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1 Introduction 

The two Coulomb centers problem (the problem Z1eZ2 ) consists in a determina
tion of wave functions of electron e, driven in a field of two fixed charges Z1 and 
Z2 , which are located on a distance R from each other. It plays a fundamental 
role in the theory of collisions. Physical aspects of this task are covered in [l]. In 
the applications at account of inelastic processes (for example, passages between 
terms testing quasiintersection) the performances of terms in a complex plane 
R are required. In an outcome of direct numerical computation of terms in the 
complex plane R for a symmetric case were detected series of branchpoints, 
which allow to speak about a new type of quasiintersections. These "hidden" 
quasiintersections explain not only passages between bound states, but also the 
process of ionization [1-3]. 

2 Algorithm 

Stationary Schrodinger equation of the two Coulomb centers supposes a separa
tion of variables in prolated spheroidal coordinates [4], r; = Ir - R;I: 

e = r1 + r2. 
R , 

r 1 - r2. 
11 = --R-, 

X 
¢ ~ arctg-, 

y 
(1) 

where 1 ~ € < oo, -1 ~ TJ ~ l, 0 ~ ¢ < 21r. Substitution in it for the wave . 
function as in [4,5]: '1' = (e - l)m/2 f (€)(1 - 112 )mf2cp(11)eim</> reduces in the 
following equations for f (0 and cp(11): 

! "(") 2€(m + 1) !'(") [ER
2 

a€ - ,\ m(m + 1)] f(") = O 
" + e - 1 " + 2 + e2 - 1 + e2 - 1 " , (2) 

"( )-211(m+l) '() [ER
2 

bTJ+A_m(m+l)] 1 )-O 
<p 11 1 2 <p 11 + 2 + 1 2 1 2 <p~ 11 - ' _,,, -11 -11 

(3) 

where a= (Z1 + Z2)R, b = (Z2 - Z 1 )R, ,\ - constant of separation. 
For real values R, the problem was traditionally solved by the expansions 

of unknown functions f and <p on polynomials of variables € and 11 [6-11]. It 
leads to trinomial recurrent equations for factors of expansion. The problem 
Z1eZ2 was solved also by the finite differences [5,12,13] and by the spline
approximation [5,14] methods with use of continuous analog of the Newton's 
method. In the complex plane R the problem was solved by the expansions of 
functions [1-3]. In the present work the Newton's method applied for a solution 
of a nonlinear system of difference equations is considered. 

To the equations (2), (3) it is necessary to add the equations circumscribing 
a behaviour of functions f ( €) and cp( 11) near the borders of a range of definition. 
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That the equations (2) and (3) made sense at€ ➔ 1 and 11 ➔ ±1, the realization 
of next equalities is necessary [5]: 

[ 
a - ,\ m] 

J'(l) + 2(m + 1) + 2 f(l) = 0, (4) 

[ 
,\ - b m] 

cp'(-l)+ 2(m+l).-2 cp(-l)=O, (5) 

, [ b + ,\ m] 
<p (l) - 2(m + 1) + 2 cp(l) = O. (6) 

Use of an asymptotics for!(€) in form!(€) ~ €0 
• e13t=., € ➔ oo, reduces in the 

following equation: 

J'(e)-= ( % + ,e) t(e) = o, e ➔ oo. 

For the factors o: and ,8 we have received relations: 

,82 + ER
2 

-2- =0, 20:,8 + 2(m + 1),8 +a= b. 

(7) 

(8) 

The considered problem w~ solved. fore E (i,eM}, where (M is the iarge 
enough vahie, for which it is possibie to assume gopd realization of asymptotics 
(8). H>r. exampie, for the computation of the term Eapi; and E4pu (spectroscopic 

· · iabels [2]) at real value R = _0.8 we took €Ai > 25 arid eM 2:'.: 45, respectively. 
The homogeneous qoundary conditions J1ow to enter a iiorinalization of 

the taclial and angular flihctfon, for exafuple; as: 

100 
l!((}l2d( - 1 = 0, f

1 
lcp(ij)l2cI11 - 1 = Cl. 

l-1 
. (9) 

For complex value R there will be complex also functions!(€) and cp(ij) and 
also unknown quantities E, ,\ and parameters a and b. If we divide segment 
(1,€M} into Ne equal parts and segment (-1,1} into N 11 of equal parts and 
points of grids we denote (i and 11i, we should determine unknowns: 

Ref((i), Imf((i), i = 1,Nt=. + 1; Re<p(11i), Imcp(11i), i = 1,N11 + 1; 

and values ReE, ImE, Re,\, Im,\. 
If we put to zeros real and imaginary parts of the complex equations (2), 

