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1. Introduction 

Usually, the resolving power of the physical device is defined by the width at half 
maximum of its spread function ... ,For physical deviee with nonsymmetriCal spread 
function we must tak~ into consideration the second factor - the degree of the non
symmetricity of the given spread function. 

In this paper we cJnsider the resolving power of the physical device with nonsym-: 
metrical spread function. ·Th~ quality-of such physical devices we analyze in term of 
the Fourier Transformation approach [1,2]; 1 Aceording to this approach the quality of 
the physical device is defined exhaustively by the Fourier Transform .(FT) sp~ct~um of 
its spread function. This approach has been used for analyze of spectral information 
in the nuclear physics in [3]. i ; , ; , • : , , 

It is shown that physical device with nonsymmetrical spread function has higher 
resolving power than physi~aldevice with symmetriqtl spread function with the same 
halfwidth. We have calculated the dependence of the resolving power versus relative_ 
noise level e, from e = 1, to e = 10-3 , and for different ratio " = uL/ UR, from r;, = 1 to 
"= oo, where ULand UR are the left and the right halfwidths of the nonsymmetrical 
spread functions. The factor of merits of the. physi'cai device with nonsymmetrical 
sp~ead function increases with the experiment qualityJ/e and with ratio fi. = uL{UR· 

The plots of the resolving po~er ~~·liinit;d by the curve at r;, = oo. The calculations 
were made for gaussian and for lorentzian spread functions. . · 

2. Fourier Transformati~n appr'oach 

The Fourier Transformat'ion, :F~ is the t~ansiti~u f;om the initial function f(x) to 
its Fourier TransformF(w):·••. . 

• ~ < •• • ,;; 

JCx) ~ ;(w) = j,I(x)f!xp(-iwx)d~, .. • (1) 
' ; : ~ •• , ' ·~::. 0 • : • ~ :~ • : ' < • ' ; : 

w is the frequency. The inverse Fourier Transformation, :F~.I, from the Fourier Trans-
form F(w), to the initialfunction f(x) is defined as .. 

F(w) !::!.,J(w) 
1
=. j I:'((<])e,xp(iwx)dw. 

The Fourier Transformation (1) ,q.~ be written_as the sum of two partial FT's: 
.,,,· z - -

where 

•• J ~ 

F(w) = Fco.(w) + iFsin(w) 

Fcos = f f(x)cos(wx)dx; ,.,} 

Fsin : 7" f /(x) sin( -'wx )d; .', , 

o-ul:;i!t"i ... B l~ryi' I 
UI!Jt9Wl _ Htc.l!e,l;l~lilSil· . 

. SWiSllt!OT~KA ' . ./' .............. ~ -....,_ 

(2) 

(3) 

,(4). 



In general case the initial function f(x) can be written as the sum ()f the even 

functio~ F+(x) and the odd function f-(x): 

where 

It i~evide~t ~hat , 
·,; 

,\;" 
·n'. L,-.· 

or· 

a:nd. 

!(~)·.= j-t:(x) ~Jo:(x),,, , __ 

Ji:(x) = :ty~+x~+f~:-:-x~]'; ·}' 

:f-(x) = • Hf(+x) ~ J(-x)).' · 

:;; :::;:;:;~ .. : ::J 
-·-: :' :: -~ . : 7 .. ~ ;·' ·',. 

>o 

•. ·•.: 

" 

':,1: 

ft{f+(x)} · :: ·' Fc~(t:,)' ;'}'' ·" · ·· 
: • . , . ··~- . . ;. ,; 1<> ;.;:: ;;! ·: , );~···. 

i"{/-(x)}; ,= .J.i~(w/; ;i,; 
. "\ , . _,,.;:;::.~_.[~.! ,_,·~-;·)•!:;!!i "~-: .. ~;~--):t.;)<l·· ;1; 

. .. "' 
.),·1--j,--

_, . z(5) 

(6) 

~'. '! ~ ~' 

,· .. -- (7) 

•.t: ._,; ; :·:. 

·' (8) 
•, 

.;•; . 

.;... . .... '. . . " .. (9) j"-l{Fcos(w)} '~"J~(x) '· }·; ... ,·· .. 

