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!.Introduction 
' . ~ 

The aim of the present paper is as follows: 
Development of new effective methods and algorithms of solving the sys
tems of linear· algebraic equations with a two-diagonal matrices. The use 
of these algorithms and those from ref.[1] in solving the systems of linear 
algebraic equations with a completely filled quadratic matrix. Construction 
of complexes of new programs on the basis of developedalgorithms. 

2. Critical - component method of solving systems of linear equa
tions c2x = y with two - diagonal matrix c2 

In this section, the critical - component method [2] of solution of the system· 
of equations c3x = y is applied to obtain the method of solution of the 
system of equations c2x = y. 

So, let C3 be a nonsingular real tridiagonal matrix of the general form 

ql r2 
P2 q2 r3 · 

c3·= (2.1) 

Pm-1 qm-1 rm 
Pm qm 

where {P; ::f 0}~2 are subdiagonal elements, {r; i O}f:,; ·are off-diagonal 
ones, {q;}~1 are diagonal elements of C3 (2.1)In ref. [2] for matrix C3 (2.1) 
we introduced the following generalized sequences {A;} and {G;}: 

{ 

A;+l = qi- p;A£1 ri, A2 = q1 , .i = 2, ... ,m, · 
if A; i 0 for all 2 :S i :S m. 
If A;~ 0 for any i from ~2 ~i :S :), then 
A;+l IS undefined, but Aa+2 - qi+I, 

(2.2) 

if G; ::f 0 for all 1 :S i :S m - 1. 2 3 

{ 

G;-l=q;-ri+1 G£1Pi+l• Gm-l=qm, i=m-1, ... ,1, 

If G; = 0 for any i from (1 :S i :S m- 1), then ( · ) 
G;_1 is undefined, but Gi-2 = q;_1 • • 

As it is seen, these sequences are defined both when all leading angular upper · 
(lower) minors diffe~ from· zero•>, and when some of them·vanish**>. 

•lBy leading upper {.6.i}f;1 1md lower {.6.j}i:,1 angular minors of 03 {2:1) we under
stand determinants of its submatrices starting from q1 and qm, r~spectively. 

**lin solving algebraic problems with the use ofpro~esses (2.2) + (2.3), th.eoreti~al and 
computer zeros, as noted inJ~~~~:eq~-.Il~ture.. ' ... 
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In ref. [2], in constructing the solution to the system of .linea~. equations, · 
C3X == Y, we introduced the follo~ing matrix proc~sses*>: . . 

! 
C-~k+~ - cl•+t [o o • -J[c-~· ·] -l[o. o. lr 

1•+1 --:-. 1•+1 - ' ... , ,pl.+l 1•-1 +1 ' ... , 'rl.+l ' 
· · -1 I -

Cl1 = Cl1
' k = 1,2, ... , n; .. 

