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'I. Introduction 
' / 1 ,, 

The electron accelerators are powerful sources of gamma · 
. I 

bremsstrahlung~They are widely used in the physics of photonuclear 

reactions and applied nuclear physics. 

To obtain the ·'dependence of the cros~-sections of photonuc

lear reactions on the gamma::..quanta energy, and to· optimize the 

technique of activation analysis and isot·ope production, one must 

know the bremsstrahlung spectrum as a 'runction\ of the incident 

electron energy, the observation angle, the target material ·and 

thickness. As 'there is not enough experimental data availabl~, o~e 

has to calculate_-the bremsstrahlung_spectra. 

· In principle there are several semianalytical methods . for 

calculation of. the bremsstrahlung spectra (1-6). However, only in 

ref. [ 4-6) · spectra for non-zero observation a_~gles have been 

· presented. This type of calculations are rather difficult, ,so one 

has t6 employ. different appro.~imations_ (7,8] still keepi~g· in mind 

'that they are not good for·. describing the spectrum behaviour, near 

the upper limit. 

In_ this paper we. give a technique f!)r. calculatio.n of brem-, 

sstrahlung spectra · from a thick tungsten target ,in the energy 
I .- " . • 

range of. 5-30 MeV. · at ang_les 0°-20°. The results obtained, are 

compared with · the .available experimental data and Monte · Carlo 

calculations·.· 

·n. Calculation technique 

Let us consider a beam of electrons with kinetic energy Te 

which· arrive at a stopping target of thickness D (Fig. l) .. We 

divide• this target into n layers·. of, thickness fid=io-3x
0 

[ 1] , where 

X
0 

is, the radiative .;iength· of the target. (9). Let the i-;th layer 

be at a distance d; = ( i-o. 5) lid, and·. the mean kinetic energy of an 
' 1· ' ' 

electron in the i-th layer be (T) .• , e 1 

Te,9ti 

D 

·.• .Fi,g'.~ 1·. ·Sch.ilm!'ltic diagram of calculation procedure . . .•• . 2 
. ) 
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Assuming 'that the 11 eie~entary" -radiaticin''spec::trum,' l.e: •.the 

radiation spectrum of an electron. after one act· of scattering is 

knqwn, one adds together bremsstrahlung spectra from the whole 

target with allowance for· electron scattering, absorption of 

radi.ation in. the target m_ateria_i_,· probability of photon emission 

at a given angle, ·electron energy losses, and absorption of 

electrons. 
In ref. [ 6) a formula was .obtained for calculation of thEc!, 

bremsstrahlung spectru~ from·~ thick target at different angl~s: · .. 

a2 y ( ) ~ • dcr [ · · ] dkdQ Te,k,w =L 11i (k,di'w) :=1 (Te,di) ~i dk (Te)i'k. Bi(w). 1 (1). 

i=l 
Here· . n is• the total riuinber of·. target'· 1'ayers, i _...: the. number' of the 

layer, 11· (T ,d. ,w) - the coefficient of photon absorpti.oh in the 
1 e 1 . 

target materia;L, r. (T , d.) - the electron •transmissi_on coefficient, 
. . . 1 e, 1·. . .· .• 

N. - the number of ·atoms per unit of cross· area. seen by the 

e~ectron in the i-th layer, ~~[<Te)i,k] - the'i•elementary" integral_ 

bremsstrahlung spectrum in the i-:th layer, k - the photon energy, w 

- the observation angle ~ith r~spect· to ·!he bei~ axis .• The qt1antity 

B.(w) is _the number of photons emitted in a solid.angle dQ in the 
1 ... . . ' " 

direction w from the i-th layer. It is determined by the formula: 

2n n 

Bi (w)=JJ ~![<Te) i'di,e!,e] ~[<Te) i'1;] sine de drp. (2) 

0 0 . .. 

where ~! [ (T~) i I di, e!, e] ; is the angular distribution of' electrons' 

in the i-th lay~~, .. dd~[(T ) . ,(] is the angular distribution of the 
. " e 1 • · 

' ' ·, ; 

,:elementary" spectrum, l;=arccos( cose.co~w + sine.sinw cosrp)., ·(3) 

en is the half-width of the Gaussian distribution for the elec-. 

trons incident on the target. The greatest difficulty_ in. the 

described ·calculational ~ethod i~ to include ~11 these factors a.s 

correctly as possible. For 'this· purpose,· we have used 

approximations deduced on the ·basis of different experimental 

data. 

II. 1. Mean energy of an electron in the {-th layer 

It ,is well •known that moving through matter electrons lose 

energy and change their directio-!1 of motion. On one hand; the 

energy losses can be due to ionization and radiation .effects. o_n 

the other hand the changes in the direction of the electron'motion 

are the result of collisions with the target atoms which in turn 

leads to further ":,1;)€X:1.ll' J as sos ees,uma e-£-,the longer trajectories. 

