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MarHHTHbie peweHHSI MonenH Xa56apna 

Cywecrnoaaaee H ycroii'IHBOC'rb aHTH¢leppoMarHHTHhiX H ¢leppoMarHHTHbiX 

peweaHii Mo.nene Xa66apna HCcnenoaaHbi a paMKax npH6JIH>KeHHSI XapTpH-ctlOKa. 
lloKasaao, 'ITo MO.llenh Xa66apna .nonycxaer anSI npocroit Ky6u'leCKOA: peweTKH 
H onpeaeneBHhiX napaMeTpoa a KOHe'IHoli o6nacru TeMnepaTyp ycroii'EfHBbte 
M8I"HHTHbi9 peW9HBSI, ,ll8)K9 B T8KHX CJIY'IJBSIX, I".ll9 nnst 3THX napaMeTpOB ripH 

T = 0 MBI"HHTHbiA nopru:toK ae cymecrayer. 

Pa6oTa BbinOJIHeHa e Jla6opaTopHH TeopeTH'IeCKol! <!>H3HKH Ol1.Hl1, 

Co06JIIeRRe OCiw.IUIReDoro RRCTRTYT& qepRWX RCCJJeJlOBIUIRI • .l{y6aa 1978 

Schumacher W,, Lindner U., Jauch R, 
El7 · lll54 

Magnetic Solutions of the Hubbard Model 

Existence and stability of antiferromagnetic and of ferromagne
tic solutions of the Hubbard model were investigated in the frame
work of Hartree-F'ock approximation. It was found, the Hubbard model 
for simple cubic lattice and certain parameters admits stable magne
tic solutions in a finite temperature range, even in cases, where for 
these parameters at T • 0 no magnetic ordering exists (so-called 
heat magnetization). 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR, · 
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1. Introduction 

The aim of this paper is to investigate antiferromagnetic (afm) 

and ferromagnetic (fm) solutions of the Hubbard model using 

Hartree-Pock approximation. From the numerous papers on magnetic 

solutions of the Hubbard model we only refer to the papers /1/, 

/2/, /J/. We calculated the Neel and Curie temperature, respec

tively, the temperature dependence of the order parameter, the 

static zero-field susceptibility and the free energy for a 

simple cubic lattice and we found among others, that for nearest 

neighbouroverlap and non half-filled bands magnetic ordering can 

appear in a finite temperature range even if for the temperatu-

re T=O no magnetic ordering exists. 

2. Hartree-Fock- approximation 

In Hartree-Fock - approximation the Hubbard Hamiltonian can 
be written as 

It-= 

where 

A tii'C.j:Cl·!T ~ l-1?.. < ~i-6") ~ia-- I~ YI;!T 
''l'cr ICJ •11 

(1) 

+ c;CT and Ci IT are creation and annihilation 

3 



operators for an electron with spin ~ in a Wannier state of 

the i-th atom • i·. 
'I 

is the kinetic energy in the band, U is the 

repulsive interaction between electrons of the same atom and )+ is 

the chemical potential. In the following we restrict ourselves 

to a simple cubic lattice. 

For the average occupation numbers of electrons with spin EJ 
or - !T" of a Wannier state we use the following aneatz 

·~W ;I - I q "\; <V\' >=-IV\.!l(€. r) 
~M t I 

~ N-"' ~ ( <Vlj.r) ~ z~'i.-o->) 
' 

being the average occupation number of electrons per atom, 
• -1 if 

'f :. ( < VI ; ()') - < VI ; 
1
-.s 7 l e_ 

1 1 i 

(2) 

(J) 

(4) ...,.. 
is the order parameter,~; is the position vector of the i-th 

_, -l/ 1 
atom and N is the number of atoms in the lattice. Ii'or , - 1 -... 
( 1 -vector of the reciprocal lattice) we get afm or paramag-

netic (pm) solutions and f!'X' ( fa - Bohr magneton) 
... 

is the sublattice magnetization per lattice point. Ii'or ~ = 0 

we obtain fm or pm solutions and the ;M~ t is the magneti-

zation per lattice point. · 

Using the retarded Green function 

G;zt,lw) ... :::. « celT i c .lt'<r >7 w ;; 

(5) 

·~ i '-(~ !1f-'' I dt~· ( w -£( i"-~" 1-Jt.p:·¥ iL ~)ti " ~ E,'.t/1 

with 

E,.1~ l! I u~" - .. .. T! {t~4 t Utxt. 
~ 

4 

(6) 

