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I1ne n. E17 · 10319 

3neKrponpoaonHOCTb B MOJleJJH Xa66apna c Y'IeTO~t 311eKTpOHHO
¢oHOHHoro B38HM0Jl8HCTBHH 

Ha ocHoBe Monenu Xa66apna co cna6biM 31leKTpOHHo-¢ouoHHbiM B3aHMO 
neiicrnHeM Bbi'mcneHa 311eKTponpoaonuocTb a an>~ U>> t ( U - BHyrpwaroM
Ha>I KynoHOBCKa>I 3HeprH>I, t - HHTerpan nepeKpb!TH>I Me>Kny 6nH>KafiwuMu 
COCeJlHMH) H HH3KHX qaCTOT, nonpo6HO HCCileQOBaHa CT8THqeCK8H 11pOBOQH
MOCTb ang nony3anonneHHofi 30Hbi 11 T>> T 

0 
( T 

0
- TeMneparypa ile6a>~). 

3Ta 11pOBOJlliMOCTb CpaBHHBaeTCH CO CT8TI1qecKOH llpOBOJlHMOCTb!O B MO!leJJH 
Xa66apna 6e3 yqera ¢oHOHOB, BL!qHcneuHoll B npH6JJH)!<eHHH lim a! t 2 , 

t~ 0 
Yqer ¢oHOHOB orpamaercg B KOueqHoM apeMeHH penaKcauHH, reMneparypuag 
38BHCHMOCTb KOTOpOrO llpHBOJlHT K CMe!UeHHIO MBKCIIMyMa npOBO/lHMOCTH 
H K yMel!blll8HHIO npOBOJlUMOCTH /lllH Bb!COKHX TeMnepaTyp flO cpaBHeHHIO C 
T-2. 

llpenpHHT 06be,[IHHeHHOrO HHCTHTyTa H,[lepHbiX HCCJie,[IOBaHHH 

~y6Ha 1976 

Ihle D E 17 · l 0319 
Electrical Conductivity in the Hubbard Model 

Including Electron-Phonon Interaction 

Using the Hubbard model including weak electron-pho
non coupling the electrical conductivity a is calculated 
for U» t ( U, intraatomic Coulomb energy; t, nearest
neighbour hopping integral) and low frequencies. ~speci
ally the de conductivity is investigated for the half
filled band and T»Tn( Tn,,Debye temperature). It is compared 
with the de conductivity in the phononless Hubbard model 
calculated in the approximation lim.!!..._. The inclusion of 

t~O t2 
phonons results in a finite transport relaxation time the 
temperature dependence of which leads to a shift of the 
conductivity maximum temperature to a lower value, the 
sharpening of the maximum, and to the decrease of the 
conductivity for high temperatures according to T-2 
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·' r 
1. INTRODUCTION 

In the recent years experiments have suggested that 
electron-correlation models in the strong coupling region 
should be used to describe the properties of several real 
systems, such as TCNQ salts'I-:J·: magnetite (Fe

3
0

4
)14 - 6 ( 

the ferrites, ~exFe3-x 04 (Me metal ion impurihesY 71 , 
and Ti4 0 7 · 

8 
· Therefore the calculation of the electri

cal conductivity a , especially the de conductivity, in 
those models is of particular interest. 

Several works are concerned with the conductivity in 
the Hubbard model 19

•
101 in the strong coupling region 

U»t ( U, intraatomic Coulomb energy, t, nearest
neighbour hopping integral) 111 - 161 . In most of them a o
function peak in the d c part of the conductivity 
appears !ll- 141. Bari and Kaplan 114/ obtained this peak 
in the approximation lim ~ . This approximation was 

HO t 

also used in the calculation of a in an extended Hubbard 
model/17,18; the Cullen-Callen model of magnetite 16•191 

' I 21 I ' the Hubbard-Holstein model· 20
• ; and a Hubbar~?_del mo-

dified by phonon-modulated hopping integrals1 
• In those 

calculations the o -function peak which is retained even 
in the case of electron-phonon coupling 12 1 •221 is assumed 
to be replaced in some improved approximation either by 
a finite value, the temperature dependence of which is 
assumed to be unessential 16 •17 1 or by a temperature
independent relaxation time caused, e.g., by impurity 
scattering 122/. 
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Although the assumptions concerning the o -function 
peak are reasonable it is desirable to perform an im
proved conductivity calculation which yields a finite 
conductivity due to a dissipation mechanism included in 
the model under consideration. Considering the Hubbard 
model Ohata /IS/ has obtained a finite de conductivity 
by taking into account spin disorder scattering and dyna
mical processes. We note that those processes do not 
occur in electron-correlation models for spinless fer
mions /1.-B/ which we are also interested in. 

