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I Konneii E., Kanne~ B. El7 . 10965] 
CnHHOBBH aocnpHHMqHaocTb a MonenH Xa66apna 

C 38BHC51lllHM OT SHepT'HH s¢¢eKTHBHb!M B3BHMOUeHCTBHeM 

llaHa CBMOCornaCOBBHHBII CXBMB pacqeTa CIIHHOBOH BOCIIpHHMqHBOCTH 

a MonenH Xa66apna npH Hyneaoll TeMrrepaType. B rrpennono>KeHHH o noKanb
HOCTH nayxqaCTHqHOH BeplllHHHOH qaCTH HaAneHO Bhlpa>KeHHe nn11 CTBTHqeCKOA 

II OUHOpOUHOA napaMaf'HHTHOA BOCIIpHHMqHBOCTH, 4HcneHHhle pacqeThl 

yKa3biBBJOT Ha B03MO>KHOCTb ¢eppoMarHHTHOil ynopsmoqeHHOCTH, 

p a6oTa BLIIIOnHeHa B na6opa TOp II H TeOpeTHqeCKOl\ ¢H3HKH 011 HVJ, 

flpenp•RT 06T.e.IUIBeBBOro DCT•TYT& a,llepBWX BCCDeJ(OII&IUIA. J{y6aa 1977 

Kelley E., Kelley W. El7 - 10965 
On the Spin Susceptibility for Itinerant 
Electrons with Energy-Dependent Effective 
Interaction 

A self-consistent scheme is given to calculate the 
spin susceptibility for the Hubbard model at zero tempera
ture. By assuming a local two-particle vertex a correla
tion-enhanced expression for the static and uniform para
magnetic susceptibility is found. Numerical results 
exhibit the possibility of ferromagnetic ordering. 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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A possible ferromagnetic ordering 1n 
a system of interacting electrons described 

, 1 I 
by the Hubbard model' · depends on the 
approximation used e21 to 161). Spin suscepti
bility calculations performed within the 
Hubbard I approximation 12 / , Roth's two
pole scheme 131 

, and the method of spectral 
141 

• ld . b'l' . f h moments y1e 1nsta 1 1t1es o t e pa-
ramagnetic phase towards ferromagnetic or
dering; whereas the susceptibility is pro
ved to remain finite in the Hubbard III ap
proximation151 . On the other hand, by 
summing up ladder diagrams both non-magnetic 
and magnetic spectral properties were found 1~ 

In this paper we calculate the magnetic 
susceptibility with Green functions dressed 
by the ladder scheme 161 

• starting from the 
. 1. . d h 171 b d Ferm1 1qu1 approac to narrow an 

systems. Then, the longitudinal dynamic sus
ceptibility x(k.w) corresponding to the li
near response to a space-and time-varying 

_, _, 

magnetic f i e 1 d hi ( t ) = hoe i ( k R i - w t ) can be 
Green func-expressed in terms of causal 

tions atT=O by 2 _, _, 
II - ·i k R. 

-+ ,..B dE - - - - I 

x(k .w)= Ni~ a( "2'; Gfja(E +w)iAja(E+w.E)GjiJE)e ' (la) 
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where ~ is the Bohr magneton, N is the num
ber of ~attice sites, Ri is the position vec
tor of site i, a denotes the spin. The spin 
vertex A following from the two-particle 
correlation function obeys the integral 
equation 

-> -> 

ikR. dE 
AiaCE + w. E) = a e 

1 
- ~ r --- iT. ( E + E ) X 

2 77 I 

xG .. (E +w )G .. (E) A. (E +w.E) + 
1 J -a J 1-a J -a 

+ ~ r dE d: c c E > c .. c E + E -E: ) r T. (E + E > 12 x 
j (2 77 ) i i-a 1W I 

- . - -
xG

1 
.. (E+w)G .. (E) A. (E + w.E) + 
J-a JI-a J-U 

+~rdEdE2 c .. (E)G .. rE+E-E)[T.(E+E)l
2

x 
11-a u-a' 1 

j (277) 

x Gija(E + w) G jia(E) A ja(E + w, E) 
(2a) 

Formula (2a) involving particle-hole and par
ticle-particle scatterings can be derived 
self-consistently (reference

171 
) on the ba

sis of a local effective two-particle vertex 
Ti. Note that the indices i in the quanti
ties Gii, Ti (below ~ ii• too) are redundant. 
Off-diagonal elements of A in spin and lat
tice spaces vanish identically, provided the 
local T1 is only taken into account. 

Diagrams representing equations (la) and 
(2a) are 

a~~/VAj.cr 
' 

(1 b) 

4 

Y=Y+A!+~+M 
I 

( 2 b) 

To evaluate the scattering amplitude Ti we 
use the local version of the horizontal ladder 
appro x i m a t i on ( r e f e r en c e 6 · ) , i . e . , Ti (E 1 ~ E ~ ) 
a s a s h o r t h and o f T iii i (E 1 . E 2 ; E 3 . E 1 ~ E 2 - E 3 ) m u s t 

a-a a-a 
be determined in the self-consistent cycle: 

1 dE - - -1 
T (E)= [- + (-G .. (E )G.. (E- E) l . 