.. 

we get in the afm case f f'"' ~/a_ J 

tent equations for the quantities ~ 

the following self-consis

and 'I" 

~:. N-,A~ {t{EJXI;T) ~ ,flEl.ll;JjT} t (7) 

r • W'f ~~~+ ~· {IIE,!I!i;TI- flE,tXJ;T lj ts> 

f( tJ · T ) denotes the Ii'ermi function 
I (J 

{lwiTl ~ (A~e.GTr.... <9> 

(7) and (8) are in accordance with the system given by Langer 

et al /1/ • 

For x- 0 the eqs. (7) and (8) beoome two coupled equations 

for the Neel temperature TN and the chemical potential~ 

~ "' ~r~ I t ( ~ W\. - t -t~ ; T.., ) ( 10) 

A = w-,41:, ~ {lt~"'-;-r.r; Ttl)- 1["!.""-,4'1-t·t,r. Tw)l 
I' I ~ t J.. 't 1 I I J ( 11 ) 

In the fm case ( ~ ... C ) one obtains from (2) 

n.,. N"A ~ {{(E1 (kljTl t t ( E'~lkl; T) J ( 12) 

t-=- tt,.i ft!E1'11Zl;T)- f(Ettl\TJf 
( 1)} 

with 

E11~ t~l:: ~ lh-+t-l -~- £_r 
(14) 

and from these for :x ~ 0 (and therefore T -+ T0 , where T0 is 

the Curie temperature) the equations 
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w-~ ? ~ f ( ~"' -f- t:,;: ; T, J n.= 
( 15) 

A ~ w-} t ~Tc ·t ( ~ tt -t -tr i Tc ) f (-1 ~ +f + Et i Tc ) 
(16) 

(For Tc_, 0 one gets from (16) the well-known Stoner criterion). 

Since the self-consistent equations (7), (8) and (12), (13) al

ways admit the solution x=O (i.e.,paramagnetism), one has to 

discuss the stability of solutions x ~ 0, if they exist. 

To this end we calculate the response of the system to a~exter-
t" ..., .... It· 

nal static magnetic field of the form 1\, ( t{ j) ::. ,l t -• ~ ' , 

For the static zero-field susceptibility 

~(,'} = .~kl11 
4l lt. .. c (1f) 

with . .,. ,., 
" ) l 1

4 ~i .,-~ + Ml{l ... f9J N- fl<\1it -{"'i~) t t /fJ"t:~cr(c~/t...f.tr) 
{18) 

we get in the aflll case ( ;' = i / <t) 

x 'if•'= lt: tt' t ;t ( tr lit-r- 'r i TJ-~ r r -,...€~~;TIJ 
A-N-A r ~t {f(~n-r-t-~; T)-1 (IA-l'--t+'r i T)t 

t i 2.. (19) 

and in the fll case ( ~ :. 0 ) 

~~ w-,4 it { ~ -r- t:~ iT J 1 [- ~""+ ,M +t:c; r 1 X ID I ~ ~-'---";'~-':-;___ _ ___!_'t____:.___;l:__ __ 

A - w,. ~ ~~ r f [ \ 1'1._/'- tr i T I f (- t~ +-i + Et iT ) < 20 > 

6 

' t 

,\ 
'} 

The mean values in (18) are calculated by means of Green func-
tr 

tiona, which differ from G ,t t• ( w) according to eq.(5) by 

the replacement of t 1t by ( ~ 'f + f f\ tf ,l... ) • 
Negativ,e values of the function X ( f } indicate instability 

of the pm phase compared with afm ( f ,. } / ~ ) or fm ( f = D J 

spin ordering, respectively. The transition temperatures are 

obtained by the vanishing of the denominator in (19) and (20). 

One sees that one gets again the equations (11) and (16) for the 

Neel and the Curie temperature. 

Since among several magnetic phases that of the lowest free 

energy F is stable, we 

for the afm phase ~q 
give the free energy per lattice point 

and for the fm phase t~ 
E (~I 

~~ =- k,TN--1 i ~lA+ e- 'zy )+t~-~lYL~-lJ 
l-=.A;t (21) 

( _f,t< P.) according to (6)), 

F _ ff.tJ:,I ~ 
..:...t=- k

9
TN--1l ~~ ( ~ + e ~r J+)lon-~l~'t _ _.~.J 

tV T<.~r I < 22 > 
-') 

( Ecr (.It) according to (14)). 