Since in the substances 'mentioned above the phonons 
play an essential role in the electrical properties of the 
strongly correlated electrons, in this paper we consider 
the simplest model describing this situation, namely, 
the Hubbard model including electron-phonon interaction 
(see, e.g., refs. 123 •

24 1
): 

H=l t ere 
qa i.i ia W 

-~ ' i <JII. 
~~ I t- _ A ,e . ' 
qla q 

l- U 2 n n 
j':' 

~ bi b 
- 0) • -) ' ,t 'I 'I 'I 

+- ' 
n . ( b _ t- b ,) - 11 ~ n . 

1 a <{ -q i a 1 a 

(1) 

The symbols have the usual meaning. The hopping integral 
. . is related to the band energy (,. by 
IJ K 

1 L t = - _, 
ij N k 

> > __, 

ik(H.- H. l 
t -~ e 1 ! . 

k 
(2) 

We put tii =0 without loss of generality. Furthermore, we 
have A *_, =A-+ . For the sake of simplicity we consider 
only lonlhtudihal acoustical phonons for which lA .. 

1

2
"' q 

q 

for small q. We take the U term in (1) to be much 
larger than the band and electron-phonon interaction 
terms, i.e., we consider U>>t and weak electron-phonon 
coupling. 

4 

, 

Using the model (1) we calculate the conductivity and 
obtain a finite de conductivity. We mainly focus our 
attention on the effects of phonons on the temperature 
dependence of the de conductivity in the half-filled band. 
Furthermore, we give a justification of the approximation 

lim...!!.._ for the half-filled band case. 
2 

t-->0 t 

2. CONDUCTIVITY CALCULATION 

Considering a crystal of cubic symmetry we are 
concerned only with the diagonal elements of the conduc
tivity tensor which may be expressed in terms of the 
Fourier transform of the retarded two-time commutator 
Green function / 25•261: 

VI/ • . 1 t/ V 
a (co ) ~ - hm ltm -- < < j ; P » . (3) 

0 Z =CJj t- I ( (-->+ 0 n--4(>0 u 
v 1/ 

fl is the crystal volume and P , j , the '/ -components 
of the polarization operator 

--+ -> 

P=e2R.n.a 
ia I I 

(4) 

and the current operator 

-+ '""'*- 0 --to ...... + 
J "'P = - 1 e 2 ( R. - R. ) t .. c ·a c ·a , 

i,j<7 I j IJ I j 
(5) 

respectively. According to (3) and (5) we write 
v v v v « j ; p » ,. - i e l (R. - R . )r .. G .. 

0
( z ), 

Z ija I J IJ lj 

where 

+ v G {z),.«c c. ; P ». 
ija ia JG z (6) 

It is convenient to introduce the projection operatori 12 •271 

n+ - n 
ia ia 

n- .. 1-n 
ia ia 

(7) 
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by means of which G. ·a ( z) 
nents: ' 1 

is resolved into four compo-

G .. (z)~ ~ G~~ (z), 
IJa a,f3s± Ija 

where 

Gaf3 (z) =«na c.+n~ c. 
ija i-a 1a J-G Ja 

I/ 
p » 

z (8) 

Defining the "mixed" Green functions 

(I )a{3 + f3 v 
F ... = < < n a c n c b _, ; P > >, 

ijq a i-a ia j-a ja q z 
(9) 

(2.)a/'~ 
(l + (i I I 

F --···.n c II c b ,; p 
' i-a j(J .!-a .i !T --'I '/ 

i_iqa 

and using the Hamiltonian (1) we get the following equations 
of motion 

6 

a (i 1 1 u{'i 
( z t U o rn - U of') ) G .. ( z) x- c ( R - R . ) <I) 1 

>1- I_I!T 1 .1 qa 

-· 1- {J I 
+- 2 t • / n a c 11 c .: P 

p fj i-a ia .i-u f'u · 

- ~ t .1) 

f If 

jJ I 
11 a c 1 

11 c P -...-... " 
i-u !'a j-a ja z 

z 

t: " + r ' l~ 1 · ~ c, .:.. t </ ( c c - c c ) c 11 c · P 
a r if i-a f -(J r -(J i-<J j(J .i-<7 jiJ , 

'/' 

t: • (1 + + + I' 
+- c, 2 t ~< n c ( c c - c c ) c ; P + 

{i f fj i- a iu j- u l'- u P- a _j-u ju z 

. • ' . • ' u ) (3 ( 2l a/i 
+·LA, (c •q Hi -e HJiti) ( F a, (z) ~F .. • (z)), 

'l' q i .i 'I U I .I q a 

( z ~u o 
(l t 

~ t ¥. 
f .l 

(10) 

(I ) af3 I' I. ( I) <1{i 
-U<'l{J -rd.,)F .. , (z)c-e(R.-R )<t> .. , r 

l\- 'I IJI(U I J '.I'JfT 

11 a c ~ n f~ 

i-u ia _j-a 
c b 
~!T 

I/ 

> 'p 
'I z 

. + {3 I' 
L t · c: n a c n c b · P r if i-u fa j-a ja •t' z 

+ f ~ 
a r 

t - I {3 I 
t. ··-·(c. c -ct c. )c.n. c_b,;p·.+ 

1f 1-a f-a P-a 1-u 1u .1-rr ,a ,1 ., 

c · a I ( I 
<., " t << n c c c , 

(-3 f fj i -a iu .i-U f-a 

I' 
-c 1 c )c b .- P 

fa .i -u _ja •1 ' 

