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1 INTRODUCTION 

In genernl, the inverse problemfor Schrodinger equation is,to find all potential 
values and wave functions if spectral parameters are given. The uniqueness of 
the continuous inverse problemwas studied in [1). Then it was developed in [2) 
and in number of other works. · 

The problem was studied, developed and applied especially in its discrete 
form to lD case. A good review of the works is done in [3). We briefly remind 
the lD problem given in [3). Let us consider the Schrodinger discrete equation 
(SDE) 

(1) 

'110(,\) = 0, (2) 

where ~ is a positive equidistant step and ,\ = 1, 2, ... ,L. If eigenvalues E>. 
and also first components of eigenvectors 

(3) 

are given for all ,\ = 1, 2, ... , L then according to [3) the potential values 

(4) 

and eigenvectors 

(5) 

can be determined sequentially for i = 1, 2, ... , L and ,\ = 1, 2, ... , L. We can 
see the problem (1) - (3) is not a full inverse problem for SDE because apriori 
information - the potential values (3) must be given. Hence, the existence of 
the solution of the problem (1) - (3) is tied together with the existence of the 
solution of the direct problem (1) - (2) because of the apriori information. 

At present, perhaps the closest solution to the solution of the inverse prob
lem for lD SDE is the solution given in [4). There the 3-diagonal symmetric 
matrix D is determined 
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r 
that fulfill~ the equation iJ'li(>1) = E>. W(.\) for arbitrary E>. : E1 < E2 < ... < 
EL. Two cases are studied. The first case, the first components of eigenvectors 
(3) are given. The second case, the symmetrical wave functions are supposed. 
If solutions· u1 = u2 = ... = UL-l = 0, one can get a solution of the inverse 
problem for_ SDE in 1D case. However, conditions u1 = u2 = ... = UL-1 = 0 
are not guaranteed. 
The same method of "perturbation matrix" was used in [5] for the solution of 
the inverse problem of the discrete Dirac system. 

The main goal of this work is to derive the formulas analogous to ( 4) - (5) 
that give solution (potential and eigenvectors) in case of a particular inverse 
problem of SDE in two and higher dimensions if apriori information, analogous 
to (3), about the wave functions is given. In Section 2 we formulate and study 
a 2D particular inverse problem for SDE where we derive analogous to formulas 
( 4)- (5). Here we also give two examples that verify the new formulas derived. 
Section 3 contains a formulation of a particular inverse problem for SDE in 
higher dimensions and new formulas of the type (4) - (5) for these higher 
dimensions. We give an example for 3D case as well. 

2 PARTICULAR INVERSE PROBLEM 
FOR SDE IN TWO DIMENSIONS 

Let us formulate a particular inverse problem for SDE in two dimensions in the 
rectangular domain: 

_ w,-1,;(.\) - 2\JI';;(.\) + W;+i,i(.\) _ \Jl';,;-1(.\) - 2\JI';;(.\) + W;,;+1(.\) + 
~2 .6.2 

X y 

+ ½;'1i';;(.\) = E>. W;;(.\) (6) 

'1i'o;(.\) = 0, WL+1,;(.\) = 0, W;o(.\) =.0, W;,M+i(.\) = 0 (7) 

where A.,,, Ay are some positive equidistant steps and ,\ = 1, 2, ... , LM; i = 
1, 2, ... , L; j = 1, 2, ... , M. If eigenvalues E>. : 

E1 < E2 < ... < ELM 

and the following components of eigenvectors 

'1i'1;(.\) 

2 

(8) 

J 

r 
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are given for each,\= 1, 2, ... , LM; j = 1, 2, ... , M then we have the particular 
inverse problem (6)-(8) for SDE in two dimensions in the rectangular domain. 
Beside spectral data - different E>. ,\ = 1, 2, ... , LM, we also use here apriori 
i~formation - wave functions components (8) as input data of the particular 
inverse problem. The problem is to find the rest of the wave functions and 
all the values of the potential. The existence of the problem (6) - (8) is tied 
together with the existence of the direct problem (6) - (7) because of using of 
apriori information (8). 

Lemma 1 For eigenvectors of the particular inverse problem (6)- (8) it holds 

L M 
AxAy L L W;;(.\)W;;(.\') = 8;,..;,..1 (9) 

i=lj=l 

where bu, is Kronecker's sym_bol and .\, .\' = 1, 2, ... , LM. 