- lk _ lk -1k+t :_l - T 
~~~-~+~-:- :~~-~+~_- [ri.+I• o, ... , o][cl.+l] [Pl. +I, o, ... ,OJ , 

cln+l- cln+l,k.- n,.:.,2,1, 

where 

cv~ 
p 

•' 

qP rp+l 
Pp+J qp+l rp+2. 

' lo = 0, ln+l = m. 
Pv-1 !lv-1 rv 

Pv qv 

(2.3)' 

(2.3)" 

In this case, matrices C~ are well-posed and C3 (2.i) is representable in the 
form 

[ C11] 
1 rlt+t 

Pzi+l[cf:+I] r,2+t 

ql 1"2 

P2 q2 r3 

(2.4) C= = 

1 Pm~l ~:-1 ~= J . , l P~~~~[~~;1·] 

where cf:+.i = tridiag{ql~+b q;,p;, r;}!~t+2 are submatrices of the form (2.3)" 
of matrices c3 {2.1) respectively. 

In ref.[2], for X; - comp~ments of the solution of system c3x = y the 
following representation 

{ 

0 ' 
X; =X; +c(Yk, k = n + 1, n, ... , 1, 
i = h, lk - 1, ... , lk-1 + 1, ln+l = m, lo = 0, 

has been obtained by using (2.2) + (2.4), where 

0 - lk+l -
x;= Bii.+IYI.+I +. 2:: (B;iYi), i = lk+b ... , lk + 1,. k = n, .~., 1, 0; 

J=l.+2 

(2.5) 

fYk~Xl•+J :=::;J:Ij,+J+clk+I[yk·+I=x1•+t+1],[yn+I=xm+J = 0, k = n, ... ,2,1; 
. - 4 -

ili.+I=YI•+I+.BI._1+JYI•-t+l+. 2:: (.BiYi),iJ1 =y1 , k=1,2, ... ,n;. (2:6) 
. J=l•-t+2 . . 

!3; =· -p~~+l .BI.i• ci = - B;1• r1.+~, i-= zk-1 + 1, ... , zk~ k = 1, 2, ... , n. 

•>Hereafter Tis the transposition sign. 
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Let 'us now apply the above-presented. results for. solving the system 
C2 X = Y with a two-diagonal matrix C2 . . 

Thus, let elements {P; := 0}~2 of the matrix C3 (2.1) be zero, i.e. e (2.1) 
is an upper-two-diagonal m~trix of the general form . 

e2 = 

q1 7"2 
q2 7"3 

qm-1 r;, 
qm 

Accordingly, we represent thi::. matrix in the form 

where 

.e2 = 

q1 1"2 

q2 7"3 

qm-1 rm 
qrn 

ql.+1 rl.+2 
ql.+2 1'1.+3 

[e~~] 
1 rlt +I" 

,[ef:+d rl2+1 

[('"' l '/n+I 

(2.7) 

(2.8) 

elk+!-
1.+1 -. , k = 0, 1; ... ,n; lo = 0, ln+l := m. • (2.9) 

ql•+t-1 rlk+t 
qlk+i 

Here we will a;sum~ 'that cJ:+.~ = { q1•+~, q;, 1·;} ::t1
2 arc wcll_:posed (of 

maximal-possible dimension) submatrices of the matrix e2(2.7). Then from 
representation (2.5) + (2.6) we get the following represen\ation for the solu
tion to the system C2X = Y: 

{ 

I • . 

X; =J:; + ri.(.:-r(+I q(
1 )-yk, k = n + 1, n, .:., 1; 

(=• 

, i =h,l!!-1, ... ,lk-l+ 1, lo = 0, ln+1 = 111, 
'· . (2.10) 

where 
. lk+t-1 j 

J:;= qi1(Y; + 2:: TI ( -r{qt )yi, i = h+1, lk+1 - l, ... , h + 1, 
j=i+1 {=i+I 

k = n,· ... ,l,O; 
- ... -· ... ·I .. .. -

['rk = XI•+;] =J:l•+i + .ff (-r·{q(~1)h'H1 = x;•+t+tJ, 
{=1.+1 , 

(2.!!) 

[tn+I = xm+lJ = 0, k = n, n- l, ... , l. 
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The graphic scheme corresponding to this representation, (2.10)-;- (2.11 ), , 
is of the form · · · 

D 
CJ 

XII 

D 
CJ 

Xln 

B ...________., 
X 

~···· ·M. •I B 
B,;~·M·I EJ (2.12) 

B!~El 
B2 y 

• 0 
So, the solution to the system C2X = Y is a sum of two parts: X =X +.6-X, 

0. 0 . . / -

where X~ [B2 ]Y, and .6-X = [.6.B2 =:: c· b]Y. Then, B2 = C21 is of the form: 

B2= 

[ ~;. ·l ~I 
·. 

0 

[::: ,] ~II+I 

[
::· ·, ]. ;12 +I 

Cf3 

[Ed 
[ 

012 l 
BII+l 

[ 
013 l 

B12+1 

+ X 

...... 

['· .,] .... [B~+'l 
0 

B2 
c 

4 

l 
.I 

I 

I ,. 

i i 

; 

' 
/ 
1 
J, J 

1 

[ 0 ] 
>.-.. -

~. . ' ~:....1 ,. 

. [ b::+'][(cz1 +I )b:~+Il··.·[(l]I cz(~tlbr,:+,]' · 

0 n-1 

(2.13) 

[
• b:3

+l ]"·(<ll C.I(+I.)br,:+IJI 7 
2 (=2 

0 0 

X 

. [ b~~' l 
where 

. 0 v :· . i •. : . ' ' ' • • • • . ; lk+l. . . 
B p= [C~J-l are submatrices inverse of c~ n: C; = n ( -ieq~l), 