+ '\. A ( i 'I'· I i. 
~ >. c ' •f. •r . 

i •· II . 
-c I 

• u t /'~ 
)· ·.11 c n c y 

i-IT iu .i- a .ia 

>(b,:b )h 
'! • -- ·i . •j' 

I' p '» ~ 

'/ 

- ~ -) 

~> _> t 
z 

~A '~- c-i•ll~• __ ,, I! I {'$ I' 
11. c. 11. c. 11 0 .P 

1-o HT 1-<T .lo ra z 
(11) 

{ I ' 
(J 

where i'l is the Kronecker delta, t + ~ + 1, and 

<I> ufl (1 
11 

I fl c 11 c 
i_j<J j-(J it! .i-rT .i<J 

I I lu (! 
<I> 

i .i ·{ tJ 

~·11° c 1 11(! c b ,>. 
i--<1 i IJ .i-rT .iII 'I 

(12) 

(2) a{3 
The equation of motion for F • (z) results from (11) 

i j q a i 

b th b t ·t t• ro, •-rd,,b,•b ,, dA, >-A,. y e su s 1 u 1ons ,1 q ,1 _,, an -....:,1 _,, 

At this step we break off the chain of equations of motion. 
First considering the case i ~ j we employ the following 
decoupling procedures: 

(a) The four-particle electron Green functions on the 
right-hand side of go) are approximated by a decoupling 
also used by Kubo 1 and equivalent to that of Hubbard's 
first paper 9 . It is based on the following rule/I0,27 

.. : 

Operators for the same site are never decoupled to two 
parts (U»t). Correspondingly we approximate 

a ~ f$ I' fi a t 11 (3 . ay 
11. c. 11. c ;P ·.-.... =.11 <<11 c. c ;P />=n LG. (z), 

1-<1 •o 1-u Pa z -a i-<7 w Pa z -a y .Pa 

+fi '' a+ fl I/ 
<<11a Cn n. c ;P >> ::11 </c n c ;P >> 

i-a ra J--<T ja z -a Pa j-a ja z 

a y(3 
,..11 ~G n. (z), 

-a y r1a 
(13) 
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(n~a x<n.~>) and neglect the terms involving Green func
tions multiplied by fa and f (3. We use this decoupling also 
for the mixed Green functions containing one phonon ope
rator on the right-hand side of (11). 

(b) Because we consider weak electron-phonon coupling, 
we approximate the mixed Green function containing two 
phonon operators in (11) in the lowest order in Aq--. . 
Furthermore, we neglect phonon-drag effects discussed 
in the band limit (U = 0) in 28

-
30 

. Accordingly we put 

a + f-3 
<'<n c n 

i-u ia .i-u 
t 1' a(! 

c. (b , , + b , , ) b , ; P ,, -:::.o , , • ,. G .. 
.JU 'I -•I 'I z 'I ,-q 'I 1 .1 u 

(z)' 

t fi t- t · < na c n . c (b , , tb , , )b _, 
i-a ia J-<J ja q -q -q 

" , u(-3 
;P >·::h,, ,(lu,)G (z), 

z •1 o -q 'I i.i rr 

+ {3(JJ ' -I (14) 
where v-. = < b-.b -.> = (e '1 -1) 

(c) A§ to th~ flve-particle electron Green function in 
(11) corresponding to the indirect electron-electron inter
action induced by the phonons, we first represent it 
exactly as (i 1- j ) 

(1 + {-J I' 
<<n. c. n. c. n ~ , ; P ". 

1-0" J(J J-U .IU IU z 

i-u iu j-u 

l' 
c n ° P 

.i'T l'u , ' ' 0 
""0·-0 -0 

Pi l'i 
u 

.n c n{-J 
z 

t-(o 8 o +n,(o 
Pi a',-a at fj a'a 

+ () 
a ',-a 

, af3 o ))G (z). 
(3+ i jU 

(15) 

This representation guarantees that the electron correla
tions on the same site are taken into account exactly. 
We decouple the Green function on the right-hand side of 
(15) following the rule used in (a): 

({ t {3 l' 
· '- n. c. n . c n {' , , P I -(J IU ,(-<J jU (J 

af3 
' • :::.n , G .. (z) ~ z a qa 

afl . 1 • 
<fl ···n ,;P 

ij(J l'a z 
(16) 

8 

Since t« U we take into account only terms in the lowest 
order in t and correspondingly neglect the second term 
in (16). Thus we get 

<<na c~ n~ c. np ,;Pv '>"> :::(n ,to17 (o , o 
i-a ra 1-a Ja a z a 1 i a ,-a a+ 

af-3 
+or· (o , + o , of'-' -n J)G .. (z). 