(3) in interior points e = 6, ... '€Ne and 11 = 112, ... '11N,,' respectively, and 
equations (4-7) and if to these equations we shall add the equations (9), we 
shall receive a system of 2Ne + 2N11 + 6 nonlinear equations. The number of 

l ;::;:., f- • . ... :, · Ii r• .._"""" ., 
~ u-~2 ~~ lU1.ti-O: ~,.~,1 ".!l•iOl,,1 • 
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unknowns is equal 2NE. + 2NTJ + 8. For complex functions !(€) and cp(7J) it 
is possible (and it is necessary) to add two conditions of a normalization, for 
example: 

Imf(€M) = 0, Imcp(l) = 0. (10) 

The problem (2-7), (9), (10) we solved by a Newton's method. The system 
matrix is sparse. It has nonzero columns corresponding to derivatives with 
respect to the variables Re E, Im E, Re>., Im>. and also nonzero rows cor
responding to derivatives of the equations of a normalization with respect to 
the variables Refi, Imfi, Recpi, Imcpi. We solved this system by the LU
decomposition of the system matrix. With the purpose of saving memory, 
we produced direct LU-decomposition, without of creation of a system matrix 
itself. · 

3 Numerical results 

The problem Z1 eZ2 we solved for Z1 = Z2 = 1 and m. = 0, with the purpose to 
compare outcomes with outcomes of works (1-3], whkh are obtained by other 
method. The computation in the complex plape we began .always on a real 
axes R. On a real axes as initial v~lues Re E w~ used values from a table from 
(5). As initial approximations of wav~,functions !(€) ·and cp(11) we. used.either 
constant, or linear functiOI). with "one zero, or cos function with appropriate 
IJUl:llberofzems-:- aUrenorII,1alized.with r~spect to (9).' .:, .... , . 
, •. T~~ probJem,is.ilFcondiiioned, durtng a i;;olution,there appear very small 
values. of the module of the diagonai elements 'lii. . _ Therefore 'we applied a 
~egulariiation

1

: using idea of wo_rk (15] ... ',fhe renorm,~~iz~tion of Qnkii'9wp func
tions f and cp on each step of Newton's method promoted to' improving and 
ayceleration of converge1,1ce. 

. First and second derivativeif in the equations (2-6) we approximated with 
the second order accuracy, in the asymptotic equation (7) we used both first, 
and second order accuracy. According to Runge's rule'it is,possible by results 
of the computation to conclude, that all difference scheme has in these cases 
first and the second order accuracy, respectively. · 
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Fig. 2 

Figure 1 shows surface Re E of a term 3pa. This surface was obtained by 
calculation along rays parallel to imaginary axes Im R, beginning always on 
real axes Re R. The similar figure is indicated in (2]. On Figure 2 the passage 
of a term 3pa in a term 4pa in an outcome of one round movement along the 
closed trajectory enveloping a branchpoint is shown. 

The work shows, that the method of finite differences can be used for a 
solution of the two centers problem in complex area also, as well as method 
based on recurrent equations for factors of expansions of wave functions. 
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Eyrna 5I. 
lJHCJJeHHOe perneHHe 3a,L{a4H ,usyx ueHTpOB 
B KOMnJJeKCHOH nJJOCKOCTH 

El 1-98-293 

3a,uat.Ja ,usyx KYJIOHOBCKHX ueHTpOB s KOMnJJeKCHOH IlJIOCKOCTH Me)Kb51,!lepttoro 
pacCT051Hlrn R pacc~rnTpHsaeTC51 KaK CHCTeMa HeJJHHeHHhlX ypastteHHH. CHCTeMa, 
KOTOpa51 noJJY4aeTC51 B pe3yJJhTaTe npHMeHeHH51 MeTO,ua KOHel.JHhlX pa3HOCTeH, perna
eTC51 MeTO,!lOM HhJOTOHa C HCilOJlh3OBaHHeM LU-pa3JIO)KeHH51 MaTpHUhl CHCTeMhl. 
flpH Bhll.JHCJleHHH LU-pa3JJO)KeHH51 H perneHHH CHCTeMhl npHMeH51eTC51 pery
JJ51pH3aUH51. 

Pa6orn BhinOJJHeHa s Jla6oparnpHH Bhll.JHCJIHTeJJhHOH TeXHHKH H aBTO
MaTH3aUHH Ol151l1. 

npenpHHT O6oenHHeHH0ro l!HCTHTYTa ll/lepHblX HCCJJe)lOBaHHii • .lly6Ha, 1998 
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The two Coulomb centers problem in a complex plane of an internuclear 
distance R is considered as a system of the nonlinear equations. The system, which 
arises at use of a finite-differences method, is solved by the Newton's method 
with use of LU-decomposition of the system matrix. At an evaluation of the LU
decomposition and solution of the system the regularization was applied. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna, 1998 