Otn.n:;l'l{'t:,il.ij RS:rEfJT I 
u~,-;wx ar::-.,r.atHstusQ . 
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Finally the mean kinetic energy of an electron in the i-th layer 

is determined by the formuia1_ 

(T ) = T - 6derr. (dT) 
e 1 e o dS Te 

(4) 

{T~) i = {Te) i-1 - Mic~-~-(~;) (Te) i-1 (i=2,3; ••• n) (5) 

where (~;)(Te)i are the mean energy losses of electrons per unit 

length, including the ionizing and radiative losses, viz.: 

(
dT) (dT) r • d • (dT) I 

O
n . 

dS (Te)i = dS (Te)i + dS (Te)i · ( 6 ) 

6d~rr. is the effective electron path in the i-th layer. 
l. . • 

The ionizing losses of_ energy for tungsten were determined by 

the formula: 

ton• 

(~;){Te)i 
O; 153536 (pZ/A) G [ (Te) i] 

/32 ' 
MeV/cm (7) 

where /3
2 

= 1-1/(l+i:i) 2
, ,:i = (Te)i/mc2

,_ mc2 = 0~5110034 MeV. 

The coef~ic __ ie~t G[(T ) ·]·for tungsten was determ_ ined in ref. (10]. . . e l. 

The radiative losses for thin tungsten layers can be descri-

bed by the formula: 

(~;J~;:;i = 3.4910-
3

(pZ
2
/A)[(Te)i + mc

2
] 1/J[(Te)i,z] MeV/cm (8) 

where the dimensionless functi6n 1/J [<T ) . , z] expresses the resi-. . . . e l. 

dual depend~nce of the losses on (Te)i and z. For Z from 1 to 100 

and electron energy from 3 Kev to 10 .GeV this function.is approxi

mated (with an error of'less than 1%) by the expression: 
4 

· . k · 4 · k 

¢[ (Te) i'.z]=<:11 [1 -\~/k (1n((Te) i)) } [1 \~/k (1n((Te) i)) ] (9) 

with the. coefficients ·d1 ,_ fk. and hk (k=l,2,3,4) calculated in 

ref. [11] •. 

The number of atoms per unit area seen by the electron in the 

i-th layer in units atoms/cin2 ,· is given by: 

N. = (N /A)p6d~'~ 110) 
23 · 

1
· -1 .a 1 

• · 
where N =6.022045 10 moll 1.s Avogadro's number, A 1.s the a . 
atomic weight of the atoms of the medium iii units g/moll and pis 

the density of the medium in units g/crn3
• ' 

. The ·effective path of an electron in each layer was 

determined as follows: 

where 

6derr. 
0 

M[i +_-1 __ ], 6d~rr. 
4 · -·c1-~:> 1 

4 . 

6d<l/cose>i (11) 

l 
'f'. 
J; 
! 
i· 

I~! 
',l'. 

:\ ,.,,,.._t ... 
I 

<1/cose>i 
nf [ • .. · )dF[. : '. ' -2 '] 

1/co~e de (Te)i,di;en,e e de_. 
0 . . . 

· The integral (12) is solved by.the method described 

11.2:, Elec~ron.transmission coefficient 

in ref. 

(12) 

(12]. 

The authors of· ref. [1,6] have -described the electron 

transmission coef·ficient by· a function which had· been· ·earlier 

introduced by Ebert·•et.al. in ref. _[13) for the experimental: data,, 

in. -the_ ener.gy, range 4-12· -MeV,.,. In our case _,we.· prefer to use the 

formula. given ·in. ref. [ 14 J.· .-It ·is more suitable· for: describing· the.·' 

experimental results. ·for electron :energies ,·ii KeV,-30 MeV« and• 

Z:=4:-82: 

_,: i.(Te' di) 

where 

[{ ~- ex~(-
1

S )
0

]){1 + exp[(S-J:2)(d/R) -'~]} 
· _., _ o _ - o , _ ·I ex _. - o . 

(13_) 

S = a exp[·~ a/cl+ a,:a~;J·,·•i; 
o ·t 2 · 3o, o 

2 •· b .. 
T /me , a·=b /Z 2·, 

e _I ~-: .~. 

. b 
a 2 ""b3 _z ,• ! R 

ex 
is the extrapolated path . of. the_ 

. - - :·1 '· ,' . 
e~e':trom;, _ai,.' bi 

( i=l, 2, 3, 4) are .. constants. 