J a a a , -o >+ a 'JU 

-n , ) + 
(J 

(17) 

Considering the case i"' j the equation of motion (10) 
reduces to that of the pure Hubbard model for whirh 
Kubol 121has shown that the Fou:r:ier transform G~'{, (e~ua
tion (18)) is an odd function of k and therefore G ?-,f -0. 

110 

Inserting the approximations (13), (14), (17) into (10), 
(11) and introducing the Fourier transforms 

af-3 1 
0 

a{-~ -ik.(Jfi-lt.) 
G. =-~G c .I 

k a N i •. i i i a 

a{i 
1 

af-3 -ik m'i -It.) 
rJ>• ~-::i<t> c .I 

k a N . . iju I.J , 

(18) 

I II af-3 
1 0 

(I ) af-3 - i k'li' i i ( k• t-q )ll. 
F =- ~F -~ c e .I 

k' q' a N i o.i i j q a 

1 0 ..-..- a f) + • v 
= -2~ ' p -> p -~ c --> c-> -> --> b -->' p >> 

N k 1,k2 k
1

-u k
2

-<J -1t
1
-ka k

2
-k-qu q z 

-+-+ __, -+ 

"' (I)a(3 1 .,. 0)a{3 -ik R; i(k+q) R. 
'¥_._. =--.:.rfl e e l 

k q a N i ,j i j q-. a 

(19) 

(20) 
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_,._. 
ikH· 

a "' I a . where p,... ~ f- e n. , and analogous expresswns for 
k -a 1 1-a 

(2)a{3 (2Ja{3 . 
F"' .. and <1> __ ._. we obtam 

k qa kqa 

(z tU8 
((/) . /1 af1 (! ,,. ((}" 

-Uof! )G k. - -1 c -- cf> , ' n I.-G. 
(1 ' . I a ii k' I.. a -a 

u y{i I liuO ( 2 J u(! 
-n I ' 

,, G ~-~A.(F .. F •• 
-(T k y k'u 

'I 
. 

'I k 'I " k 11 a 

(I la(i (21u(1 
- F _, , , - F _, _, , J , 

k-q,qa k-q,qa 

(z ~ lJ,) 
lll 

lJ 
"' I I iufl . {CJ 

- "r-> -uJ ) F · rl u ' r-l I • • = - I C --- cJl 
'I k 'I IT ') kl' ' •• r ~ 'I a 

{! . fiJur u " tn,, .2.F -n ,._ 
-a k 1- 'I }' k•,1·" -a k 

I I l ) (; 
F.. I 

k 'I a 

k \ 

"' " u{-i " 
1 A, 1(1 tn/CJ -nH • )G, -(n-o 

-•1 >+ 'I ko ru 
) 

,afi 1 
I' • (1 ~ " I, 
'I (.. t 'I" 

(z 1 Uo 
fll -U of! I 

(21ufi 
~ (JJ •) F .,. ) 

11 k 'I rr 

/1 "\' 
t n t ~ • -.. 

-Ok1<J) 

(2l a}' 

F • , 
k 'I (J 

na 
_,/f... 

1
. ci 121u(i 

- c --•fl , I , , 
cJk kqa 

~ F(2Jr{1 

1 . .' 'I;, ) 

u{! a(! 
t A ,! (n- c) ~ t, , ) G , - (l 1 I) - n t 1, .) G , • ! . 

-•! {-! t· •1 k a u; 'I k f 'l u 

ka 

(21) 

(22) 

(23) 

n= na + n-a is the given electron concentration. We note 
that the first term in (17) gives no contribution because 
of oij,o A.;~O. As we are interested in the low-fre
quency region, especially in the de conductivity, we 
consider the case uJ « U. Because additionally t « U 

10 

discard (the off-diagonal terms in (21) to (23), i.e., we 
put Gal' /f3Lo ,G~ta>f3=o, F(~J~y<=lf3lo etc., since the inc-

ka ka kqa 

elusion of those terms would give rise to correlations 
of order O(t 2/U 2) in the Green functions; 1 2 • 15: Furthermor.~, 
because of uJ «U we neglect th; qreen functions G'f~/i 
(which vanish for w«U and Aq=O 15 · ) and therefore con
sider only intraband transitions. For brevity we replace 
the superscripts "aa " by "a " hereafter. 

Calculating the mean value <1> c; in the lowest 
order in A .. and t we get /27: ka 

q 

a a a a n 
¢. = n f(E , - 11 ), where E .. ~ n , • + U 8 . 

k a -a k a k a -a k a 1 
(24) 

(3c,J - I a 11 

and f ( u)) =(c + I) . E k.'a and ¢k'a are the energies and 
distribution functions, respectively, of the quasi-particles 
in the upper (a=+) and lower (a=-) subbands. 

(I 2)a By (9), (12), (19}, (20) the mean values cf>, ·, can 
be calculated from k 'I u 

· [na c+ rf c b .,,Hl ··=/[nu c+ n(! c b+_,,HI '=0 
i-a ,a j-a ja 'I - i-a ia .i-o ja -q ( 

1 
2> 

in the same approximation as the Green functions F _.; .. a 
(see e.g. :H-:J:I ): k 'I a 

I I lu 
ctJ, , 

f.. 'I " 

A . 
-•! 

