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Recently 111, we described а new electron-spectrorneter corn
prising а slowing down integral device put in series with а 
douЬle cylindrical rnirror analyzer. Ву а proper cnoice of 
analyzing voltages, the latter can operate at low energies, 
where the non-relativistic forrnulation is applicaЬle. 

Several types of electrostatic spectrometers have been 
described. The references to sorne of thern are given in (2), 
while in (3) one rnay find а rnore cornplete review. 

Here we present the analytical study of sirnple or douЬle 
cylindrical-rnirror analyzers. 

The geornetry is schernatically given in fig. 1, together with 
the definition of the syrnbols which enter in the calculations. 

in the region between the two cylinders of radii R 1 and R2 
at the potentials v1 and v 2 the electrostatic field & varies 
as r -1 • 

The variaЬles а and ~ are respectivel y the radial and azi
rnuthal angles which define the trajectory of а ·particle of 
rnass m and charge q. 

А point of the trajectory is defined Ьу the coordinates r 
and z, and the equation of the trajectory is: 

(К cos~coSa) 2 (d2r/ dz 2 ) + (2r)- 1 - (KR 1 sin~) 
2 r-З = 0 , ( 1) 

where К is а dirnensionless pararneter defined Ьу: 

К 2 
= (qu) - 1 Е а log(R2/ R1 ) 

Еа is the energy when r = R 1 ; u = V 2 - V 1 is the analyzing 
voltage. In order to solve this equation, we use the auxiliary 
vari aЬl e : ф =К cos~coSa (dr/ dz) whose value for r = R 1 is: 

ф0 = К cos~sina. 

А new variaЬle can Ье introduced: 

Ф 2 = ф 2 +(К sin~) 2 = К2 (1- cos 2 ~ cos 2а). 
о о 

For srnall ~ angles we obtain the following equations: 

r/ R 1 = 11-(К sin~) 2 exp[-2(Ф~ -ф 2 ))!ехр(ФЪ-Ф 2 ), 
(2) 

z/ R 1 = (К cos~ COSa )(а + Ь) ехр (Ф ~ ), 

© Объединенный институт ядерных исследов аний 

.,.~ ...... t ,....._ . ........ - •• -~ .... .. . А....--.~ _ . . 
i ~·~)~- · t•: :."iiJ .. lЙ ;~:~ ~f. : ::.~'l ~~: 
1 8 !1/t~J.:-- - ' .. - . . . •. " ] ''. 1 

дубнf , --..~~~~-:.:J ., ~- ~~ ·- ..:! ·':~ ! ''~}JЬ1.:: -~ .~ 

v Б: '~-J I1< ... YГ:h .. , ________ _ 



'N 

2 

О' 
d" 

11 

"' ~ 
(~ 

11 

..J 

1 • 

ьо . .-. 
~ 

where 

!1. = ..; ;-erfф, 
n 

Ь = 2(К Bin/3) 2 ехр (-2Ф ~) I 
о 

ф2n+ 1 

n 1 (2n + 1) 

The maximum distance of the trajectory of the axis is given Ьу: 

. 2 2 ] 2 Rм/R 1 = [ 1 - (К вш/3) ехр (-2Ф0 ) ехр (Ф 0 ). 

Now, let 81 Ье а point of the first straight part 81 1 of the 
trajectory, characterised Ьу /3,а and pJ, whose proiection on 
the initial (r,z) plane for (} = О is Р1 (а,р 1 ). and let us consi
der any point 82 (/3, а, р2 ) of the second straight path J82 , whose 
projectionon the (r,z) plane for 0=8 0 is Р2 (а,р 2 ). 

One may find the correspondence: 

81 (/3, а, р 1) < (/3,а,р) > 82(/3, а, р2) 

which involves а new dimensionless parameter р defined as 
follows: 

-1 < р = (р + р ) /ЗR < + 1 
- 1 2 1 - with IP1 1 and IP2 1 ~ R 1 • 

The projection L on the Oz axis of the traiectorv 81 82 1s 
а function of ф, а, р and К 2, derived from equation (2): 

L/R 1 = 2[1 +Ф0 (а 0 +Ь 0 ) ехр(Ф02) -p](tga)- 1 , 

where а 0 and ь 0 are the а and Ь values when r = R 1 and ф = Фо. 

