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The a ppeara nce of t he i nc ommen surat e (I e ) s u pers t r uc tu r e 
is a r esul t of t he s t r uc t ura l pha se t r a n s iti o n in some c rys ta l 
s u bstances . Numero u s s t udi e s (r e f . / 11 a nd r e f e r e n c e s t he r e i n ) 
have proved t he e f f iciency a nd u s e f u lne s s o f the macn et ic - r e 
so nance t e chniq ue f o r t he i nv e sti gati o n o f s t r u c t u r a l l y I C sys 
tems. The use f ulness i s ba s ed on t he fnC"t t ha t t he NHR f r eque n 
cy distribu tion l ew ) r efl e c t s a spa ti a l vari at ion o f t he I C 
modu lat i on and i t s t empe r a ture evo l u t ion s. Howe ve r t o compa r e 
t he measured NMR data wi t h t he t he ore t ical p r e d ict i on s o ne ha s 
ha d t o u s e the a pprox i ma te e x pre s s io n [ or 1( w ) s o f a r ' I .:!.' • In 
t he cases whe re mo r e detailed i n forma ti on o n the ma gne t ic -reso
nanc e l ines ha pe is r e qu i r ed f o r t he c ompa r i s on o ne ha s had t o 
accompli s h a l e ng t hy nume r i c a l c a lcu l a t i on. To a vo i d t h is in 
fu t ure t he pre s e n t l e t t e r i s d e vo t ed t o a si mpl e de r ivat i o n 
o f t he a na ly t i ca l e xpr e s s i on f o r t he fre qu~ n c y dis t r ibu t i o n 
l (w ) . The ob t a i ned r e s u lt c a n be a ppl ied pra c t i c a l l y f o r t he 
who l e t c mpe r a t u r e i n t e r v a l whe r e t he I C p hase ex i s t s . Fu r t he r 
we wi ll no t t a ke i n t o a c coun t t he fi n i t e wi dt h of i ndi vidua l 
li ne s. Fo r t h i s r e as on t he fu nc t i on I (w ) ma y be cons i de r cd as 
a r e s ona nc e 1 i n-sha pe . 

Ou r co ns i d e r a t i on o f s t r uc t ura l l y Ie s ys tems i s ba s ed up on 
simp l c co nce p t s d ev e l ope c! by ~1cH i J I an ' :1' a nd Bak a nd Emer y 1 ,1 

Acco r d i ng to t he s e c o nce p ts t he spa t i a l IC modu l a t ion i s d e sc 
ri bed i n t l i « , ' 0 11:;[ , ' 11 1 .i rn p l i tud c . rp pr ox i mn t i on U. ( x ) = An) hy 
u s in g t he so l i t o n s o Lut i " n s o f t ho s i ne - Co rdon equ a t i on f o r 
t he pha s e :1I1 ,., l l· ,,b( x ) ~ 

dl!¢ ( X
 
PV s i ll p</, ( x' ) ~ I
0 

dx ~ 

111 - .1 

where p i s .1 :;r11a 1 J i n t e ge r numbe r P ?:: 2. a nd v - A 0 ~ The one 0 

so li ton so l u t i on n f e qua t i on ( I ) 0 s ( x - xo ) co r r e s pond s t o t h e 
cent ered .i t, x x n s i ng l e doma i n wa l l wilic h s e pa r a t e s t wo cora
rnen s u r a t ( C) c-g i o u s : one wit h <b_ = ~E_'( 1l-1 ) <1 nd t he o t he rc- r 

OJ p 
wi t h cb = '::"''!. . n ( II = 1.2 .. . . ) . A mo r e ge ne ral t yp e o f so Ju 

t p 
t i ons f u r t he s i ne- Go r do n e qu a t ion c a n be exp re ssed by e l lip 
t i r f unc t i on s . Hil t now we empha si ze on l y on e pro per ty o f thes e 
sol u tions La h v u s ed i n f u rt he r cons i de ra tio n . 

Na me l y , in t he "mul t i - s o l i t on" limit o f we ll s e pa r a t ed d o 
main wa lls the pha s e <b (x )i s a pprox i ma t e l y d e s c r ibed b y 

N 

<b(x) :: ~
~ 

ths( x- x o - nPs) ' ( 2 ) 
11= I . 

1 

.-'
 



wh e r e A i s the ,·on stant wh i c h i s re l a ted t o f s throu gh equa
t io n (3) . Nnw u s in g e qu a t i on (8 ) the exp r e ss ion fo r l ( ~)may beHe r e f is the i nter s o l i t on s pac ing Hh i c h i s d e t e rm ined as s wr i t t en a s 

2 K ( 1Iv' 1 + ~2 ) r-: es = - - ---::;-_===_=_ • ,3 ) 
. pv Il 2 yl + ~2 

wh e r e K (k ) i s the c omp l ete e ll ip t ic i n tegral of the fi r st k i nd 

Hi th t he p a r amet e r k = 1 / v' 1 + ~2 • a nd ~ i s t he c on s t a n t o f i n 
te grat i on ( se e , f o r e x amp le , r e f . / S/ 

) . If t h e temp e ratu re-depe n 
d ent spa c in g f b e c ome s comp a r a b l e wi t h the s o l i t o n wi dth th es
 
r e pres en t a t i o n o f ~ ( x ) by means of (2 ) i s a l rea d y i n c orr e c t .
 