(l 

A • g "'"'"· -q 

({ (! 

( lu1 - n t 1· , )((J , - ( n- i) lfJ , )ct> , ' 
H •· 'I k , , a t 'I k t 'I a ----------------------------------------------

a 
E-. 

f.. a 

u 
-E' ' 

k ''I a 
-(I} Jo 

'I 

rll 12)u . . u ) 
~A ,g~.,;.-qa -'I 

(25) 
k 'I (J 

Performing the indicated approximations and inserting 
(22), (23), (25) into (21) we obtain 

J¢ ~ 
a . !' k a 

z G • ( z) "'- 1ev _, --- + 
ka k()f--> 

k 

~ 1 w~ -• -. (L) Ga ... 
-• k,k+ 'Ia ka q 

(z) -
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a u 
- w _,. --) ~ (z)G -> _, (z) 1-

k+ qa k+q ,ka 

-1e 
.L ______ _ 

2 a u ( ---u --- u - u) ) 
2 I A J I -:--!J g k q a z + E ~) - E r + q' (J 'I , q dk ka q 

1 
- ------------------ ) + 

Z+Eu_.-> -Ea, + (tJ , 

bqa ka q 

a u 
+ ---;- g ~) ' -> 

ak 1 k+q,-qu 

1 
( -------------------- -

z + Ea -E ~ _, + <v _. 
"Ita ktqa q 

1 
- ----------------- ) I, 

z + E a -Eu - uJ 
-. -) -· 
k-tqa ka q 

where 

u 
w • ~ -) 

k,kt•JO 

2 1-t Oa+ -ntvq' · 
( z) = i A , ! ( -------------- +-, a a 

'I z + E ~• - E _, • -(I) ~· 
ka kt~qa q 

n-o +v-> n -o + l' • 

(26) 

a+ q 
t -------------- \-

u + q ---------------- \-a a a a 
ZtE_,-E ._. +<ll, 

ka k+ qa q 
z + E ~· _, -E. - <v , 

ktqa ka q 

1 t o a+ - n + v q' 
-\ -------------------- ) . a u 

Zt E_. _. -E_.+w~-. 
k+qa ka q 

12 

• 
~ 

1 
I 

a 
This closed integral equation for Glta ( z) is analogous to 
the quantum kinetic equation for the nonequilibrium dis
tribution function in the linear response approximation. 

a 
a<t>r 

However, besides the drift term - iev _.-a 0
- and the 

k ( k-> 

collision term containing the Green functions on the right
hand side of (26) there appears an additional inhomogeneous 
term proportional to lA fl 2 discussed extensively (in the 
band limit u ""0) in' 31 - 3 1 • This term describes the scat
tering of electrons by phonons induced by the external 
oscillating electric field and becomes essential in the 
frequency region J- «w « U ( r electron transport rela
xation time, see (38)). 

In this paper our interest is confined only to the low
frequency region w r« 1 . In this case the extra inhomoge
neous term in (26) can be neglected since its imaginary 
part gives a small correction to the drift term and its 
real part vanishes at w = 0, as can be seen easily from 
(26). In order to solve the integral equation (26) we proceed 
along a line similar to that indicated in works by Pla-
kida 31-33. We define the mass operator MC: by 

· ka 
. v "'a 'a a -1ev d'Vc+ ; f,.. 

G ,. ( z) = _.:.=._:r._J,a_:.JL__ . ( 2 7) 
ka z -Ma~ ( z) 

ka 
Inserting (27) into (26) we get the nonlinear integral equa-
tion for M~f: 0 : 

"'(l ' ' 

Ma, = M ~<lla (z)- 2 

a 'l' k + q a----
l' ----- a (z)>--v , , a ~ _. w ~· .• 
l \- q f k + '~~- ---- k \- q (J ---~--~-~- (l 

ka ka q 
v a<I> ~fa~-

v u -a:~. 
(l 

z-M k a (z) 
X -----------~--

a 
z-M _, _, (z) 

k+ q a 

(28) 

where M(~a (z)= 2 wa_. _. _. (z). 
ka q k,ktqa 
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We separate Ma. 
parts according "t<tl 

and M_~O)a into the real and imaginary 
ka 

lim M (~ ( (,] f i () = M ~a ( (L))- i r: ( (,) ). (29) 
1 , + 0 ko k a k a 

Because of <dT</ 1 we approximate Rew,<!".-. and Rewk'L. ~ 
...... +_gq +q, .. a in (28) by their values at w=O vanishing by (~o). Therefore 

a . a . 
weput Rew,, ,(rdtlr)=Rcw.,, (u>+lf)=O and 

k k t •1 k t <J , k u 

consequently look for a solution 

M ~ ( rd + i ' ) ~ - i I'~ (r<J ) • (30) 
l.a k a 

In accordance with (28) the damping I. r ( rd) obeys the 
integral equation ° 

<I ,. ' (,.,) 