I U 277i IW 11-a 
(3) 

dE -
~i 1· /E)= (-~G. (E)T. (E ~E). 

1 2771 11-u 1 

( 4) 

1 -1 
(G- (E))i

1
.

1
T= (G \(E)) -~ (E)il , 

· 1 .J I 1 rT 1 .J 
( 5) 

n~~(~~G (E) 
a 277i i i u 

(6) 

Here U is the bare intra-atomic Coulomb re
pulsion in the Hubbard model, G~ is the free 
propagator, ~i0 is the site-diagonal self
energy in the particle-particle channel, and 

n is the average number of electrons per 
site. 

Going over to the paramagnetic phase 
(~. =~ .. - ~ .. ) and making the ansatz 

l!IT 11 -a II -+ -> 
i k R 1 , 

I\ iJE + w, E ) = a A. ; ( E + w, E ) e one o b t a 1 n s 

from equation (1) the paramagnetic suscepti-_, 
bility in terms of k -transformed Green 
function as 

• ') 2 
\ ( k ,(.)) ~ .:~~ "' N -, 

k 

~~J;_c, .,(l;:I,,,)G .. <E)i\, (E""'·E 
277 k t k k k 

(7) 

5 



whe.re equation (2) (the last two 
each other exactly) now reads 

t e rm s can c e 1 

dE - 1 -
A.(E-tw.E)=1+f-iT.(E+E)--~ G (E+w)x 

k 2rr 1 N -+, -+ _., 
k k + k 

> G • , ( E ) A ... ( E -+ cd • E ) . 
k k 

(8) 

More practically, we approximate the ener
gy dependence in equation (8) by replacing 

- - 2~-.(E) 
T/EtE).-.Ti(E),--...!.!.n _____ Then, one gets in the 

> 

so-called k -limit the static paramagnetic 
susceptibility 

> 

2 ctF: 2 _ 
211 

8 
i ( --( G (E)) 

2 7T ii 
X ( k > 0, (d = 0) ~ ---------=------------- • ( 9) 

2i dE 2 - -
- -n-- ( -o-- ( G ( E ) ) . . L .. ( E ) 

GTT I I II 

This correlation-enhanced expression refers 
to instabilities of the paramagnetic phase 
towards ferr~magnetic ordering, arising 
from the condition y' 1(k •O,c"O) ,, 0. In the 
Hartree-Fock approximation there follows 
from equation (9) the RPA result xHF= 

= 211 2 lii!F(p).'(l-U eiiF( 1J)). where fl!IF(11) denotes the one
par ti c l e d ens i t y o f s t a t e s a t the Fe r m i 1 eve 1 11· 

ln the numerical analysis we suppose the 

simple form pA(C)=~-(1-(~)2 ) 11'0(:\-!E!)(in the fol-
:' rr:\ \ 

lowing we set the half-band width \=1/2 ) 
for the unperturbed density of states to cal
culate G\ analytically. 

Figure 1 shows the one-electron density 
of states per site per spin defined in terms 
o f the r e t a r d e d ( "r ") G r e en fun c t i on by 

1 r 
p ( E ) =- - Im G iia ( E ) and c a 1 c u 1 a t e d n u me r i c a 11 y 

a rr 

6 

from equations (3) to (6). It is demonstrated 
the transition from paramagnetic via ferro
magnetic to saturated ferromagnetic solutions 
with increasing U at fixed n. 

\ 

/ I I I I 

1. / I I 
I I 

. • I It 

' ,;( A I j \j>- - - 3 
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Fig. 1. Spin-dependent electron densities 
of states Pa (E) for different values of the 
intra-atomic Coulomb repulsion U at the elect
ron concentration n = O.G. 11 is the Fermi ener
gy. 

Results for th~ static paramagnetic sus
c e p t i b i 1 i t y x = x ( k ___. 0 . c1> = 0) a t z e r o t em p e r a -
ture computed from equation (9) on the basis 
of equations (3) to (6) are represented in 
Fig. 2. X becoming infinite suggests the 
possibility of ferromagnetism with increa
sing n at fixed U (Fig. 2a) or increasing 

U at fixed n (Fig. 2b), respectively. For 
comparison, the phase diagram (Fig. 2c) indi
cated by the susceptibility results confirms 
t he p i c t u r e o f r e f e r en c e /6 1 ;s om e qua n t i t a t i v e 
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differences may arise by including particle
hole processes. In our treatment an expli
cit criterion for ferromagnetism can be gi-

"~ "' '::::l..._ 
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Fig.2. Static paramagnetic susceptibility \ 
( f u 1 1 1 i n e s ) a t T cc OK c om p a r e d w i t h H a r t r e e - F o c k 
results (dashed lines) in dependence on U and 
n, see a), b); c) dividing line between para- + 

magnetism(•) and ferromagnetism (x). ' 

ven by the zeros of the denominator of equa
tion (9). As a consequence of the gapless 
single-particle spectrum (see Fig.l) only 
one zero of y ·l can appear for n· 1 (unlike 

- ;) d l ) reterences an . It seems that some 
artifices of decoupling methods are avoided 
in the present approach. 
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