!"'''· · j"-){F~m(w)}, ~-;:=:~ /~(x) ··. :•,; .... .. . . '·•; ·.; 
An example of the symin~trical (left) and. of th~ non~ymmetrical (right) spread. 

functions h(x) are shown iii Fig.· 1 for two different physical devices. As. well be 
explained later, the resolving power, of ·these two·•physical. devices are principally 
different even for the same halfwidths of th~ir spr~ad functions. 
-•: The·FT of the gaussian~ ,. ·" · 1' •· ·• :d -: · •. 

•Jj :t: iJl 

g( x) = exp( -x2 /2u2
) , 

. '. \ l, •...• _ .• _·- \ . ,· ,.-, _-

where u is the parameter of the gaus'siari,is equal to''' 

(10) 

• ~ ": ."} ; 1 . ! ; ; • • : . ' { . . : ..,. • . -. . • ' . ' ~ ; ' ·· ·» F
9
.(w) ·=·exp(-w2 /2S12L' 

,. . :(il) 

with 
~ . ' .. 

flu= 1. '(12) 

. · As an illustration of the'reatiori·,-eq. · (12), ~e present three different gaussian g;(x) 
( i. = ·1, 2, 3) and corresponding three FT's in the logarithmical scale (Fig. 2). T}:e 

. sequence of the direct and. inverse' Fourier Tr,ansformations are shown in Fig. 3: Fig. 

\ 
\ 

3a --' tlie• initial·gaussian, Fig. · 3b .and.' Fig:: 3c .:._~partial FT's ·Fcos:and :Fsk:" For 
symmetrical initialfunctiori we have· Fsin.= 0.: The. partial FT.,F cos' is presented .in the 
logarithmic scale in Fig. 3d. The inverse FT of the Fcos is given in Fig. 3e as even g+ 
function. The odd g- function is equal:to 'zero:(Fig; 3f). Tlie,~nitial function g,;(x) 
is presented in Fig. 3g. ·H;i•·,l·,u·; .,.,,. .... n-":·d;; '· 

3. Physical device with ·~b ·.; ·.;~: :... · ., , ~ :I 

nonsymmetrical gaussian·.: spread' function "'--.:~ ,·;..~3~ 

.. ; ~ ~ ' . v ~ ,,, , 

The sequence of the direct and inverse Fourier Transformations of the nonsym- . 
metrical gaussian 9A(x) are given in Fig .• 4, where>. 

"<"· "' 

.. '{ ( 2/2 2) . . 0 : l . exp :-:-X uL ::x.<· , ,_,}·.:; 
' ',:, •y:·. 9A(x)= + :: ... · ·.::: ·· .:" ·· · 

. j ". 2 2 . .. ·•. · : .,,.,, .,; , r;; ·.~xp(-x f2uR) ;. ,x > 0· .. : ·· : · 

.. :(13) 

Th~ initiar'nonsymin'etfic~ 'gaussi~ri. is' gi~eri i in.'Fig'.'A.i.. i The pcittial FT'~. Fcbs and 
Fsin• are given in Fig. 4b and Fig. 4c in the linear scale, and in Fig. 4d and Fig: 4e 
~in the logarithmical scale. The even part .of the n~nsymmetrical gaussian g+( x) is 
pre~~nted in Fig. 4f, and the od.d pa~t one 1g..::(x) inlFig. 4g. The sum 

"' ·. ~, ', ~·;. ·r , • 'J; g.4(x) :;=' gt(x);+ g-(x) 
.;~): ._, !11 

.• '.(14) 

is shown in Fig. 4h. ;:·:• .". ::nl!"<· :')I· 

The computer simulation of the resolving power. problem has been performed with 
the array of six different nonsymmetrical gaussian presented in Fig. 5 for different 
K. = 'uL/ UR. The complete FT, IFI, and the partial FT ;: F'sin• are given in Fig. 6 for 
first three gaussians (a, b, c) 'lmd in Fjg. 7 for' last three gaussian~ (d, e, f). 