"" 

,. 
y 

il l(l (I > > 
___ LL~.!.' ___ _ 

c,:, a, •. 
lOla 

r · , (,d) , ,. ---------~-~'-------------
" " ' 

'I 

1m) w a ( ,,, ' 
k I •i. k 

,. 
v 

k 

u 
(I l(l ' 

"" ---------
/1 f k' 

· • ·) t i I · • ( ) 
1 •)! Rc I -----:---~.£'--~·~- _____ I 

,., t 1 I · , , ( <d ) 

I.-+ 'JIT (31) 
where 

Wla 2 
1'... (,d)~ II ~ 1 A i 

ko • I • 

)(1,,) -nn·, 
at· ,

1 
) ' 
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'I 'I 

a r1 ~ a a 
x(/)(,,>t E_, -E •, -,,,,)In(,"' E..,, -E, H" ))+ 

I. a k + 'I a q k-t 'I a k u q 

+ (n- i5 +I' )( o ( uH Ea. 
a+ q k a 

- E ': _, 
k+<IO 

ti5(u,+E~.., 
k+ qa 

-Ea 
'-> 
ka 

-uJ-)> ))!. 
q 

+ (!) -~ ) i-

'1 

(32) 

Whereas r ~Ola is connected with the damping of the 
single-par~i'~le excitations the second term in (31) 
describes the influence of the electron transport on the 
damping. Accordingly we solve (31) by iteration replacing 
the damping in the "transport term" by C(Ola. The solution 
is ku 

r'l<ll((' ' 
k t 11 u 

I' -------
V,' ilt-.-> u 

k r- 'I k +'I __ lm w , • 
(! (() )(( 

I' (w)- I' ( '" ) I ~ 
~u ku ---

'I 
v • 

k 

--------- " I 'I ' 
(}1{1a 

___ lrT 
(I; k. 

, ,IO)a(,.,) 

() I tl k (1 -------- (. 
I ----

Rc, -----:-,·lOla (,,,) 
' l • " 

''' k I 11 U 

, (u I it) v 
ka · 

(33) 

As follows from (3), (6), (8), (18), (27), (30), the conducti-
vi ty is given by 

. 2 . (l<{)a, 
I'V 1 e · u 2 ka 1 

u (c")- - - ~ ( v , ) --- --------- . (34) 
Q k' a a k c) f I(' U) t j f';; U ( roJ) 

The terms a= + and a= - represent the contributions to 
a from the electron transition processes in the upper 
and lower subband, respectively. 

From (34) we obtain the dissipative part of the conduc-
tivity a 

,,u e2 v 2 J<P,., (1) I'~ (rLJ,T) 
Rea (cu T>~-- L (v ) --.JU.r. __ ~--~--- (35) · n r> c 2 a 2 

KOa a(.,., (I) + r. ( u.; T) 
k ka ' 

and the de conductivity 

(l 

e 2 v 2 a<P • (T) a 
-- l (v -•) __ Jut ___ r , (T) 
n k-> k rlf ' ku · oa k 

o ,.,, (O,T)~-

(36) 
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where 

r a = r a (0)-1 
la ka 

is the transport relaxation time. 

3. RESULTS AND DISCUSSION 

A detailed investigation of the frequency and tempera
ture dependence of the transport damping and the conduc-
tivity requires a numerical treatment. Here we discuss 
only the main qualitative features and quantitative results 
in different special and limiting cases. Throughout this 
Section we consider the paramagnetic phase n = n =n/2 
and the half-filled band case n = 1. a -a 

In this case we have 11 = U/2 (in zeroth order in A .. ) 
. q 

JQ>a • 
and therefore in -(](-±:- the energy c • can be neglected 
in the lowest order id t : k 

o<D~-- f3 ef3l! 2 1 
--=-- '(1= ---. 
Of k.. 4 0+ef3ll.2 )2 kBT 

(37) 

Note that this approximation is not possible for n 1- 1 
since for n< 1 ( n > 1) the chemical potentialis of_~~~er t( U) 
and therefore c.. cannot be neglected in a<t> k__. 

k . ac-· k 
Considering a simple cubic lattice in the tight-binding 

v 2 2 2 
approximation in which l ( v _.. ) = 2Nt a ( N number of 
sites, a lattice constant) we obJin uom (36) and (37) the 
de conductivity Q 

I''U/2 
IT e } + -

a (O,T)=Af3 U ----.-r(T) ,r~ L(r +r ), 
(1 +e {3Ui 2 )2 

2 2 2 2 
where A= c 

0
t
0

a.li._ and ra are the mean transport 

(38) 

relaxation times 

( /' )
2 

r a / l ( v v f. 
k k k

4 k 
({ ,, 

T .. .,.. 

1.: (39) 
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3.1. Frequency DePendence 

From (34), (35) we see that the conductivity shows 
a Drude-Lorentz type behaviour and accordingly Re<.fv ( w) 
decreases with increasing w. 