With: М = 1 + ф 0 (а 0 + Ь 0) ехр(Ф~) 

-1 
L/R 1 = 2(М -p)(tga) (З) 

As the final result must Ье the focalization of an initially 
divergent beam, this means that the length L has to remain 
constant when а and /3 are close to а 0 and 13о for given values 
of Р=Ро and К 2 , corresponding to а point-to-point relation 
between the object 8 1 and the image 8 2 • 

That means that the two conditions: 

( dL/ d/3 ) 13 = /3 
0 

=0 
' 

(4) 

(dL/ da) а= ао =0 (S) 

must Ье fulfilled. 
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The equation (4) rnay Ье re
duced into а product of two 
terrns: (sin 2/З)[ Т (/З, а, К 2)] = О . 

For srnall fЗ angles which are 
of physical interest, the second 
terrn differs frorn zero. Then 
fЗ = О is the only convenient 
solution. 

The resolution of equation 
(5) gives the focalization con
ditions. We rnay solve it for 
fЗ = О, as justified а posterio
ri, if one introduces after
wards nurnerically srnall fЗ va
lues. The calculation of 
(dL/ da) = О fixes the optirnal 
values of the rnain pararneters 
of the spectrorneter a s functions 
of РО (fig.2). 

Indeed, the choice of ео de
terrnines the characteristics 

~1 -а.~ о +O.f • t е. of the apparatus: the ernission 
angle а 0 , the focal length 
Lroc• the rnaxirnurn of radial 
distance Rм• the dispersion ~. 

Fig. 2 

The pararneter е 0 deterrnines also the rnode of operation as the 
voltage u is function of к2 . 

Figure 3 shows the allo&J!d apertures (а max- а min ) for dif
ferent р 0 values. 

Figure 4 shows schernatically how two identical cylindrical 
rnirrors operate in series. The focal length Lroc is sirnply 
douЬled, and four cylindrical slits deterrnine the allowed tra
jectories. 

The different characteristics of such а douЬle rnirror, as 
regarding focal length, useful width of the slits, a.s.o., 
rnay Ье deterrnined as follows: figure 5 gives the dependence 
of the length on the а angle for а given р 0 and different р 

values. Given а0 and within the range of amin to amax values, 
one rnay deduce frorn the farnily of such curves the values of 
couples (а, р) which deterrnine the farnily of traj ectories 
inside а certain envelope which pass through the slits as is 
shown on figure б. 

Another irnportant quantity is the radius R2 of the outer 
cylinder. One rnust have: R2 /R 1 > Rм / R 1 =exp(Фa),where we take 
into account the а value. That rneans that with such а cy-
lindrical rnirror, ::xanalyse particles with an energy Еа equal 
to (in volts and atornic units): 
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Е 2 -1 2 -2 
а = КРо q u(logR2 / R 1) - КРо q uФ о 

= qu(l- cos 2fЗcos 2 amax )-1 . 

For /З=О and amax-45°: Еа =2qu. 
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The equation (4) may Ье re
duced into а product of two 
terms: (sin 2,9)[Т(/З, а, К 2)] =О. 

For small 1З angles which are 
of physical interest, the second 
term differs from zero. Then 
,g = О is the only convenient 
solution. 

The resolution of equation 
(5) gives the focalization con
ditions. We may solve it for 
1З = О, as justified а posterio
ri, if one introduces after
wards numerically small 1З va
lues. The calculation of 
(dL/da) = О fixes the optimal 
values of the main parameters 
of the spectrometer as functions 
of ро (fig.2). . 

Indeed, the choice of Ро de
termines the characteristics 

~1 -IL~ 0 +O.S' + t е. Of the apparatus: the emission 
angle а 0 , the focal length 
Lroc• the maximum of radial 
distance Rм• the dispersion ~. 

Fig. 2 

The parameter р 0 determines also the mode of operation as the 
voltage u is function of к2 . 

Figure 3 shows the allogJ>d apertures (а max- а mln ) for dif
ferent р 0 values. 

Figure 4 shows schematically how two identical cylindrical 
mirrors operate in series. The focal length Lroc is simply 
douЬled, and four cylindrical slits determine the allowed tra
jectories. 

The different characteristics of such а douЬle mirror, as 
regarding focal length, useful width of the slits, a.s.o., 
may Ье determined as follows: figure 5 gives the dependence 
of the length on the а angle for а given р 0 and different р 

values. Given а0 and within the range of amin to amax values, 
one may deduce from the family of such curves the values of 
couples (а, р) which determine the family of traj ectories 
inside а certain envelope which pass through the slits as is 
shown on figure б. 