Proof. Let us multiply the equation (6) by A.,,Ay Wi; (N) and consider the equa
tion ( 6) with ,\ = X. We multiply the equation (6) with ,\ = N by A.,,Ay \JI';; ( .\). 
Subtracting these two equations, we receive 

[Wi+1,;(.\')'1i';;(.\) - '1i';+1,;(.\)%;(.\')] Ay/ .6..,,+ 

+ [W;-1,i(X)W;;(.\) - \Jl';-1,;(.\)\JI';; (N)] ~y/ Ax+ 

+ [w;,;+1 (N)\JI';; (.\) - \Jl';,;+1 (.\)\JI';; (N)] A.,,/ Ay+ 

+ [W;,;-1(.\')\JI';;(.\) - W;,;-1(.\)W;;(X)] .6..,,/ Ay = 
= (E;,.. - E>.,)W;;(.\')W;;(.\).6..,,Ay- (10) 

Making the sum of the equation (10) for all i = 1, 2, ... , L; j = 1, 2, ... , M we 
obtain 

L M 

(E>. - E>.,) L L W;;(N)W;;(.\)A.,,Ay = 
i=l j=l 

L M 
= L L ['1i';+1,;(.\')'1i';;(.\) - W;+1,;(.\)'1i';;(X)] A.,,Ay+ 

i=lj=l 

L M 
+ L L [W;-1,j(.\')W;;(.\) - W;-1,;(.\)W;;(.\')] Ax~y+ 

i=lj=l 

L M 
+ I: I: [w;,;+1(X)w;;(.\) - w;,;+1(.\)w;;(X)] .6..,,.6.y+ 

i=l j=l 

L M 
+ I: I: [w;,;-1(X)w;;(.\) - W;,;-1(.\)W;;(X)] .6..,,.6.y. 

i=l j=l 

3 
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We shift the index i + 1 ...,.... i in the first double sum and the index j + 1 - j in 
the third double sum in the right hand side of the equation (11 ). Subtracting 
the terms with opposite signs, we come to the following expression (12) for the 
right hand side of the equation ( 11) 

M 

L [\JIL+i,j(,\')'1'£;(,\)- \JIL+I,j(,\)\J!Lj(,\1
)] D..y/D..x+ 

i=l 

M 
+ L [\Jlo,;(A')\Jl1;(,\) - \Jlo,;(,\)\Jl1;(A')] D..y/D..x+ 

j=l 
L 

+ L [\Jli,M+l(,\')\J!Mj(,\) - \Jli,M+I(,\)\J!Mj(,\')] b..x/D..y+ 
i=l 

L 
+ L [\Jl;,o(A')\Jl;1(.-\) - \Jl;,o(.-\)\Jl;i(,\')] b..x/D..y. (12) 

i=l 

Due to the boundary conditions (7) the expression (12) is equal to zero. That 
means the left hand side of the equation (11) is equal to zero as well. So we 
have proved 

L M 

(E>. - E>.') LL \Jl;j(,\')\Jl;j(,\)D..xb..y = 0. 
i=l j=l 

The last equality means the eigenvectors are orthogonal if,\ # ,\'_ After nor
malization of the eigenvectors we come to desired equation (9). The proof is 
complete. 

Lemma 2 If the orthonormal eigenvectors of the problem (6) - (8) hold the 
equation (9), they also hold 

LM 
b..xb..y L \Jl;j(,\)\Jl;,j 1 (,\) = Dij,i'j'• (13) 

>.=l 

Proof. Let us multiply the equation (9) by \Jl;,j'(~) and make the sum for all 
,\ = 1, 2, ... , LM. Then we obtain 

L M [ LM ] LM 
i~}~:1 \JI;;(,\') b..xb..y >,."fl \Jl;;(,\)\Jl;,j'(,\) = >,."ft 0;,..,>,1\Jl;,j'(,\). (14) 

We have \JI;,;,(,\') on the right hand side of the equation (14). Changing indices 
i',j' i' = 1, 2, ... , L; j' = 1, 2, ... , M the equation (14) represents a system of 
linear algebraic equations TW(,\') = ]\It(,\') where the elements of the matrix 
Tare given by expression in the parenthesis (] of the equation (14) and I is a 
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identity matrix. Since the vectors llt(,\') for,\'= 1, 2, ... , LM represent the sys

tem of linearly independent vectors, this means the equation (T - J)W(,\') = 0 
results the equation T = /. However, T = I is the equation (14). This brings 

the proof to an end. 

