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06o6meHH8H aHanorHH cnnaea llnH MOllenH Xa66apll8 

npH nOMOIIIH ljlyHKUHOHanbHbiX MeTOllOB npo6neMa Xa66apll8 TO'IHO 

npeo6paayeTCH B npo6neMy sneKTpOHOB npOBOllHMOCTH, B38HMOlleltCTBYIOIIIHX 

C BpeMeHHo-38BHCHIIIHMH CTOX8CTH'ICCKHMH noTeHUH8n8MH, 8biBCllCHH8H 

C8MOCOrnaCOB8HH8H CXCM8 paCCMOTpeHa B OllHOyaenbHOM npH6nH*CHHH 

KorepenrHoro noTeHUHana. HcnonbaoeauHe cTaTH'ICCKHX noreuuHanoe 

B 3TOII CXeMe B nepBOM 11pH6nH~eHHH llpHBOllHT K peaynbT8T8M pacmenneHHH 

THna cnnaea, 

Pa6oTa BbmonueHa B na6opaTOpHH TeopeTH'ICCKOII ljJH3HKH OHHH. 

~ 

Coo6weH.e OGWAJIHeaaoro HHCTHTYTa a.aepawx accne.aoaaaal. Jb6Ha 1977 

Weller W. El7 • 10392 
Generalized Alloy Analogy for the Hubbard Model 

By means of functional methods the Hubbard problem 
is transformed exactly into a problem of band electrons 
interacting with time-dependent stochastic potentials. 
The derived self-consistent scheme is treated in the 
single-site coherent potential approximation. In this 
scheme the alloy analogy using static potentials appears 
as a first approximation. · 

The investigation has been performed at the 
Laboratory of Theoretical Physics, JINR. 
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1. INTRODUCTION 

In the alloy analogy approximation 111 for the Hubbard 
model the motion of an electron with spin a is treated 
by substituting the particle number operators n i -a of 
the (-a) electrons by static ramdom c- numbers ~ i, -a . 
According to the eigenvalues of the n, the v take the 
values 0 or 1 with probabilities determined by the average 
number <n i -a> of electrons. 

Using functional Fourier transformation for the Green 
function with respect to a Schwinger source field we 
transform the Hubbard problem exactly into a problem 
of band electrons interacting with time-dependent 
stochastic potentials U" i.-a ( t). Like in the alloy analogy 
the v take the values 0 or 1 only. The correlation func­
tions of the v have to be determined self-consistently. 
The single-site coherent potential approximation genera­
lized to time dependent stochastic variables is applied 
to the derived set of equations. 

2. TRANSFORMATION OF THE HUBBARD PROBLEM 

The Hamiltonian of the Hubbard model is 

H ~ I 
ij 
a 

with 

t 0 0 

IJ 
z(., 

IJ 

t a+ a 
ij ia ja 

- poii . 

+ U In n 
it i~ 

(2.f) 

(2.2) 

The t ij characterize the Hartree-Fock band (tii -0) 
We define the Green function by 
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G . . ( tt '; A ) ,. ..!.. < T I y a . t t) a~ ( t ' ) I > 
I J i a leT Ja 
a 

r ,..expl-i-fdr~Ak <t>nk (i> 
a 0 k a ,-a 

(2.3) 

(2.4) 

A ka(t) is a c -number Schwinger source field. In solving 
the Hubbard model the identity for Fermion operators 

n 2 (1) • n (f) 
k,-a k,-a (2.5) 

has to be satisfied. Here it takes the form 
----" 2 

(i 
0 

) G .. (tt '; A)-i - 0---Gij (tt';A) 
oA ka(f) d oA ka ('f) a 

(2.6) 

We write the functional Fourier transformation for the 
Green function in the following way convenient for physi­
cal interpretation: 

-i{3 
G .. (tt';A) .. <G .. (tt';v)expl-iidt~Ak {t)vk (t)l>. (2.7) 

;) ;) 0 k a ,-a v 

The Fourier coefficient is P ( J') G ( ; v ) , 

with 

< ... > ,.,~P(v) ... 
v all functions 

v ( t) 
i ,-a 

~P(v)~l. 
v 

(2.8) 

(2.9) 

Thus G ( ; A == 0) is given as the average of G ( ; v) with 
probabilities P(v ). From the identity (2.6) it follows that 
the P( v) can be different from zero only for 

v. (t).,O or 1. 
1,-a (2.10) 

The v have to satisfy the Bose periodicity. 
The Fourier coefficients are determined from the 

equation of motion for the Green function (2.3). The de-
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composition into the product PG allows a determina­
tion in two steps. The v -dependent Green functions are 
chosen as solutions of the equation of motion 

i _L G.. ( tt '; v ) - I t G k. ( tt'; v ) -ar 'J k ik J a a 
(2.11) 