From Figs 6 and 7 we seethat.the partial FT, Fsin,.haswings in the region of the 
, . "' ~ !, ,,,.,, ,. \ 1·. · ' · ' •• :-:· .,'· · '· l': "''''•' t !/1_<1; r t·-• 1 ~-~ ·~·~ • 

middl~ frequencies w and that Fsin maximimi increases 'with' ratio'~- ,; UL/ UR:' Both. 
~ ,.,.. •• -~,, '5.- "··'. 'II • < •• ' ••• ' ••• }._ ••• ~ ~ ••• __ '. " ,. • • • -~,' 

f~cto~s i~cr<;~~ th~. int~~si ~y .~f the' COIDP,l~te v~ .. I F. I' ~n t~e: F~~i~n, :O.t ~~e}~i1~le ,ari,4; '· 
high f~{!quent;~e~. !':' and 1t~,us, ~n~re.as~ t~e . .r~s<_>~,Y,I~KP?~~r;;()f ~~~ p~y~I,C,~l ,deY,l~e. · ,,; 

The results of.the computer. simul11-tion are. presented in Fig .. 8. TheFT spectrum 
,, , , ''·• ,.,,,,,.,,.,.,~~ ..0 -"~, • '• > : '' , ,,,, '.i <'': '' 'Oj ~- '.t f' ,t'l,.j > ''! •" ',. ~' ; 

widthT is plotted·versus,the experiment. quality)/€ for :syininetiic(l,l gaussian' (:S), 
for si~ non~y~~~t~ic<{ga~s-~i~n.s 1(~); c? ~.:e, J)'.~nqfo~ 'c~Ui~l~~~}y'Mn~f§m~tiic:<t~ 
gaussian (hm) with K. = oo. ., 1,, .•.• T' ,.n 1 ,,::. 1.,- .. : , 

We see that at low values of the experiment quality'1/i the difference between all 
these 8 curves is practically absent.', This can be explained by very high noise level, 
when the noise does not allow e~~n'to e~tabii~h .th~;fact, which form, symmetrical or 
nonsymmetrical, has the spread function of the physical device. -·~'·i .:u • ci i~~ ": 

The,'diff~rence b~tweeii physical.devices i;·getting pi:on6iiriced only for-theexper
irne~t\iua~iiy,' 1/c.'~~, 3!: AH 'p(Js'siple''FT 'spe~trum1 ~idt~T· i~~ restricted froin above 
by th~. dirve' "lim" i, which corresponds 'to'completely ~onsyuimetricill gaussian with 
"' = oo. Th~ f~dbr of';nerits' ofthe'physie..J d~~ice ~ith' nohsyrrimetric~ gaussiari 
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spread function over the physical device with symmetrical spread function is, equal 
to 3.16:1 fore = 1/20 and K. = 12.06, and is equal to 2.05:1 fore = w-~ and K. = 3.508. 

4. Physical device,with nonsymmetrical 
lorentzian spread function 'i 

Now we consider resolving power of the physical device with nonsymmetrical 
lorentzian spread function. In Fig. 9 we show at first: the sequence of: the direct 
and inverse Fourier Transformations of the symmetricallorentzian J.(x): 

' ~ ~ 

1 
J.(x)= x2+u2 ' I ' i , ~' {15) 

where u is the parameter (Fig. 9a). The partial FT's, Fcos and F.;n, are shown in 
Fig. 9b and Fig. 9c. The partial FT, Fcos, in the logarithmic scale presented in Fig. 
9d, has remarkable linear dependence versus frequency w. The even part J+ and the 
odd part f~ = Oof.the initial symmetricallorentzian are shown .in Fig. 9eand Fig. 
9[ Thesum · 

J.(x) = j+(x) + r(x) (16) .. 

is given in Fig. 9g. 
in Fig. 10 we show the sequence of the direct and inverse Fourier Transformations 

of the nonsymmetricallorentzian fA(x): 

/ . {,. ::r.::;T+l . 
1 

X'< 0 1 
,, ' X tTL , .i ., 

!A(x) = -
a2 1 , 

-. . (=-f)~+ 2 i ·X> 0 • 
tTL :r tTR 1 ' 

(17) ' 