Theorem 1 The particular inverse problem (6)-(8) for SDE has the following 

solution 
LM 

\Jl;+i,j(,\) = ( - E;,.. + b..xb..y L E;,..[W;j(,\)]2] \Jl;j(,\)D..; - W;-1,j(,\)-
>,.=J 

D,.2 
- D..;[w;,j+1(,\) + Wu-1(.-\)], (15) 

y 

-2 2 LM ., 
Vii= - D,.

2 
- D,. 2 + b..xb..y L E>.[Wij(,\)]-. (16) 

T y )..=l 

Proof. Let us substitute from the equations (15)-(16) to the left. hand side of 
the equation (6). We can find out the equation (6) is fulfilled. This ends the 

proof. 

Now we explain how the equations (15) and (16) can be derived. Let us multi
ply the equation (6) by W;j(,\) and make the sum.for all.,\= I. 2, ... , LM. Due 
to the Lemma 2 we receive the expression (16) for potential. Substituting 
from the equation (16) to the equation (6) and expressing the vahw W;+ 1,j(,\), 

we obtain the equation ( 15). 

Now we explain how to make the computations according to the formulas 
(15)-(16). Having boundary values (8) i.e. '111j(,\), we can compute t.he valuc-s 
W

2
j(,\) for all j = 1,2, ... ,M and for all,\= 1,2, ... ,L/'.·1 according to tht' 

formula ( 15). Then we can do the sarne consequently for W 3; ( ,\), ... , W Lj ( ,\). 

Having all values of wave function W ij ( ,\), we can calculate all values of poten-

tial Vi; according to the formula ( 15). 

The uniqueness of the problem (6)-(8) follows from the formula...c; ( 15)-( IG). 

At the end of this section we give two examples. 

Example 1. 
Let us put L = 2, M = 2 and 

V11 = Vi2 =Vii~ V22 = 1/D..;. + i/D..~, ( 17) 
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(~x < ~y)- Then the solution of the direct problem (6) - (7) is given in thP 
following table 

.\ 2 3 4 

E;,. -1_ + -1_ 2 4 4 2 _±_ + _±_ -+- -+-
~2 ~2 ~; ~;, ~2 ~2 ~; ~;, X 'U X 'u 

'1111(.\) a -a -a a 
IV 12(.\) a a -a -a 
'1121(.\) a -a a -a 
'1122(.\) a a a a 

where a= 1/(2J~x~y)-
Let us put L = 2, M = 2 and E;,., IV 11 (,\), IV 12 (.\) according to the above table 
(.\ = 1, 2, 3, 4). Then the solution of the problem (6) - (7) calculated by the 
formulas (15)- (16) gives us the same potential values like those given in (17) 
and 

'1121(1) = '1121(3) = a, '1121(2) = '1121(4) = -a 

'1122(1) = '1122(2) = '1122(3) = '1122(4) = a. 

Example 2. 
Let us put L = 2, M = 2 and 

V11 = Vn = 3(1/~; + 1/~;), Vi2 = V21 = 1/~; + 1/~;- ( I 8) 

Then the solution of the direct problem (6)-(7) is shown in the following table: 

.\ 1 2 3 4 

E;,. (4 - \/'2)b 4b- c 4b + c (4 + \/'2)b 

'1111(.\) _a_ 
-aR -a~ 

a 
✓2+-./2 V2-h 

'1112(.\) a l+V2 
✓2+-./2 

da F1 -b+c - c -da~ b+c C 
a l-V2 
V2-h 

11121(.\) a l+V2 
✓2+-./2 

-da F1 
-b+c c 

da~ 
b+c c 

a l-V2 
V2-h 

11122 ( .\) _a_ 
aR a 1+!!. _a_ 

V2if2 C ✓2-,,/2 

where b = 1/ ~; + 1/ ~;; c = /2(1/ ~; + 1/ ~t), d = 1/ ~; - 1/ ~;-

If we put L = 2, M = 2 and E;,., 11111(.\), '1112(.\), according to the last table 

6 

] 

\ 
,,1 

(.\ = 1,2,3,4) then the solution to the problem (6) - (8) calculated by the 
formulas (15)-(16) give us the potential values Vi 1 = Vi2 = 3b, V12 = V21 = b 
and IV21(l), '1121(2), '1121(3), '1!21(4) '1!22(1), '1!22(2), '1!22(3), '1!22(4) just the 
same to those given in the last table. 

