form conta1ni~ 
transposition operators 

...... .., .. , 
~ = - J L: ~.-~"' = -n2'. P;,. + J(N-•)j 

i.=-1 I,..'C.l 

/9/ 
,.,_, I 

= { -2::1 ~ 'P;,. + 2J(t.~-t)iJ - J(N-tH ~ H - J(N-t). 

Such a partition ot the Hamiltonian is worthwhile since the ground 

state energy of H 
1 

vanishes. 
Now we shall calculate the eigenvalues of 11 1 

and their degenera-' 
tions.The use of /8/ yields 

nJ I 

(111-~+«) \-l' = ffi l-1" ' 1<.•0 

.,_, 
1-!' = -2J .z p~~ + .:I.J(N-1) 11<, 

t. i=l 

Kence we see that this Hamiltonian can be represented by the 

quasidiagonal matrix f @ - - - - -
0 tiD 

-~ 

~ 
'Bl 

!) - - -
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To each b~ock there corresponds one of the Hamiltonians { i-l,'j. 
Let us reca~~ a few basic facts about the representations of 

the symmetric group.The diagona~ization of H~ is based on them. 
i/ A~~ transposi tiona P.j be~ong to the one c~ss (i~-• Z) • 

ii/For any irreducib~e representation the sum of e~ements of the 
(l"''l) c~ss is proportiona~ to the 1.mit matrix.The coefficient 

of proportiona~ty is given by the form~ 

'A(lt..,t.,_,. .. ~~ 1) 1 v >. · C\ -2, -r t) , 
2. LJ ' 

~· = A 

/12/ 

iii/ The dimensiona~ity of representation i!'""-o"-J is equa~ to 

N' (N-21<.+1) 

("' -"--t-t )' k.! 
/13/ 

In the decomposition /6/ on~y the representations { [N-k, q J 
are present,thus 

). ' " N -I< '),~, lc. ?I, = ').' = .. = :>..,. "' 0 . 

The proportiona~ity coefficient A is a~so the eigenva~ue of 

the operator,being the sum of a~~ transpositions 

[N-k,-11:.) IC. 

1\. = 2_, P;. 
"' 1'''"l~"' I 

For the chse of representations ("' -1., "- J 

)., ( [ "' -~..: ' 1:.] ) = i{N-l) ("--!o:-1) + i k(l<.-~). /14/ 

Using the above inforl!Btions we can transforu the Ha.mi~tonian/10/ 
to the form 

.. _, 
I ~ 1.; 

11.._ "' - 2:1 ~ P;N -+ 2J(l\t-1) 1~ =. /15/ ,_, 

6 

... 

~ 

- 2;) { ~ P;"" 
·~· < j ,.. J 

~ I< ~ ~ - L: pii J + 2J(I\I-1) 1 . 
4$l<.jSN-t 

The operator ? 'P;J· contains on~y transposi tiona be~onging 
4,$LC.4.& ....... 

to the subgroup ~r-1'so the representation ("-"-·"-) becomes now 
reducib~e 

['l-1<., k.) =. [t-~-lr.-1 1 k.) $ (N-It. 
1
1<.-1) /16/ 

In these representations the operator ~ P,·i is diag~. 
iS'• (..j """'""' 

Using Eqs./14,15,16/ the Hamiltonian /15/ can be cast in 
the final form 

tf~ = -2J[{! (N-I()(N-1<-t) + it(l<.-._,)- !,( .. -~-o)(l\t-~-2) 

- _ik("--">:.) - "'+1} ,ft(c .. +•,ll) ~ { ic .. -~c)(r-.-H) + 

+ iHt-':!.)- :}_{IIH)("'-H)- :i(l(-1)(1(-~) -Ntljf([l'l-l<,l-1)~= 

\(J t(!_t<-l-1 1 1<.)) (11 (1'1-l+I)J ~((t<-~,lr.-J1). 
/17/ 

Thus,the Hami~tonian 

va~ues E: ~ k. ;J 

(!o-t)! ( .. -2.1<.) 

(lid:.)! 1£.1_ 

Our res~ts for the 
fig.1. 