11.3. Gamma quantum absorption coefficient 

Since the path of the emitted bremsstrahlung gamma quantum 

depe~ds on the angle w, we t9ok account of photo~·en~r,gy,absorpti-

on as in (6): '-

TJi (k,di!w) = e~p[. - µ(k) (D-,-dJ/cosw] , (14), 

where µ(k) is' the· photon absorption coefficient._ The relation µ(k) 

is given as a table in (15,16]. In practical cal~ulati~~-s the ·data 

from these tables were .approximated by.polynomials with.an accura~ 
'I • < 1 ' ~ '. 

cy better than 1%. 

II. 4. Energy and angular 'i:listribution c,,'r the "elementary'' spectrum 

U~fortunately r . the a~alytical f~rmula fa~ 'the ' 11 eleme~tai/11 

breinsst'rahlung spectrum can be derived only with s6nie · ass~mpt:'i~ns 
- ·- >..:. 

·which are not suitable however for the energy and angular range of 

int.er-est: Shiff (17) obt'ained' an integral cross ~~ctio-~. ~ith 

respect to photon emission angl°es: 

~[~Teli'~] ~:(~~zcz+.1><µ/k.){[ 1 ~ (c<>i1cTe!i

2 

.. , 

1

•> 
(2/3)·(c<>1l(Te>i)][1nM(O) + 1 - (2/b)arctg(b)] +> (c<l{/(T~rd 

X [ (2/btJ, ln(l+b2 )+( (4/3) (2-b2)/b3 )arctg(b)-;(~/3Vb2+2;;n ,• _ ,_. (;5)_',., 

''' ' . 5 . 



✓ . 

where 1 
M(O) [ µk/(2 (T:) i_<_Te> i)J2 + Jz1n1cJ2 (16) 

b = [(2z
1

/
3

(<)i(Te>i)tckµ] (17) 

a is the fine structure constant,· Z is the atomic number of the 

target material, r is the. classical electron radius, µ = mc2
, 

, 0 

(Te)i = (Te)i - k, C is a dimensionless constant~ 

· Generally speaking, the approximations used for derivation of 

the Shiff formula are valid only for (Te)i2:50 MeV, as pointed out 

, in · ref. [ 9, 18 J. However, the experiments on checking the 

bremsstrahlung spectrum showed good agreement with Shiff's results 

for lower electron energies ·as well [5]. Moreover, further 

calculations show that various approximations applied to the 

. "elementary" spectrum slightly change the shape of -the 

bremsstrahlung spectrum for thick targets, and the best agreement 

· 'with the experiment is obtained with .the Shiff .spectrum as an 

"elementary" one. 

To approximate the angular distribution of the "elementary" 

spectrum we used the re_sults of ref. [3] -where superposition of 

three Gaussian distributions was employed, providing better 

description of the experimental data: 

I
3 ak 

dcr k = -z 
·dn[<Te)i,] k=l Tl bk eb 

f;z. 

exp( - ----=z ), 
bk eb 

(18) 

· where 0~ = mc
2
/[<Te>i. + mc

2
] and the constants ak, _bk (k=l~2,3) 

are calculated in [3). 

II.5. Angular distribution of electrons 

Passing through.the target, electrons do not only lose.energy 

but also undergo multiple scattering. The angular distribution of 
dF [ . ·. c:-2. ] I • 

electrons_ de (T ).,d.,e_,e broadens and leads to a smaller . . . e 1 l. n I , 
electron penetration depth as compared to the true path of the 

particle. 

Measurements of the angular distributions · of the electrons 

passing through thin and thick targets [ 19-25 J show that in sniall .. 

penetration depths the mean square scattering angle increases 

almost linearly with the absorber thickness. In this region the 

angular distribution o't the electrons is described by a Gaussian. 
. . -2 

The dependence of the squared half-width e. on the target 

.thick~ess is give~ by formula: 

02 = e2 /ln2· e2 = 
e ~,uz ' el/Z 

which · describes the 

(2.Jlio~
0

Q - 3.45)X: Q 

experimental data [23-25) 
6 

(19) 

much better. The 

.

~-~--
;i 

,' 
·1 

\ 

.... -~\ 

i 

''( 
1·{ 

quantities n and X are defined'in ref. [26). 
. 7 

In depths larger· than 1/4-1/3 of their real path, the 

electrons reach the region of full diffusion d =f(T ,Z) [24) ___ f'.d. e 

where the angular distribution width practically does not increase 

because electrons quickly leave the beam after· large angle 

scattering. Unlike [ 1, 6 J, where the angular distribution· in this 

region was d~scribed by cos2e, the present. paper (taking into 

account the experimental data [19-25)). represents the angular 

distribution as a Gaussian with a half-width: 

0r.c1.=o:01 ± 0.02 rad • J20) 

II.6. Resultant formula 

Using_ the Gaussia11 angular distribution for electrons and 

. gamma-quanta, .one can analytically estimate the fraction of 

photons emitted per solid angle unit • in the direction w with 

respect to the incident beam axis (2): 

Bi (w) 

3 
J
2J f;z . e2 L !'k exp(- --=z)exp(- =z) eded~, 

k=l bkeb . 8 i 
00 

(21) 

where Ak 
ak 

{

02 + 02 
, d.<d 

e n 1 r.d. 
-z and e.= 

rr2
b 02 0~ 1 

k b 1 if + 02 , d. 2:d 
r.d. n l. r.d. 