Another important quantity is the radius R2 of the outer 
cylinder. One must have: R 2 /R 1 > Rм / R 1 =exp(Ф5),where we take 
into account the а value . That means that with such а cy-
lindrical mirror, ~:xanalyse particles with an energy Еа equal 
to (in volts and atomic units): 
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Е 2 -1 2 -2 
а = КРо q u(logR2 / R 1) - КРо q uФ о 

= qu(l- cos 2,9cos 2 amax )-1 . 

For /З=О and amax-45°: Еа =2qu. 
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We may writ e the quant i t y L/ R
1 

as: 

L/ R 1 = L roc / R 1 + t. L/ R 1 • 

For f3 = О , one obt ai ns : 

L/ R 1 = Lroc / R 1 ~ 1.77·10-6 ф 0\3(1 + 4 sin 2a0 ) (sina 0 )-2 х 

х [2ф 0 + (1+ 2фg ) а 0 ехр (ф~)] -2фg (tga 0 )-4 [2ф0 (5 + 2ф~ ) + 

+ (3 + 12фg + 4ф~) а ехр (ф ~)]! (dа~)З , 

wh i ch yields for the singl e mi rror, with р 0 
L/ R 1 = 6.13- 0.8 . 10-4 (da 0) З 

and f or the " р 
0 
= О douЬle mirror": 

2L/ R 1 = 12.26 -1.6 . 10-4 (cta 0)3 • 
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Hence, if d is the diame t e r of the detector, we obtain the 
r eso lution: 

t.Ea / Ea = (2 ~ )- 1 (d/ 2R 1 +2 \t.L/ Rl \) 

= 0.09 (d/ 2R 1 + 1.6 · 10 - 4 lt.a 0 J 
3 

) . 
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On the taЬle are given the solutions of eq. (2) for f3 = О and 
f3 = 5о. 

ТаЬlе 

Lroc / Rl 

Ро к2 а о 1 f3=0 f3 = 50 
р~ о 

1-0.2 1.42 43.2 7.04 7.06 

1 0.0 1. 31 42 . 3 6. 13 6. 14 

+0.2 1. 19 41.2 5. 18 5. 19 

One rnay see frorn these results that the difference in the foca
lization condition is insignificant. This shows the validity 
of our assurnption when resolving eq. (S) for f3 = О. 

The author is rnuch indebted to J.I.N.R. for the kind hospi
tality and is pleased to express his gratitude to R.J.Walen for 
his valuaЬle help during this work. 
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Легран Б . 

Характеристики электростатического анализатора электронов типа 
двойного цилиндрического зеркала 

Е13-83-326 

Представлено аналитическое исследование одиночного и двойного цилиндри
ческого зеркального анализатора. Расчеты сделаны в нерелятивистском 
приближении . Приведены количественные соотношения между основными парамет
рами анализатора /радиальный угол, длина фокусировки, дисперсия и пр./, 
позволяющие оптимизировать выбор режима работы. Результаты расчета пред
ставлены в виде диаграмм так, чтобы их легко можно было использовать в 
практике . Два таких анализатора уже построены в Орсэ и в Дубне. Эти анали
заторы работают в сочетании со сферическими замедлителями, и весь прибор 
используется как спектрометр, приспособленный для анализа низкоэнергети
ческих электронов /1-50 кэВ/. 

Работа выполнена в Лаборатории ядерных проблем ОИЯИ . 

Сообщение Обоединенного института ядерных исследований. Дубна 1983 

Legraпd В. Е13-83-326 
Characteristics of а DouЫe-Cyl indrical-Mirror Electros~atic 
Energy-Analyser for Electгon s 

The analytical study of single and douЫe cvlindrical mirror energy 
analysers is presented in nonrelativistic formulation. А number of rela- , 
tions between the main parameters of the analvser (гadial angle, focal i
sation length, dispersion, etc.) allow one to optimize the choice of 
the operatino conditions. The results of the calculations are oresented 
in the form of diagrams in such а way that they сап Ье easily used in 
any practical case. Two such analysers have been built in Orsay and in 
Dubпa, and put in series with а spherical retarding,analyser, the whole 
device beeing used as а spectrometer well-suited for the analysis of low 
energy (1-50 keV) electrons. 

The investigation has been performed at the Laboratory of Nucleaг 
ProЫems, JlNR. 

Commun ication of the Joint lnstitute fог Nucleaг Reseaгch. Dubna 1983 
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