'.The initial non~ymmetricallorentzian for" 'd' u£/uR =.3.5 is shown in Fig. lOa. 
The Partial FT's, Fcos . and F.in~ off l ( x) are presented in 'Fig.· 1 Ob and Fig. lOc. 
Now the dependen~e In IFcosl; presented in Fig~ IOd; has' complex structure. There 
is a n~rro~part with quasilinear dependence-at low frequencyw with ~lope which is 
defined by, the O"L. At very high frequency w we observe 'the quasilillear depend~nce 
with slope, defined by- the uR. The plot' IFsinl has deep minima {Fig. 10e). The even 
part !1 and the odd part J; of the initial nonsynimetricall~rentzian are shown in: 
Fig: 10f and Fig. lOg. The sum 

!A(x) = f!(x) + fA(x), (18) 

is given in Fig. 10h. 
.The computer simulation of the resolving power problem has been perforiiied with 

array of six different nonsymmetrical lorentzia~s presented in Fig. 11 for different 
K. = u£/uR. The complete FT, !PI, and the partial FT, Fsin aregiven in Fig: 12 for 
first three lorentzians (a, b, c), and in Fig. 13for l~t three lo~entzi~n·~ (d, e, f). · 
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Fig .. 2. Symmetrical gaussian spread functions g(x) (i = 1,2,3), and their Fourier 
Transforms in the lo'garithmic scale ln jF(w)l i = 1, 2, 3. . 
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Fig. 4. Sequence of the direct and of the inverse Fourier Transformations of the 
nonsymmetrical gaussian spread function YA(x): a) the given nonsymmetrical spread 
function YA(x); b) the partial FT, Fcos, of the nonsymmetrical gaussian Ya(x); c) the 
partial FT; F.;;., of the YA(x); d) lniFcosl; e) lnlFsinl; f) inverse'FT of the Fcos, Y!(x); 
g) inverse FT of the Fsin, g;(x); h) the sum of the g!(x) and g.4(x) which is equal to 
the initial nonsy~metrical gaussian YA(x). 
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Fig. 9. Sequency of the direct and of the inverse Fourier Transformations of the 
symmetricallorentzian sprea,d function /.(x): a) the gh:en sym~etrical spread func
tion J.(x); b) the partial FT, Fco•• ofthe symmetricallorentzian J.(x); c) the partial 
FT, F.;n; d) In IFcosli e) inverse FT of tlte partial FT,·Fco•• t:(x); f) inverse FTof 
the partial FT, Fsin, J;(x); g) the sum of the t:(x)and J;(x) which is equal to t~e 
initial symmetricallorentzian J.(x). · ·· 

13 



fA(x)- Fcos 

O.OB f Jl . I 0004 f. A I . . )' - . . . . b)' 
0:06 ° .· . ' 0.003 
o:o4 _ .. . ·· · : · · o.oo2 . 
o:o2 • :---! ---C ·.- ... •• '· ·_. 0.001;: ····• . . . 

0 I' •·'•' •I .: 0~'''~'''' 1 
-50 0 50 -4 -2 0 2 4 

· x- w 
F .. : ... -----· 

"'" Ln I F~o• I 

_:::rr L.·. ,:1:;, .. c~·,l ;~~-:~I 10 . ·-
-4. -2 0 2 4 -4 -2 0 2 4 

w 
, Ln I·F;;.;·I f+ w 

.~-Jl ru -r :-4 1 - e) ' 

:~:5 o~c 
~: -4 -2 0 2 4 

'.(' 

f- w 

0.6 

0.4 

0.2 

0 
L- .. 1. ~)I 

-50 0 50 

. f;.(x) · 
X 

o .• ~ 4 g) I ~~~l 1· h) I 0 ·. 'u0.04 . 
-0.1~- ·- ... · · · o.oi' · -~. ·.·: -' · -c 

; 1- I I I I I I I I 0 1"1 I I 1° I I I I I 

-50 0 50 C-50 0 50 
X X 

:,> - ~ • < )! i ": 

Figt'i io> Sequence-of the·· direct 1an'd of the iii~erse· Fourier Tr~n~foiriiatioiis 'of the 
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Fig. 11. The array of thediff~rent nonsyrrimetriciifiorentzianspread functions, tised 
in the computer simulation, with following parameters: 