Taking the limit r: -·0 in (35) we obtain 
k {3U; 2 vv e 

Rca (w, T)=Af3U -----rrO(u,). (40) 
O+J3U 2 )2 

This result agrees with that calculated exactly in the limit 
lim __!!___ in the pure Hubbard model /I·t,2o:. The compa-
t-+O t 2 

rison of (38) and ( 40) shows that the singularity rr o (w) in 
the de conductivity of the pure Hubbard model obtained 
for a half-filled band in the approximation lim a 

2 
be-

t-->0 t 

comes replaced by the transport relaxation time r if 
both the band term and the dissipation mechanism due to 
electron-phonon scattering are taken into account in ap
propriate approximations. The results (38) and ( 40) give 
a justification of the approximation lim --;- and of the 

t--> 0 t 

assumptions concerning the o -function peak for the half
filled band case. 

On the basis of those results we guess that for another 
scattering mechanism we would obtain (38) with another 
relaxation time so that the statements concerning the 
o -function peak remain valid. 

As to the models including electron-phonon coupling 
considered in /2l ,22/, the de conductivity should become 
finite _ in an improved approximation just due to this 
coupling and not necessarily due to the imputiry scat
tering. 

3.2. Temperature DePendence of the de Conductivity 

First consider the low-temperature region T « T 
0

(T 
0 Debye temperature) in which v if. « 1 and therefore can be 

neglected in (26), (32), (33). i\.ccordingly, the damping 
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~~:r (O,T) and the transport relaxation time r (T) are ap
proximated by their non vanishing zero-temperature (v ~ 0) 
values describing the indire~t electron-electron scatler
ing. As follows from (38) the de conductivity vanishes 

at T =0 and has a low-temperature activation energy of ~ . 

Now consider the high-temperature region T»T n -Be-

k T -2 
cause of __ ll __ ll_ -10 (e.g. for NMP-TCNQ we have 

lJ -
k 11Til 1 1 ---u-.:- 24 ) we also consider low temperatures with res-
pect to-the electrons (k

11
Til·'/ kBT<·'lJ). 

k 11T 
Since I' • :: --- >'' 1 the terms 1 tr"i -n and n-o in 

'I <d • a" a+ 
q 

a 
(26), (32), (33) can be neglected. Thus we have w_. • _. = 

k,k+ 'I 

~w~ •• ,1',
1 =I'= -I',(O,T),r"=,-=r, and according to (33) 

k +'I' 1.. k k l: 

I' ,(O,T)- _] __ I, . . (41) 
" ;n1 ., " 

I' • does not depend on T and is given by 
uk 

I' 

v • ' 

(0) 
I. , 

(0) 
I' ,=I' • I 

ok ok 
.,_. k ±_'L_ Im w ~ , ' 

--1, of..+q.f.. 
v • 

. oL 
( i f ) --:-((,) ___ _ 

I ' • 
oL t 'I 

where 

and 

1.Wl·=-lm 
ok 

q 

"' w -· ~. nk1 
'I 

k 

' • (if ) 
q.k 

2 

(42) 

lm w -. • ~ 
ok +'I k 

(if ),..-2 dJ 
iA-• 1 

a a, 
, q ( "{E _. -E _, 
---- (} k k + q 

(t)-) 

-<u -• ) + 
q 

q 

to(Ea -Ea +<"J )). 
r r + q_. ? 
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In accordance with (41) we write 

v 2 -1 
r = {3 U r 0 where r 

0 
= L ( v -> ) r _. 

k k ok 
IL, (vv, { 

k k 
(43) 

Inserting (43) into (38) we get 
{3li /2 

aw (O,T) ~A({3U) 2 __ e ___ r 
(ltef3lJ 2 )2 0 

(44) 

In order to see the effects of phonons on the conductivity 
( 44) we compare it with the conductivity in the phononless 
Hubbard model including some temperature-independent 
scattering mechanism. Reasoning as in Section 3.1 we 
obtain the conductivity in this case by replacing rr o (w) in 
(40) by some temperature-independent relaxation time 
r 1 

I' I' 
a (O,T) 7AfiU 

{3£1 2 

<: 
-------- r 

( 
l {ill 2 -:; I 

iC f 
(45) 

Comparing the temperature dependence of (44) and (45) 
we see that, due to the additional factor flU in (44), the 
effects of phonons consist in a shift of the conductivity 
maximum temperature to a lower value, in the sharpe
ning of the maximum, and in the decrease of u 11

' (O,T) 
for high T according to T - 2

. The conductivities ( 44) and 
( 45) are plotted in Fig. 1 where for convenience we have 
put r 1 3.92 r 0 (yielding equal maximum values). The 
maximum temperatures of (44) and (45) are given by 
k 11Tm c0.21U and 0.33U, respectively. 