Howev e r t h e fo l lowing p r op e r t y ho l ds good : t he i n c r e ase o f
 
t h e va ri ab l e x by t h e v a l u e t c a u s es t h e i ncrea s e o f ~ ( x ) by
s
 
277 / p ,i . e . ,
 

~ ( x d ) = ~ ( x ) + -~ . (4 ) 
s p 

I n t h e e v a l u a t i on o f the l ine s hape we c o n f i n e o u r s e lve s t o 
th e s i mpl e s t l i ne ar d e p e nd enc e o f t h e r e son a nce f req u e ncy 
o n the nucl e a r d i s plac eme n t s II = Ao cos [ ~ ( x ) t-~ o] r e p re s e n ted i n 
t he con t i nu um l i mi t 

w (x) = w 0 + W t cos [c!> (x) + ~ 0 ] • (5 ) 

where ebo( O$ eb o< 2 " ) i s a n i n it ia l p hase wh i.c h i s d etermi n ed by 
a p ositi on i n th e u n i t c e ll of t h e nucl e u s u nd e r inve s t i ga tion. 
Th e li n e s ha p e le w) i s defi n e d as t he Fou r ie r transform of the 
auto correl a ti on f unct ion G ( t)= < exp[ - i(v ( x )t ]> (s e e r e L / 6/ ) : 

+ou 
1 i W I 

I (w )= -~ r dt e <exp [ - i (<J ( x ) t l> , ( 6 ) 

Hhere the b r a c k e t s r ep r esen t t he s pa tia l a v e r a g i n g over t h e s y s 
t em wi t h the l eng t h L . On c hanging the s e qu e n c e of o p e r at ions 
i n equ a t i.o n (6 ) a nd making u s e of t he B -fu nct ion p r op e r t y , we 
ge t 

I( 6) ) =__1__ rL dx 1 0 ( x - x ( ) 1 , (7) 
w t L o ( . I sin [eb ( x) + eb 0 ] , d cb (x ) / dx ] 

whe r e x ( = x ~ « (;) ) a r e t he s o lu t ions o f th e e qu a t i on 

cos [ eb ( x ) + ~ 0 ] = (,i , (8) 

wi t h w= «.<) - U)o ) / w ,To ev a l u a te ( 7) we int e g rate the si n e -Go r don 
1

e qu a t i o n ( 1) at f i rs t a nd g e t 

debi!_)_= j: 2 v 1' 2 \/ 1\2 ~~~-1~ 2 ~ eP·(-;)-.- ( 9 )
dx 

2 

1 
- 1 1 r x' 1 

I(w ) = - - ---- -- • - ----- - - - • dx -e. o(x - x( ) -=====:.-====--=--- .(J0) 
? t.v 1/ 2 V-l-~-:'2 0 ~ ,. w . \ W v' ~2 -I- s in 2 ~. cb (x ) •

1 

Le t u s f urt h er r e \Vrite e q ua t i on (8 ) I n t h e e quiva lent form 

I cb ( x ± ) = .t arccos (;j t- 2 n n - <!J 0 ' ( I 1)
II 

w i t h Il = 0 , + 1 , +2 , .. . . Fo r ma l l y , to e v a l u a t e ( 10) we should 
f i nd t h e s e t s o r-so l ution s I x : t and l x~ I fr om e qu a t i o n ( 11) a nd 
s ub s t it u t e t h em i n t o e qu a t i o n ( 10) . Howeve r it i s s u f f i c i e n t on l y 
t o c oun t a l l o f th em; 

To be conv i n c ed o f tha t the f oll owi n g pr ope r t i e s o f e qu a t i on s 
(9) -( 11) must he no ted and u s e d: 

( i ) As i t f o llows [ r om e qu a t i o n ( 9 ) the ph a s e cb(x) is the 
mono t o n ic fu n c t ion o f x ; t h e re f o re [or a n y II a nd a c e r t ai n 
cho i ce o f "+" s i gn t he e qua t i o n ( 11) has not mo r e t h a n o n e so 
l u t ion ; - _ 

' i i) Th e e x p r e s s i on \/ /12 \. s in 2 ~ eb( X~I) d epe nd s only o n the 
c ho i c e the s i gn "+" but not o n n , as c a n b e prov ed by di r e c t 
sub stitutio n of eq u a t i o n (1 1) i n t o (9) ; 

( i i i ) Exc l uding t he s i ngu lar poin t w = UJ o one f i nd s t ha t 
x;,f x; f or any nand n", 

Ta king i nt o accou n t ( i ) - ( i i i ) we o b r a i n fr om ( 11) t h e i n t e r 
me d i at e r e sul t 

1 1 I 1 . ,.
I ( w) = - -- - - - - - • - - - ----- - .- ---------- . 