If one assumes that all angles (3) are much ·smaller than a. 

radian (and in most cases it is so), then: 

·. and Bi (w) 

£;
2 = e 2 

+ w2 
- 20wcos~, 

3 

L 2rrAkexp(
k=l 

Tl 

b ~: l I 
k b 0 

exp(-c.e2 JI (f.eJede, 
l. 0 l. 

(22) 

(23) 

where ci [(0f +·b~0~)/bk0~0f]: fi = 2w/bk0~; I 0 is the modified 

Bessel function [27]. For convenience we extend the limits of 

integration with respect ·to e to infinity. because integral ,(23) 

quickly tends to zero at 0>15°,' and obtain the t:ormula: 

I
3 

a { z [ ] } B. (w) = (1/rr) k exp - _w_ 1 - 1 · (24) 
1 

· (b 0 2 + 0~) b 0 2 
( 1 + b (0~ l0~)) . · k=l k b 1. k b k .b' 1. • 

Taking.· into account ·(1) and (24), we obtain the following 

expression for the bremsstrahlung spectrum: 

:7 



d
2

Y [ 
dk~Q Te•~~~] 

n 

(1/rr)L ~i "i Ni 
''· i=l 

3 . _ak 
(dcr) '\ 

2 
-2 

dk i L. (b e -+ ei) . . k=l k b 

·:exp{-~ 
. . b 02 

. . . k.p 
[>,c [,+ bk:0~01) jl J(,SJ 

III: Discussion of results 

Unfor~unat~ly; there is much 

bremsstrahlung e~itted at non-zero 

less data on the spectr<:1-. of 

angles than for forward spectra. 
•• , < ,· ,. ,.,· '\ 

we··know only one work [28] .in the energy region_ of interest .(5-30 

MeV), with which we ca~ ,;o~pare -o~r ·resu:).ts. is ~an ~; ·~~en in 

Fig.i, _the calculation provid~~ quite ~ good· description ~f the 
. ' 0 0 - "' 

spectrum shape for angles o and 12 for a tungsten target 5. 8 

g/cm2 thick at an electron energy·of 9.66 Mev.···.·. 

Fig,3 shows our resultscompared'with the.ETRAN calculations 

"[29] f~r:a·tu11gsteri target ·6.219 g/crr.2' thick at ·an electro"n ~nergy 

of: 10 · MeV. The '.difference between the· calculations is' nOt m'ord 
. . .• ' 0'. . . ~ ' ' : ,· ' . . • -

than ;5-20% for angles other than O ,- ·which does ·not exceed the 

calculation accuracy v_arying within 10-15%-, 
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Fig.2. 

Spectra of bremsstra~lung_: 

-from 9."66 MeV electrons 6n a 
' 2 -· .' - 1: .,. . 

5.8_ g/cm tungsten radiator 

fo~ angles_· w=o0 and 12° from 

the present'calcUlations,(so

lid ,lines)-. _and from data of 

ref. [28]; 
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Fig.3.-

Spectra .of bremsstrahlung from 

l!) .MeV electrons on a ... 6.21~_., 

g/cm2 
W radiator for angles 

0 0 · · , 
w=2.5. and 7.5, from :the p_re-; 

. sent' calcu;atiOf\S . (sol_id lines) 

and from· .data:of· the computer'.

code .ETRAN [29]. 
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Spectra of bremsstrahlung 

from 25.0 MeV electrons on a 
. 2 

6. 8 g/cm tantalum radiator 

for angles w=l.7°and 5 •. 1°from· 

the present calculations (so·:' 

lid lines) and from data of 

ref. [30]. 
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Fig.5. 

Spectra of bremsstrahlung from 

10 MeV electrons on a 5.899 

g/cm2 Al radiator for angles 
. 0 0 
w=2.5. and 7.5 from the pre-

sent calculations (solid lines) 

and from data of the computer 

code ETRAN [29]. 

We have to point out that the _proposed method is _applicable 

not only for·· tungsten b~t also f;r radiators made of other_ 

materials. The comparison of our results with experimental data for 
2 . ' . 

a 6.8 g/cm thick· Ta target for_ electron energy 25 MeV and Monte-
. . 2 

Carlo calculations for Al target 5. 899 g/cm thick for energy of 

the electrons 10 MeV is shown in Fig. 4 and 5. The comparisons 

clearly d_emonstrate the usefulness of our method. 
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