Because the Hubbard model is analogous to the Cullen
Callen model (CC model) of Fe3 0/1 .' an analogous con
ductivity calculation could be performed for this model 
including electron-phonon interaction. Lorentz and the 
present author () have calculated the conductivity in 
the phononless CC model in the strong coupling region 
above and below the Verwey transition temperature T =120K 
in the approximation lim _<L. in which the occuringv o -

t->0 t2 
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function peak was replaced by a temperature-independent 
quantity as in ( 45). As to the de conductivity above Tv 
the calculated and measured temperature dependences 
(fig. 2 in 't> ) resemble qualitatively the curves shown in 
Fig. 1. Especially the conductivity maximum observed 
experimentally at 305K is calculated to be a smooth 
maximum at 380K. From the results of this paper and 
the analogy of the two models under consideration we 
guess that the difference between the theoretical and mea-

""'. sured temperature dependences of a (O,T) in Fe:lO 
4 

ref-
lects the effects of phonons and is reduced by their 
inclusion into the CC model. 

t 1.6 

~ 
~ 1.2 
.._ 
0 
;- 0.8 
:a 
lD 

114 

0 0.6 0.1 

KaT/U~ 

TemPerature dePendence of the de conductivity in the 
Hubbard model including electron-Phonon interaction and 
in the Phononless Hubbard model. 

ACKNOWLEDGEMENTS 

The author wishes to thank Dr. N.M.Plakida, Dr. 
H.Braeter, Dr. V.B.Priezzhev, and Dr. T.Nattermann for 

20 

many valuable discussions. The author also thanks 
Dr. N.M.Plakida for a critical reading of the manuscript. 

REFERENCES 

1. EPstein A.J., Etemad S., Carito A.F. and Heeger A.J. 
Phys.Rev., 1972, B5, p. 952. 

2. Coleman L.B., Cohen J.A., Garito A.F. and 
Heeger A.J. Phys.Rev., 1973, B7, p. 2122. 

3. Cullen J.R. and Callen E. J.APPl.Phys., 1970, 41, p.B79; 
Phys. Rev.Lett., 1971, 26, p.236; Phys.Rev., 1973, 
B7, p. 397. 

3. Theodorou G. and Cohen M.H. Phys.Rev.Lett., 1976, 
37, p. 1014. 

5. /hle D. and Lorenz B. Phys. stat. sol. (b), 1974, 63, 
p. 599. 

6. Lorenz B. and Ihle D. Phys. stat. sol., (b), 1975, 
69, p. 451. 

7. /hle D. and Lorenz B. J.Phys. C: Solid St. Phys., 
to be published. 

B. Lorenz B. and Ihle D. Phys. stat. sol. (b), 77, to be 
published . 

9. Hubbard J. Proc. Roy. Soc., 1963, A276, p. 238. 
10. Hubbard J. Proc. Roy. Soc., 1964, A281, p. 401. 
11. Bart R.A., Adler D. and Lange R. V. Phys. Rev., 

1970, B2, p. 2898. 
12. Kubo K. J.Phys. Soc., 1971, 31, p. 30. 
13. Kikoin K.A. and Flerov V.N. Fiz. Tverd. Tela, 1974, 

16, p. 362. 
14. Bart R.A. and Kaplan T.A. Phys. Rev., 1972, B6, 

p. 4623. 
15. Ohata N. J.Phys. Soc. Jap., 1971, 30, p. 941. 
16. Lyo S.K.Phys. Rev., 1976, B14, p. 2335. 
17. Ihle D. and Lorenz B. phys. stat. sol. (b), 1975, 

69, Kl17. 
18. Cabib D. Phys.Rev., 1975, B12, p. 2189. 
18. Cabib D. Phys.Rev., 1975, B12, p. 2189. 
19. Cabib D. Phys. stat. sol. (b), 1974, 65, K51. 
20. Bart R.A. Phys. Rev., 1974, B9, p. 4329. 
21. Coll C.F. and Bent G. Solid State Commun., 1974, 

15, p. 997. 
22. Barma M. and BariR.A. Phys. Rev., 1975, Bll, p.1352. 
23. Bart R.A. Phys. Rev., 1971, B3, p. 2662. 
24. George P.K. Physica, 1970, 49, p. 278. 
25. Kubo R. J.Phys.Soc.Jap., 1957, 12, p.570. 
26. Zubarev D.N. UsPekhi fiz. Nauk, 1960, 71, p. 71. 

21 



27. Sakurai A. Progr. Theor. Phys., 1968, 39, p. 312. 
28. Holstein T. Ann. of Phys., 1964, 29, p. 410. 
29. Michel K.H. and Van Leeuwen M.J. Physica, 1964, 

30, p. 410. 
30. Michel K.H. Physica, 1964, 30, p. 2194. 
31. Plakida N.M. Fiz. Tverd. Tela, 1964, 6, p. 3444. 
32. Plakida N.M. Fiz. Metallov i Metallovedenie, 1966, 

21, p. 657. 
33. Plakida N.M. Zh. EksPer. Teor. Fiz., 1968, 53, p.2041. 
34. Yamada K. Progr. Theor. Phys., 1962, 28, p. 299. 

22 

Received by Publishing DePartment 
on December 24, 1976. 