I 

11 "- contains on~y two different eigen-

and E ; ~ cr.-HI)J with the degeneration& 

("z-1)' (""-U+z.) 
and (li-tH)! (l:.-t}! ' respective~y • 

whol.e Hami~tonian H 1 
are presented in 
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E •J§fol-1 
(/o<JJ Lk·Z)("'·~) 

(•,.zJJ 

(N·,)J 

:t== 
Oio------

fiF'"D 

!JI=' 

1 c .. -1)(~-~H .. -~l -----' 

(k-1){01-2.) ---------' 

111+1 a:==::::n 

Fig.1. 
Energy spectrum and degenerations for NNNM. 

Using the eigenvalues and their degenerations, one can easily 
calculate the partition function and the free energy. 

::z ,-, ~tl I""J(>I-1) ~('>til 1"-;)(N·I) [ l'iJ (_N-1)1 (>1-i~) -('>J~ 
<::;Ill: tlfe = B Ttre. e €. 2:,CN-~I<+t) ~ e, + 

lt:.,-=:.0 

+ ~ (1->-U.H) ("-1)
1 

(1\H'c.+Z.) -('>J(t-1-kH) J _ (l>""l{k-1) ~ I (N)-('>:J~ 
~v C'-'·"-~t)l C>c.-t)~ e - e ~ "N (t-o-ltc.+t)(t..~-l~) "- e. = 

'L.~I 

p:t"J(IIt-1) l. N 

e (N•t-t ('t-l~);t'j+ ~~jy) ~ C~)eto"JI:. = 
•· ~'J(,.,-1) N 

:::: 2"'e,.O: clv ('>_] 
.:t. { 1\1-+t + 41-1 [CHe~"'Tt- C~+e<'-"'Y1)-2(~._ei''")1J= 

N l:r•l(l.-t) N f "'\-1 ;3 -.t ;3)-l)~ 
=- 2.. e c;h; ~ \ 1-2 ( H 0('>; + N ( ~ -+q( .. He_l'>) - ~(M~ j • 

8 

' t 

A 
J 

These formulas allow one to study the thermodynamic limit 

-~ = ~ ~1M.,~"' : k.z + ±r>J + k ckvfl? . 
10 N-+OO"> 

In this limit the free energy of this model coincides with 
the free energy for one-dimensional Ising model.It means that 
in both models the thermodynamical functions are the same. 

3.The quantum Curie-Weiss model /QCWM/ 

Nov we shall diagonalize the Hamiltonian for QCWM.There 
exists many exact results for this model,but only in the thermodyna
mic limit ~.~.In ps.rticular,it was shown that the mean-field 
approximation is exact in this llmit.But nobody succeeded in the 
calculation of the energy spectrum and partition function for 
finite N for this model.We shall show that using the r~sults 
of sections 1 and 2 we can solve this problem. 

In terms of the transposition operators the Hamiltonian 
reads 

~=-~~-~~-6i 
~"~(.l'"' 

2Jc:::::- P··-+ ::!(r.-,'4::: :::: - - L..J 'j z. '/ 
N 1~l<j~N 

/18/ 

=-
C't) 

EB -+ ~ (1\1-1) ~ • 
(1\t-2."-•') (-~)A[•-•·"' 

N "' 1<-•o 

We see that Hamiltonian /18/ contains tlw whole sum~ 

Helpfully from /ii/ it follows that this sum is already 
diagonal in irreducible representations { c .. -t.., "-1) • Henoe, 
in faot we have found the solution of our problem. 