· e=•+l 
i.=h,lk-:1, ... ,lk'-r+-1, k=ri-, ... ;2,1; lo=O, ln+r=m; 
- j . . ' . "0 < 0 . 0 

0 c1 +I = c1 c1. • • • c1 , bf = [B;;; B;;+r. ... , B;i]' · < . ( . • •+1 J 
~=t "- " l . • - / 

' -~ 

- ·'·Remark L As follows from (2.12) +-(2.13), repres~ntation (2.10) +(2.11) 
may be called (like in [2)) the directrepresentationofcritical components of 
the solution of the system oflinear equations CiX ::= Y. The reason is that 
any components X; of the ;elution to the system C2X = Yare nonrecurrent 

'functions of well~posed components ('yk = xlk+I). Ill-posed compon~nts xlk 

are determined sepanl.telyarid' do. not participate in recurrence processes of 
deriving X;, any components of the solution X. The components' xlk may, . 

therefore, be called the criticq.l components. This method of solution of the 
system of equations c2x = y follows from representation (2.10)-;- (2.11) and 
belongs in essence to the class of direct methods of the decomposition type 
whose generat~rs havebeenconst~ucted in refs. [3,4]: 

~. 

3. Algorithms of sol_ution of systems C2X = Y and AX= Y 

. In Jhis section, we present. solution algorithms for systems C2X = Y and 
·-.AX = Y,· based· on the .represe~tations, given in sect.2, for solutions of 
'systems C2X = Y and C3X = Y.· 
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Algorithm! (s~lution of the system C2X = Y): 

/ 

Input data: { q1 # 0, q; # 0, r;; y1 , y;}r;2 are elements of the matrixC2 a,nd 
the right-hand side of the system of equations C2X = Y, respectively; m is. 
'the dimension of the matrix C2; e is the relative error of comp~ter arithmetic. 

The beginning of computations. 
Assignme~ts: . 

k = 0; i = m. 

Computati9ns: · 
xm ~w:./qm, 
i=i-1. (3.1) 

Computation of well-posed X;, separation and computation. of critical 
components x 1k of the solution X. 

. X;= (Y;- ri+~Xi+I)jqi. 

If i > 1, the algorithm is continued from (3.2), and if i s 1, the compu
. t~tion stops. 

Assignment: 
F; = IY;I and f; == 1, if IY;I S 1, (3.2) 

or 
F; :::: 1 and /; = IY;I, if IY;I > 1. 

. - . 
Che~k of the condition of "extended discrepancy": 

If; -Jq;x; + ri+Ixi+il/f;J ~ 2c-. 

If the condition is valid, one returns to (3.1 ), otherwise, computation~ are 
to be made: · · · · · · 

k = k + 1, lk = i; .. -(3:3) 
0 

· xlk = Y1k' elk =, -rlk+Ii 

X;= (!l:; +c;Xlk+l)/q;. (3.4) 

If z > 1, the algorithm is continued from (3.5), arid if iS 1~, then com~ 
putations are completed. · · ; -

Computations: · 

. i = i -:- 1," (3.5) 

c;,= ( ~r;+l/q;)c;+1 • 
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Check of the c~nditior~, o/'well-:-posedness·l ofsubm~trices Ct:= 

. ' . -1 
E<ic;i<·E. 

,:., 

. - (3.6) 
- < ~ ; 

- If this. condition is not fulfilled, then one goes back to (3.3), otherwise, 
one performs computations 

!I;;= Y; :.__ (ri+l/q;H) !};iH 

·and comes back to (3.4 ). 
The end -of computations. 
Alg~rithm II (solution of the system AX = Y )~ 
Case 1. A= AT ·is a symmetric ~natrix . 

.The matrix A and vector from the r.h.s. Y are scaled according to ,the 
algorithms of programs MSCL from ref.[5]. · 

- The s~aled matrix A is represented in the form 

. .._. T. _.· · . T 
_Q AQ = (C3 = C3) 

\~ith tli~ use of the reflection alg~rithm (programs BTDfrom reL [5]).' 
Formation of the vector L-:::: QTY. · . . . -.· .: 

. ?olution_of the system _C3U ~ L with the he-lp of the algoritlu!1 I I from 