~ ., .. , --
·a::. 'b c •. .. •d' .•. ' . e f ., .. .. __:'__ 

0'£ 3.5·' ,.4.28 '5.08'· 5.35- .5.45 5.48 
G'R 2.0 1.22 0.42 0.15 0.05 0.02 
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Fig. 12. The complete FT, IFI, and the partial FT, Fsin, of the nonsymmetrical 
lore~t.zi~n spread functi~?s, sh~wn in .Fig. ,11, for fir~t th.re~;Par.am~t~r: 

.·'I '.•.>i ' ~ 

a b c 
i UL ... '3.5 4.28 .. 5.08 
UR 2.0 ";1.22 0.42; 

:; ! 

.16 

Fig. 13. The complete FT, IFI, and the partial FT, Fsino of the nonsymmetrical 
lorentzian spread functions, shown in Fig. 11, for last three parameters: 

d , ·e f 
UL . 5.35 '5.45 5.48 

~R 0.15 0.05 0.02 
-
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Fig. 14. Plots,of theFT spectrum width r versus the experiment quality 1/c for 
differeitt K = aL/un ()f the nor'!symmetticallorentzian spre,(l,dfunction: 
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The gene~al behaviour of the paitial·FT, F,;~, (Figs 12 and 13) in 'the case of the 
lorentzians is the same as in the case of the gaussian (see Figs 6 and 7) .. The partial 
FT, F.;n, has wings in the middle frequencies w and Fsin maximum increases with 
ratio K =a£/ an. Both factors increase the intensity of the complete FT, IFI, in the 
region of the middle and high frequencies w, and thus increase the resolving pow(!r of 
the physicald~vlce.'· · = • · • ' • · · · • • · · • • •· ·· · .·' < , ·· · , ·. ·. 

The results of the computer sim1,1lation are l~iv~n in Fi{,J4. The FT. spe~trum 
width f)s plotted versus the experiment quality 1/t: for sy~metricallon!ntzian (s), 
for six n'onsymmetricallor~ntzians {a, b, ~. d, e, f) and' for complete!Y:n'o'nsymmetrical 
lorentzian (lim) with K. ::::: oo. . . · 

We see that at lo)V values of the experiment quality:l/c the difference between all 
these 8 ~urve~· is .. practic~lly absent. The difference between physical devices is get
ting pronounced only for the experiment quality 1/c ~ 3.5. All possible FT spectrum 
widths rare restricted from above,by.the curve "lim", which:corre'sp(mds to'com
pletely ~onsyill~~t~icallorentzia~ with K =· oo. Tl1efactor of merits of the physical 
devicewith nonsymmetrical lorentzian spread function over the_ physical device with 
symmctricalspread function is 'equal to 1.68:1 for c' = 1/20 and-li = 12.096 ~nd is 
equal to 1.6:1 for c = IQ-2 and K. = 3.508. 

5. Conclusion 

1. We have considered the resolving power of the physical device with nonsym
metrical spread function. 

2. The quality of the physical device versus parameters of its nonsymmetrical 
· spread function have been analyzed in term of the Fourier Transformation ap-
proach. · 

. . . . ' 

3. The ~ompute:rsimulatioit of the resolving p'ower problem has been perfo~~ed 
for two typical da:ssesiofthe spread functions: gaussian and lorentzian. 

4. It is show'n that physical de~ice with nonsymmetrical spread function demon
strates higher resolving power than the physical device with symmetrical spread 
function at the same total halfwidth. 

5. It is shown that factor 'of merits of the physical device with nonsymmetrical 
spread function is the monotonic increasing function of K = aifa)R, where aL 
and an are the left and the right halfwidths of the left and of right parts of the 
given spread function, with limiting value at'K=.oo. 

'· ' ~ . 

6. From two plots, one for gaussian· and another for lorcntzian, we may conclude. 
that factor of merits of the physical device with nonsymmetrical gaussian is 
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higher than that of the physical device with nonsymmetricallorentzian at the 
same experiment quality 1/e and at ratio K. = u£/un. 

' -~ ·' - < • • • { 
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