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E17 - 10507 
MaxaHbKOa B.r., ¢>e.IH1HHH B.K. 

ConnToHonono6Hbie peweHHSI ypasHeHqll, onliCbiBaiOUUIX aoa6y*AeHHSI 
B OLIHOMepHbiX MOJleKynHpHbiX KpHCTannaX 

HaH.aeHbi qaCTHbie peweHusr conuroHonono6Horo runa anSI ypaaHeHuH, 
OTIHCbiB8lOWHX 9KCHTOH-¢lOHOHHbte B38HMOJ]eikTBHSI. 

Pa6ora BbmonHeHa a fla6oparopuu reopeTH'IecKoH ¢u3HKH H 
B na6oparopuu Bbi'IHCmn·enbHOif TeXHHKH H 8BTOM8TH38UHH OYHIJ.1. 

fipeDpBBT 0MoeJI)IBeBBOro BBCTBTYT& B,llepaw:r BCCJie.llOII&IIBI • JJ;y6aa 1977 

Fedyanln V.K., Makhankov V.G. E17 - 10507 
Soliton-Like Solutions of Equations 
Describing Excitons in One-Dimensional Molecular 
Crystals 

The family of soliton-like solutions to equations 
describing excitons in one-dimensional molecular crystals 
are obtained and discussed. It is shown that terms due 
to resonance interaction between excitons and molecules 
give rise to a change root and branch of a solution 
spectrum of the Schrodinger equation with cubic npnline
arity even if such an interaction is small. 

The investigation has been performed at the 
Laboratory of Theoretical Physics and Laboratory of 
Computing Techniques and Automation, JINR. 
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The set o~ equations describing excitooa in one-dt.en

sional molecular CrJstals baa been obtained in the preceding 

papers o~ this series/1•21 with the help of the tranato~tion 
suggested in/31. The effects of the resoaaace interaction 

between excitons and molecules as well as the interaction of 

excitona and phonons have been taken into account. ~ exciton 

spectra. of this systea has been derived aDd exaained. 

In dimensionless variables and long-.ave ltait (see/2/) 

such syst .. aaauaes the fora 

F('P,a<J::i.J'/.-Y'+o(~..- r y;" t- /9/z!l~ o 

F:~<(J; a<J = - •Y'* - yio -1- ci. ~ f YJ." + I !ft2Y-r :7 o • < ) 
t I< ;(A 1 

where YJ is the SchrOdi.Dger a~~plltwle cad d.iaellllionless 

panuuhr d. is aaali ( o{ (< 1 ) • the qat- ( 1 ) is a non-Lag-

~an one aDd possesses the whole series of particular proper

Uea which we intend to diacuas here. In the foll.cMiiag pari of 

this work the :results of a nuaerical invesUpUon of the 

dynuics of soli ton tJPe solutions of s,-at• ( 1) including the 

fo~tion,the interactiOD aDd the stabilit7 of solitons are 

suppoaed to be publiahed. The pb,-aical aeue of the aodel, no

tations cad validi t7 ltai ta ~ s;rat- ( 1) baa been discuesed 

earlier so we :refear reader to the cited papera/1,2/ aad/4/ 

as well. 

The first integral of (1)can be obtained with conveneio-

nal Mthod, upon IIUlUplying f/!f'tJ() by ':fJ-' and sub-, 
.:;-

t:racUng froa 1 t F ( ~ o{) u ... s !f • As a :result we 

arrive at the Jar of the qv.antua nuaber coneervaUon in a 

d1 vergent fo:na. 
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;;~!PI!!== z ~ f 1 rc;".z_ r1 -1- ( tp'TJ:- :1 :;:.~ }· <2> 

This relation may be thought of as a "change" conserYation 

law in nonrelativistic limit with 

f o:/lfJ/z' 
(Ja) 

j c: z If ( y-Z_ y*.tj f- (:f.~Y- !11"1.)} 
(Jb) 

being respectively the "charge" (or probabilit,y) and "current" 

densities. One can see from the latter relation that, in our 

case unlike the well-known Oile of Lagrangian systelllS, "current" 

density consists of two parts 

j ~j(t<) -r jf-t) ' (4a) 

where 

jf«J = ? 1 (!fl .. y*.tj (4b) 

and 

j("J = . (t,t> y'*_ 'P 1' !':: } 
l ~ X/ (4c) 

coincides with conventional Lagrangian "current" density. As 

we shall see j(C!} may be thought of as a "dissipative" part 

of the overall current. 