Similarly as in the case of NNJM we can visualize the pro
perties of the energy spectrum in figure 2. 
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f 

~~~~~~ "(El\1)--------- 1 :: 

E. 

( 
ic.(lc.-1)) E =ZJ 1(-- -J.tro-~) 

" "' ... 
l "'~ ~"~(£,:.).,. (t<-ZU1) (N-\.••)!1:.1. 

~:E i (h-"')~N aJI3> 
E, . ("'-•>' a=c 
Eo "t• ~ 

Fig.2 
Energy spectrum and degenerations for QCWM. 

The partition function can be transformed to the form 

l'tJ 
Z = 2_. rt (E._) e f>E.• , ~( .. -1) (~} I 2V'Ir.-~)) 

J. S" l_fll_._ L N 
0 ~ c .. -zk+~) c ........ ,l\ ~~ e, == 

lc..-(1 
1.> i<..~o 

- -1<~·;/il 
-e ~ 

1:..=(1 

~·c"'tl) ~( .. -t,d•}l. 

"'~' "' e = 

- -¥ (";.+t) ~ ..!!... 1 - e, ~ 2 ~ (IV) ~ .. (lt-J.l!.+t) 
1\1+1 ,\) ~ t. e. 

l<.=o 

v '= ~J. 

10 
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This form resemb~es the Kac result [11 .nence-we can use his 

ingenious method of ca~culating the term under derivative. 
Using the identity 

o.'" I f 
e "' Gfi Lel<r c- 1 s~+ l/2'a. s) d s /20/ 

one has 

-~(>'"~) ~ ( 1. ) 
2:.," g... ~:-: '4'dv ~ (~) ~-L ~~(-it+ fg" S <.,-u>~) £t~ = 

\J 
- - "i (>+1) 
- e. "~ 

"''"' 

,j'>o 

j_ 1_ ( -1~
1

(~ ("') ~~(t.l-lk•t)) 
~ rtv J 0 LJ ... ~ d.c 

--..a W;.~o ) 

/211 

One can now perform the sum over the k. independent~y of 

the result that 

"( 1) ~ t~1 ,n; 
- - H.. N f) ( - i S ~ ~ y;;; r. 

:r..., ~ Q, ~ * ffi; 2 ~)J j e. .. ~ {i ~) ci i . 1221 
-.-

The change of variab~es 5-~ = 1¥N gives 

~ = -i{v~) .tM 2..1>.1 (N 2[f ~i"'ll ~('lrv .. ~)c:t, e ~ J 
K 0 t-.+1 Yi:Jt" f# II > _.., 

1231 

and ~pplication of Laplace's method /i.e., the saddle-point 
method I shows that .for ~rge li 
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v ( i) l 
- l 0,+" 2~ N fN 'i -'i )~ 

~ .. =e.- - 2 ·= ~ e~" IW\.ctx (e.. c:k~t~'6:i' = 
"''"' 12){ 'Jv -, 

_,.(flt<OO 

!! ('>•i) .r:- I t\1 f.. - -, .. ~ - Q, e; - e ,..,+, V2ir 
"' 'd:Jl 1 

'J(; (i) [ i -t 2-l/ ~ . /24/ 

Therefore 

- ~-= ~ -b-Lr., = f.....(, -t 1M. d<.CO 
k.T 1\J-"o- /'b/ 

where dK(i) is the Kac function for classical Curie~eiss 
model 

t ~ 

v [ -i'lj J 'J( ( "t) ::0 rmaX' e ck- ~ vv 
-<~<..,.. l . 

The equation for maximum of l< gives the well-known solution 
for mean-field approximation. 

1 ~ rv tl-v, rv /26/ 

Let us mention that in quantum case the argument f of de 
is equal to half of classical argument of ~ • It means that 
in quantum case the critical temperature is twice as large as 
in classical one. 

Summary 

We have shown that using some results of the symmetric group 
one can rather easily diagonalize the Hamiltonians of a tlass 

of Heisenberg models.Our results are valid not only in thermodyna
mic limit but also for any number of sites.In particular, 
the comparison of the reoults for both considered models and the 
corresponding to them classical Ising models,shows that these, 

12 

qw.te different for N finite, models coincide 1n the thermcdynl'l.rric 
limit.Thus,we are faced with astonishing properties of the thermo
dynamic limit. We bP.lieve that the symmetric group, one of the best 
known in mathematics,could give solutions for more sorh:!.sticllt-=~ 

models which does not correspond to the mean-field theory. 

The author is very indebted to Dr J.J.:.Kowalski for 
drawing his attention to the ~CW:.J and to llr T.Paszkiewicz for 
useful discussi=s. 
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