The chemical potential J'l is determined by n.. 

Without external magnetic field the equations (8) and (13) for 

the order parameter have to result from the condition ( ~ Jr,n.,. 0 
what is evidently the case. With that is also shown, that in the 

framework of Hartree-Fock approximation the different methods 

for determination of the N~el or Curie temperature yield the 

s81De result. 
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J. Discussion 

For the numerical evaluation we restricted ourselves for the 

moment to nearest-neighbour hopping. All the energies are rela-

ted to the band width W. Pig. 1 shows k~ T / W as a function 

of " / \V for different values of the mean occupation number 

n. One sees that for non half-filled bands there are double 

solutions for the Beel temperature in some 

i.e.,to fixed values of nand~;'~ belong 

of the Beel temperature. (The values for 

parameter regions, 

two different values 

Tw=O are in accordan-

ce with those given by Penn /4/). J'urthermore appe1rrs, that for 

nonhalf-filled bands an afm solution only exists above some 

value of ll /W • P'ig. 2 shows once more that these double solu

tions for TB also exist for U t:. W, where om should believe, 

that the Hartree-Fock approximation is applicable. 

The existence of the double solutions is also reflected by the 

temperature dependence of the order parameter ~ , plotted in 

P'ig.J for several combinations of the parameters: if for fixed 
1.1 I values of 1'\. and - there are two values of the Beel tempe-
W 

rature then af'm ordering ( x + 0) is possible only between these 

two temperatures.Moreover one sees that with increasing corre

lation energy Y the order parameter x increases and the w 
temperature range of af'm ordering enlarges. 

Pig. 4 shows the static zero-field eueceptibili ty ~ ( ~"" ~/~ J 

for the same parameter values. In the reCion, for which is 

x + O, is ~lf-- }/ol.)40, i.e.,the pm phase is unstable and 

therefore the af'm phase stable. (We remark that.for this para

meter range no fm phase exists. A numerical evaluation of 

eqe. (15) and (16) showed that f'm ordering for all n is 

only possible for Y ~ 0.57). P'ig. 5 represents the dif'fe-
W' 

8 

renee of the free energy of the pm and of the afm phase. The 

free energy of the afm solution is always less than that of the 

pm solution, i.e.,the afm solution is stable and no phase tran

sition of the first kind exists. Besides numerical calculations 

showed that also in the case of Curie temperature Tc double solu

tions may exist for certain combination of n and U I VV 
and for nearest-neighbour hopping. Taking into account next

-nearest neighbor hopping we get double solutions for TN and 

Tc even in the case of an half-filled band (n=1). Moreover , 

then afm solutions exist only above a certain value of ~ /~ 

for n=1, too. 

Therefore we have concluded, that the Hubbard model for 

s.c.l., if Hartree-Fock approximation is used, admits magnetic 

ordering for certain parameters in a finite temperature range, 

even in the case, that no magnetic ordering exists for these 

parameters at T=O. Kitano and Trammel /5/ and Berdyshev /6/ 

found the same phenomenon (eo-called heat magnetization) for 

an effective spin Hamiltonian like we found for the band case. 
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N'el temperature in units of k" I "' 
the ratio of the correlation energy U 

is plotted against 

to the band width 

for different values of the mean occupation number n. 

KslN 
wfl?c 

+ 
01' 

0.7 

_w 
ll 

2 v 7 

Fig. 2. 

N~el temperature in units of k~ / W ia plotted as 

function of w 
u for the mean occupation number n=0.8 

(or 1.2), where U is the correlation energy and w is 

the band width. 
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Fig. 3. 
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Ordering parameter x versus temperature T (in units of 

k~ ;' VV ) for different values of the ratio of correlation 

energy U to band width W and the mean occupation number n. 
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Fig.4. 

k,T -w-

Temperature dependence of zero-field susceptibility, 

fttJl.. / W · ,:f I}/~) as function of k, T / w' , for 

the same parameters as the order parameter x in Fig.3. 
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Fig. 5. 

Difference of the free energy per lattice point of the 

pm and of the atm phase versus temperature T in unite 

of k, / k/ for the same parameters as the order para-

meter x in Fig.). 
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