-V(v. (t}G .. (tt';v)=o .. o(t-t '), 
I, -a IJ IJ 

a 

and the probabilities P(v) are determined self-consistent­
ly by 

-~ -
<exp(-i I dt I Ak Cl)v (t)l> 

0 k a k,-a v 

-if3._ - -
z< T exp 1- i I d t ~A ( t) n k ( t) I> 

0 k ka ,-a (2.12a) 

or 
<v (t)> z<n (t)>, 

i, -a z; i, -a 

<v (t)z; (t')> ==<To (t)n (t')>, 
i , - a j, -a v i, -a j, - a (

2 
_
12

b) 

(2.12) defines the stochastic process v · 
Eqs. (2.7 to 2.12) are equivalent to the Hubbard prob­

lem. Restricting ourselves to static v we obtain the 
alloy analogy. In the atomic limit the n are constants 
of motion so that the problem is exactly solved by static 
v . From this point of view Eq. (2.10) is the essential 
relation. Static approximations differing from the alloy 
analogy (compare 72/) appear as approximation modelling 
the time-dependence of the v. 

3. &NGLE-&TECOHERENTPOTENTML 
APPROXIMATION 

Like in the case of the (static) alloy analogy the ave­
rage (2. 7) for A"' 0 can be calculated by means of the 
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single-site CPA. We use the locator formulation /3/ ge­
neralized to time-dependent stochastic variables. Because 
of this time-dependence it is convenient to remain in the 
t -representation. Then we have to solve the equations 

• 
.cJ ~ (') ~- G (') 1 - ,- \J ' ' tt ; v > - .:. t 'k < k . tt ; j/ > 

'J l.l l' k I J j/ 
ut 0 a 

-iO - - -- f dt 'l'(t-t )-G .. (tt';l' :_,,., 8 .. n(t-t'), 
. I J I' 1! 
0 (J . 

~ 
(3.1) 

li-~--llJ1• (t)-fL]I·G (tt';l'):' -
rlt 0.-a 00 11,(01 

a 

-i/i - - -- I d t J ( t- t ) / G 00 ( t t '; I' ) ·, = () ( t - t ' ) ' 
0 1',(()) 

(J 

(3.2) 

· cJ ·G (tt'·l')-... 1 -- , (1(1 ' I, 

at a 

-i{i 
-fdtiJ(t--t)+~(t-t)l< G (it';l•)'> 

. IHI I' (I 
(1 

=r'l(t-t'), (3.3) 

and the self-consistency condition 

«G 00 (tt';v)> <) > "'< G
00 

(tt';v)> , (3.4) 
v, 0 v v 

a 0,-a a 

< ... > v, (O) means the conditional average with fixed l' 
01

_a; 
J and I are the interactor and the coherent potential, 

respectively. 1 

We solve Eq. (3.2) in a simple way. First we restrict 
ourselves to nal ( n number of electrons per site), to 
t ii ,.;o only for i, j nearest neighbours and to an 
alternating lattice. Then, because of the electron-hole 
symmetry 

6 ' ' J 

u 
p.- 2. (3.5) 

Further we restrict ourselves to the paramagnetic 
phase. Introducing 

~(t),v (t)-.L=+_l_ 
0,- a 2 - 2 (3.6) 

-
G(tt',ii) =< G

00
(tt';v )> (3.7) 

a 

we write (3.2) in the form 

- - (0) 
G( tt ', v) .. G ( t- t' ) + 

-i{3 - (0) - - - - - -
+ I d f G ( t - t ) u v ( t ) G ( t t '; v ) . 

0 
(3.8) 

G(O) is the solution of (3.2) if the term [Uvo, -a (t)- p. ]"" 
=Vii( t) is omitted. Iterating (3.8) and averaging appro­
ximately, we obtain 

- - - (0) ' 
<G(tt'; t' )>_ = G (t-t )+ 

v (3.9) 

·if3d_ "" - (0) - - (0) -.. 2 -(t - r. ~- ~ -+I tdtG (t-t)G (t-t)U <v t)v\t)>_<G(tt';v>_ 
0 I' v 

In the last term the average splits into the product of the 
averages. This is in view of (3.6) exact in the static case. 
( <v >v '"' 0 in the paramagnetic phase). From (3.9) we get 
the simple result 

I(t-t'),..(i(O)(t-t') U
2
<J(t)v(t')>.... (3.10) 

v 

The v -correlation function has to be determined self­
consistently. This can be approached by an ansatz for 
this correlation function containing a free parameter de­
termined by 
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i _i_ < ~ ( t) l'7 (0) > I = i L< T n ( t) n (0) >I at tx+O at 0,-a 0,-a t=+U 

.,NliE-+<n-+ >. 
k k k ,-a 

(3.11) 

The right-hand side of (3.11) can be expressed by the 
one-electron Green function. l 
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