1 
/2 

o 2 I -» . ' .J. ) 12 w 1 Lv V l- .;)2 vl\- t- sin p / ~ ( arcCOs U) -- ....o J ( 12) 

1 
x L ~ - ---- -- -- - ---- -.--- - - - -  L II. _._ - - - - - _ ._ - - -- -- 

1<, 1 v' 1\2, si n:! [ ~ ( arccos w+ cb )1 I x ~l
 o2 

To de t e r min e t ile l im its o f su mma t ion s i n ( 12 ) we no t e t ha t e qua 
tion ( 1 1) 11 :15 s o lu t i o n s a s f a r a s t h e f o llo wi n g c o nd i t i on is s a 
t i sf i ed 

eb (0) :s: ± arccos C:, I ~ " II - ~ 0 :::. eb (L ) • ( I 

whe r e eb CO) a nd rp (L )a r e ph a s e v alu e s a t t h e l e f t a nd th e r i gh t 
e nd o f th e sys t e m, r esp e c tiv e l y . I n v i ew o f t he r c l.a t i on (4 ) 
i t is eas y to see Irom ( 13 ) t h a t s umma t i on s in ( 12 ) s ho u l d h e 
exe c u t ed over :111 II r es t r i c ted by t he l i mit s 

eb(O) 1 J
[ - -- - 1< n < r-_.. - ' 

2" - - P f s 

r/>( O) 
~ ----]

2 11 
( 14 ) 

3 



where [ y 1 means t he i n t e ge r 
compared t o 111" LI Ps (» f )ar e 

P-I 

I (w )= - - - -
' S 

- - - - - -- - I 
2 wl vI/ 2p v l _ ~2 v = 1 1 

pa r t o f y and smal l c on t r ibut i o ns 
n e gl e cted. F i na l l y we ob t ai n 

• , 15 ) 
V I\l!. t sinl!. l:.	 (arccos w+ 1 ' ~O) 1

2 

whe r e t h e int cr s o li ton s pa c i ng t is given by e q ua t i o n (3).s 
Now it would be desirabl e to compare the obta ined e x p r e s 

s ion ( 15 ) wi t h t he a pp r ox i mate [ a nnu l a r for I(w)u s ed s o far / l ,2 

Previously, o n t he ba s i s o f t he a ppr ox i ma te f o r mu l a r one might 
o n l y p r ed i c t t he mos t gen e ra l f e a t u r e s o f t he lines hape. Now 
equat i on ( 15 ) may giv e u s n o t on ly the same featur e s, bu t a l s o 
the d e ta il e d i nforma t i on o n the li neshape without a rather 
compl i c a t e d nu mer i c a l c a lcul a t i on . Furt hermore, the ex pressi on 
(15 ) wi t h e q u a t i o n ( 3 ) g i ve s u s more co r r e c t depend ence o f t he 
l i ne sha pe o n t he s o l i t o n d e n s it y (o r , e q ua l l y , o n t. ). Th i s 
d e nsity i s be l i ev e d t o be t he o r de r - pa r a mete r f or the IC-C phase 
tra nsition. 

I n c o nc l usi o n we s hou l d 
on t he' long- r ;\ ng e ord e r f o r 
s ys tem i s no t ne c e s sa r y fo r 
ta ine d ~ 15 ). Ac tu a l l y , 0 1H' 

l on g-ran ge o rd e r i s b rok e'n 
f or ox a rnp l o ) , hu t t h« fo rm 

' 

li k e 
the 
the 

may 
(hy 

t o no t e that t he s ug ge s t i o n 
so l itons arrangemen t i n t he 
v a lidi t y o f t he e x p r e s s i o n ob

i ma g i ne t h e: situa t ion wh e r e t h e 
~ Ro lito n s p innning on d e fec ts , 

o f doma i n wa l l s i s not af f e c t e d i n 
th e wh o l e . lt is L ; I ~;y to so c tha t a new f u n c t i on cf> (x) p r e s e r v ed 
t he p r o p e r t i c s u s r d n bo ve , liene e t h» r e l a t i on (15) i n r ha r c a s e 
r ema i ns va l i d, t.o o , l lowov e r t he quan ti t y f i s now no t ~~ i ven bys 
e qua tion (3 ), hil t s hou l d b e c o ns i d e red a s a n ad j u st abl e pa rrr 
me t e r co r r us pon d i ng to :1 menu d i s tanc e be t wc e n t wo ne i g h bou r i ng 
d oma in wal ls. 

The author w i s he s t o t ha n k Dr. I. P. Alek s a nd rova fo r he l p 

f u l d i s c u s si o ns .m d Dr. '.' . L. i\k s e nov f or r e ndi n g t he rnan u s c>

r i p t .
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On th e Hagnl'tic-Re Hollo1nce Lilleshape In Incommcn s u r a t e 

Systems in t h e tlul ti-Sol i t on Limit 

An analytical expres sion fo r t he NHR f r e qu e nc y distrihu
t i on I(w)is d erived ill s t r u c t u r a l l y i ncornrnon s u r a t e sys t ems 
by u s i ng general properti e s of t he sine-Gordon equa t i o n I o r 
the phase angle cf>(x) of the modulation \...ave. The obr a i ned 
f ormula is val id f o r a rb i t r a r y values of th e so l i t.nn dun s i ty 
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