Upon integrating (2) over ~ we get the constant of 

motion for soliton type solutions (i.e., solutions with ~(too~ 

.;0 

d Q= 0 ? 

d(; Q = /fcxJolx (5) 

that is usually interpreted as a 1• of the quantum number 

conservation. 

Making likewise one can obtain 

J I f 
o( (;V.z- i /If'/)= ~· ~~ (1 (Yf~- Y;)r z'(<(Yx~- >: ~;} -f 

-1- f,;ft.J j 1- fd~i("'l ' 

4 

(6a) 

"' 

.. 

F' 

that aakes a functional 

flf"} = J(i ~/- j JVJ/') ../.(' 

the energJ integral in ci -r o lillit, to alter with tt.. 

1'hua, fl to.:> usociated with only the ezci ton energJ 1183' 

no lonpr be thought of as total energJ of the syatea. 

* Recall that el. ~ and ol ~ te1'118 describe the renr-

aible resonance interaction between ezeitons and molecules 

which can lead to broadening of the spectrum line. 

Proceeding in the aeae fashion we have 

t ~~ r~---~ _ ~tt,-; = ~c~r.,.z~-y;nl"" l 1-o( ('f"~",.;or.),. 
JC X X / ;1,x " 11 (6b) 

-!-.? (/'tl(/z- -j /'fJJ'I)- (r,o>~'l,x f }0.:': 'f) j 
Piaally, integrating (6) over ~ yields 

cf')lfO) 
-:tf. = f;w.z t! )r4

;J olx 
Info) f ko 

0
2) 1 

!!_!: = 1r£ J( Yf, + Jx '<'x' dt . 
(7) 

where pro}= - z·jr '1;-'e - Yx * ~) 

i9 the 11011entua of a packet in o( -:> u 11111 t. i'bat is why 

we suppl7 values f/ and P with (o) supeneript. 

After transition to the conventional "polar" represen

tation of coaplez function 

we have 
y; = 'I~,,. e 

dl!f"~ _ o( j &x <f't C:u28 d__x 
elf 2 

(8) 
d'pr.; 
:it ~ i;dj (r v;-<-- lj/18/) c.,; te-:; Y' Y: ~ s,,-tej clx. 

Let us coneider qualitatiYely possible soliton solution 
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of the s;, stem ( 1). In rJ.. <.<. 1 limit one can derive a aeries in 

a small paraLeter starting t'rom a well-known soliton solution 

for the Schrouinger equation with the cubic nonlinearity (S3). 

Eowever, in tnis vws 011e raey hardly obtain a qualitatively new 

result.. 

Conr j der first the sta bil:i ty of some solutions to eq. ( 1). 

In "the lar,;e u1"pli tude region ( i..P\'!l. ~ 1) the solution 

'{l(x,t) = {\ ~f ~- l. (Wet -<ao) 1 (9) 

(with A ~ i- We arbitrary 3c and W, c.c. \) turns out to be 

u.wtable wi ttJ respect to small perturbations which frequency 

U ,..., W c. and wave nwnber "lie 

equation") 

are related by the dispersion 

~l.-=- ~~ \.~~+·JhtYo.'t..- dJ~+~fo.q_. ·--\ ),cro) 
wherP 

a. -=- ~,_(lie 'i. -t- ~"' ·- ~ N") , t = "i.J....A'-¥.. t..es.Sc • en) 
·~'uis insta\Jili +.y is analoc;ous to that of a monochromatic 

plene wave in the l'rarneworl' oi' S3 equation, except the asymp-

totic behaviour of the r;rowth rate: < 1o) yields r¥'1 SL. ..c , ;~ 

when X -+ oo • 

In the small a:I!plitude domain ( A..;.<. i W.., ~-\) the 

' instabilit~ of the wave 

~:A r tt-i. o(.\< )co~(""-~-w,.t) ~i. HI,;~ <c..:....l-~.l(-w~~)l(l2) l Wo W
0 

J 

wt = ~ h 'k ~.y. ~ col,_~ 'J. - 2 A '2.. 

... 
J l!iq. ( 10) may be easil;,-- obtained via standard technique. 
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I 

(or of the wave packet) is also describea by i'ormula (10) ,where 

now 

' 'L I ' l. i. 'i. l. t.) 0 l ' >;I a.-=~\.~ ~ <z.,( -ac. -2..A , "-=o<.<~t A '"I. cu) 

But in this case to get (10) we have to employ quite a general 

and successive llor;olubov method, Known in the theory of nonlinear 

equations / 5/, that enables one, in principle, to calculate terr:~s 
of higher order in A 2 

< oc A' and so on, though the c:::l-

culations become more complicated and dull). A more visual anu 

"straight" formalisr.1 of averaging over fast time ( tt: ~ ~c "-"'- ~ ) 

is not able to give ciiasipative terms- O(A") so we have t:O. 
The growth rate of the instability of plane wavco with va

rious amplitudes may be aeen from ( 10) to have a peak near lie.,.:. A 
like in the case of S3 equation. But the spectrum due to (10) is 

enriched with short-wave harmonica. 