3 PARTICULAR INVERSE PROBLEM 
FOR SDE IN HIGHE.R DIMENSIONS 

Completing this work, we formulate the particular inverse problem for SDE in 
the general n dimensional Euclidian space in the parallelepiped domain: 

n IV· · · 1 · (.\) - 2'1!· · . ·. · (.\) + lJ!.. ·+1 · (.\) ~ Z1Z2 ... ,zJ- 1 •• Zn Z1Z2 ... 1Z3 1 ••• Zn Z1Z2, .. ,zJ , ... Zn -~--~------------~--+ 
i==l ~t 

+ v; · · '1!· · · (.\) - E,'1!· · · (.\) Z1Z2.,.Zn Z1Z2 ... tn - I'\ Z1t2.,.Zn (19) 

IVoi2 in(.\)= 0, '1!;10 ... ;J.\) = 0, ... , IVi1i, ... o(.\) = 0 

WL · 1 · · (.\) - 0 IV· L l · (.\) - 0 W · · L l (.\) = 0 (20) 1+ ,z2 .. ,,Zn - , z1, 2+ , ... 1Zn - , · · · z1z2 ... , n+ 

where ~;1 i; = 1, 2, ... , L;; j = 1, 2, ... , n are positive equidistant steps and 
.\ = 1, 2, ... , L1L2 ... Ln. If eigenvalues E>-. 

E1 < E2 < • • • < EL1L2.,.Ln 

and the following components of eigenvectors 

'1!1· . (.\) Z2 .•• Zn ) (21) 

are given for each .\ = 1, 2, ... , L1L2 ... Ln; i; = 1, 2, ... , L;; j = 2, 3, ... , n 
then we have the particular inverse problem (19)-(21) for SDE inn dimensions 
in the parallelepiped domain. In 2D case the existence of the problem (19)-(21) 
is tied together with the existence of the direct problem (19) - (20) as well. 

In the same way the following statements can be proved 

Lemma 3 For eigenvectors of the problem (19) - (21) it holds 

L1 L2 Ln 

~i1~i, .. -~in I: I: I: wi1i, ... ;J.\)w.1i, ... in(.\') = 8>-.>-., (22) 
i1==l i2==l in==l 

where.\, N = 1, 2, ... , L1L2 ... Ln. 
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Lemma 4 If the orthonormal eigenvectors of the problem ( 19) - (21) hold the 

equation (22), they also hold 

L1L2 ... Ln 
D.· D.· D.· " q,. · · (.\)\JI-,., ., (.\) - 8- · · ., ., ., (23) ll t2 · · • ln f.....J t1t2 ... tn t 1 t 2 ... tn - t1Z2, .. ln,t 1 t2···'n · 

>.=l 

Theorem 2 The problem (19) - (21) for SDE has the following solution 

q,. +1 . . (.\) -
11 ,12-··'n -

[ 

L1L2 ... Ln ] 
-E>.+D.;,D.i2··•D.in L E>.[Wi,i2---;J.\)]2 Wi,i2.iJ.\)D.r,-

A=l 

-\JI· . . (.\)-t1-l,i2 .. -ln 

n 
- "[\JI· . ·+1 . (.\) + q,. . . 1 . (.\)]D.2 /D.2 L._,; Z1Z2-··,zJ ,.,.Zn Z1Z2 ... ,t3- , ... Zn t1 t ·' 

j=2 J 

(24) 

2 2 2 
lli,12 .. In = - D.f - D.? D.2 + 

Z1 t2 Zn 

L1L2---Ln . 
+D.i1 D.;2 • • · D.;n L E>.[\Jti1i2 ... in (.\ )]2. (25) 

>.=1 

Specially for n = 3 we give the following example: 
Exan1ple 3. Let us put L1 = L2 = L3 = 2, and 