'.rhe fact that the character of the instability of solutions 

to (1) both for large and smell al!lplitudes is qualitatively 

identical seems to be noteworthy to us. The instability (10) 

results in the formation of seli"-localized wave packets of a 

soliton type. Such solutions may be examined in more detail in 

a particular case when the eroup,i.e., soliton velocity, is 

equivalent to the phase velocity of constituent waves, v
3

,_ = <.v/lw:. 

Havine used the polar form for 'f> and introducing ~ : X- vt 

~ :::: -\<.x ·- u.t one comes to 

-v'f, -o(~,~""''-~-a~.CO,i'u:..,~9+1'\' a" +'\'8 =O 
~ ,., (14) 

1)'~~"' + ;Jl- 'fi + '\1.}- s; .p T ol. f l (0::, 2.~ - a(.'i)"l hiM'l~ :0 

Letting fl ., -k l we can integrate once the first equation of ( 14) 
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~2.(91 - t(v +- cl-:.~ ... 2.CJ)) "" c.o""'* (15) 

Soliton solutions imply ~(:t (X))__.,. 0 therefore ~w,.~ =.0 

and (15) may be further integrated to give 

~ (tr ~- ol..llL.oJl.e-\: -vt.~S +-d. 

~Yli'L-c(.l. 
1J't. > .(2. 

'S +· c. = ~ - b-~ (~ - l) v \. .. ol. 2. (16) 

-~1 1r1.a~ +a~.-~""'1._,'- ~ l. 
'<~..1.. v") ~ " " .:. c(. ' - 1/"ta9~ot+...r:4'"-" ... ' 

Taking in (16) V/ d.. or ol./'1) as a small parameter some 

approximate solutions v~ (\) of the second eqution of (14) might 

be obtained. Here as an example we describe the most curious 

situation arisen at ·\r ~ 0 , when the phase 

~ "" Wt.c-t~ L ~ cl(><- X.,) 1 + 'Jo ~ :JI' :t 1T rt. ~0 = - l. (17) 

is subject to sine-Gordon equation*) ~><->< -= (C>~.~/'"1) <;,~ ~~, 

It is a kink-solito11 describing the rotation of the phase by the 

a!lgle ii/'l.. when 1- varies from X -::=- -o. to 

'J(. .,., ._ oo • Note that the phase rotation occurs in the region of 

order 1./a.. 

The second equation of (14) then assumes the form 

'\',.,,.- 'V + '\J 3
- ~ ol2.~ s.~2.~ + ot'\1 .. u:><..i~-= 0 (18) 

Its asymptotic behaviour at h(\ >'> l/~ depends essentially on 

the "initial" phase ~ .. at x -<> - ...o • In the case 

!J., ~ 0 ( ~.. -:: 'tr ("'--\- 1,) 
1 

\'\ ::(}, \, 2., ... ) we have equation 

8 

'\-'~" -
·~ . 

'\1 ;- -\' - 'i.<~Vl\.i<) oL ,P.,.. :. 0 \K\ ';>'? if..:. (19) 

posscssiug soliton-lH<e solutions if ;A .... .f1' . 'Ch8 "initia~· pn-:~se 

~a -=- \l (."' +- i) 
1 

·V\ ., 0
1 
1,.,. lE:aus to tne equC~t:'..on 

f ....... - "" ~ f 3 + ~(\"' \.~">) d.. of... ":: 0 (20) 

that bas aa a solutio11 either a narrow solitof .. o~ ->3 equt1tlor or 

a set of solitons with nodes of the I'iel<L 1'uuction ft") /(:./(at; 

any rate for the solutiOI!S of the ·x_ ->-X syr,JL,etr,:y). 

'J'hat the higher conservation laws are absent for H;, stem ( 1) 

at oL.. =f.. 0 **) and tbat it has a rich spectrw,r of soliton-like 

solutioHs will naturally rise to a qualitatively new d,yuar;.ics of 

initial pacKets. 'J'he formation as well as the inelastic :tuterac-

tion of solitons lliay be expected in the framewor~ or sys~em (1). 

We are grateful to N.N.Rogolubov and D.V.Shirkov for useful 

discussions. 
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