1 1 1 
½,12/3 = D.? + D.f + D.f' l1,l2,l3= 1,2 

t1 t2 t3 

(26) 

(D.;1 < D.;2 < D.;,). Then the solution of the direct problem (19)-(20) is given 

in the following table 

.\ I 1 I 2 -1 3 I ~ I 5~ I 6 I 7 I 8 I 
E>. E1 E2 E3 E4 Es . E6 E1 Es 

Wm(.\) a -a a a -a a a a 

Wu2(.\) a a a -a -a -a a -a 

'11121 (.\) a -a -a -a -a a -a -a 

'11122(.\) a a -a a -a -a -a a 

\JI 211 ( .\) a -a a a a -a -a -a 

'11212(.\) a a a -a a a -a a 

'11221 (.\) a -a -a -a a -a a a 

'11222(.\) a a -a a a a a -a 

8 

\,, 

wherP a = I/~ D.;2D.; 3 and 

( 
1 1 1 ) 

E1 = 2 D.2 + D.2 + D.2 ' 
l l t2 l3 

( 
1 1 2 ) 

E2 = 2 D. 2 + D. 2 + D. 2 ' 
t1 t2 t3 

( 
1 2 1 ) 

E3 = 2 D.? + D. 2 + D.? , 
t1 t2 13 

( 
1 2 2 ) 

E4 = 2 D.? + D.? + D. 2 , 
t1 t2 l3 

( 
2 1 1 ) 

E5 = 2 D.? + D.? + D.? , 
t1 t2 13 

( 
2 1 2 ) 

E6 = 2 D.? + D.? + D.? , 
t1 t2 t3 

( 
2 2 1 ) 

E, = 2 D.? + D.2 + D.? ' 
t 1 t2 ?3 

( 
2 2 2 ) 

Es= 2 D. 2 + D.2 + D-2 · 
t 1 '·2 t3 

Let us put L1 = L2 = L3 = 2, and E>., '11111(.\), IJ!112(.\), IJ!121(.\), W122(.\) 
according to the above table (.\ = 1, 2, :3, 4, 5, 6, 7, 8). Then· t.he solution of the 
problem (19) - (21) calculated by the formulas (24) - (25) give us the same 
potential values like (26) and '112; 2 ; 3 (.\) i2, i3 = 1, 2 the same like those given 
in t.he table. 

We used MAPLE V Release 4 for verification of calculated values in Ex
amles 1., 2. and 3. 

4 CONCLUSION REMARKS 

A priori informatioi1 (8) resp. (21) is important in the formulation of the prob
lems (6) - (8) resp. _(19) - (21). Having this information the rest of wave 
functions and all potential values can be determined according to the relativ
elly easy formulas (15)- (16) resp. (24)- (25). The question how to reduce or 
eliminate this apriori information is not studied here. 

There are other possibilities in formulation of boundary conditions ( 8) 
resp. (21). We can consider, for example, eigenvectors components W; 1 (.\) 

rP-sp. 'V;, 1. .. in (.\) or other boundary forrirnlation. However, this requires a new 
formula (15) resp. (24). In the case when '11;1(.\) resp. W;, 1..;J.\) is given 
instead of (8) resp. (21 ), we should use the following formula 

LM 

'V;,j+1(.\) = [ - E>. + ~x~y >.~I E>.['V;j(.\)]2]wij(A)D.~ - '11;,j-I(.\)-

D.2 
- ~~ ['11;+1,j(.\) + W;-1,j(.\)], (27) 

X 

g 



resp. 

\II· . +1 . (.-\) -t1,z2 , ... Zn -

[ 
L,L2 ... Ln ] 

- E>-. + ~i,~i2 ••-~in L E>-.[W;,i,. ,;J.-\))2 Wi,i2 .. ,in(.-\)~r2-
>-.=l 

-\II· . 1 . (.-\)-i11t2- , ... Zn 

- ""(\II· . ·+1 . (.-\)+\II· . . 1 . (.-\)]~? /~2 (28) 1-..J t1t2 .. 1Z3 ,.,.Zn t1t2, .. 1t1- , ... Zn z 2 t · 
j~2 J 

The formula for potential values (16) resp. (25) is still the same. 
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