ref.[l], . . - . 

Derivation of the solution X = QU, 
'fhe end. 6fcomputations: . 
Case 2. A l AT is a' nonsym1nelric matrix; 
Process oCscaling of the matrix A·;and ·the-vector. in the r.h.s.' :Y m 

accordance with the algorithms of programs-MSCL from !ef. [5]. 
. · Representati9n of the scaled matrix A in thefonn. 

PAQ ~-C2 

with the use of the reflection algorithm(programs BTD from ref. [5]): 
Formation of the vector L = PY . 

.. Solution of the system C2U, = L by. using the algorithm I. • · 
Derivation of th~ solution X.= QU. . . 
The end of calculations. · 

•)Jri essen-ce, the condition (3.6)implies e <; IO(r{+tfq{)l < C 1 • 
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4. Description of tile solution programs of systems of linear eqmi
tions C2 X =Y, C3X = Yand AX =·Y . :,, - ~ ' -· 

Iri this s~~tion(\ve describe the program DCSOL.on Fortran·~ 77, constructed 
on the basis of algorithms I arid 1 I given in sect. 3 and algorithms from ref. 
[1]. In F!g.1~ we draw the block-scheme of that progni.rn. 

Call to the subprogram DCSOL: 

CALL DCSOL(M,A,INF,IDIM,B,R) ·' 
Here: 

M- (integer) the dimension of the quadratic matrix A; , 

A- (reai*S) is atwo-dimensipnal array•), that, contains the initiahnatrix 
A at the input; whereas P n Q at the output [5]. Matrices, for instance 
A, are stored in th~ form . 

A= (aii,aw···,aMii ai2• a22• ... ;aM2;ai3•:··,aMM); (*) · 

· Il'{F- (integer) ' . 
· At the input (the valueofiNF is assigned prior tothe call to DCSOL): 

' ' . . 

INF=;=' 0,. if one solves the system wjth a two-diagoruil matrix; 

INF~ 1, if one solves the system with.a sy~rrietric tridiagonal matrix 
C -cr-.· 
3- 3 ' ' 

INF= 2, if one solves (without scaling) the system; with a filled·matrix. 
A'#AT; . 

INF= -2, if the system with A '=f. AT is solved with scaling; 

INF= 3, if one solves (without scaling) the system with filled matrix 
. A=AT. . 

" ' 
INF= -3; if the system with A= AT is solved \Vith scaling. 

At the output: 

INF= 0, the normal completion of the work of s~bprograms; 
INF= -1, the initiil matrix is singlet; 

IDIM- {integer) the number of right-hand sides given in. B; 

·>Dimension of the array A: MxM, if at the iriput~.IINFI > l;··Mx3, if at the input 
INF=l; 1 x l(or A is a real variable), if at the input INF=O. 
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B :_ ·(real*S) a two-dimensional array of dimension MxiDIM(can be one-. 
dimensional if IDIM=l)containing: . · ' 

at the inp~t, the matrix ~f r.h.s .. in the form ( * ); 
at the output, the matrix of solutions in the form ( * ); 

R- (reah8) one-:dimensional wo!"king ar~ay of the dimension 2M. At, the 
input, it contains (at INF~O and INF=l) two~diagonal or, respectively, · 
'symmetric tridiagonal matrices in the following form 

R = [0, qu..r2, q2, r3, ... , qM-2• rM-ll qM-ll rM, qM]· 

Remark 2. The program DCSOL uses tb; subprograms•) INIT, MSCL, · 
GTEXP, CHEXP [5] and the block .. COMMONQ1, DET. Upon completing 
the workof programs in Q1 one determinesthe relative error,of computer 
arithmetic**) c = (Jt and at DET - the v~lue of the determinant of matTix 

· A. The subprogram•••) INIT defines constants of the IBM real arithmetic; 
MSCL realizes the scaling decomposition of a real matrix and multiplication 
.of the real matrix by the degree of base of computer real numbers; GTEXP 
selects mantissas and exponents of a real number; CHEXP restores real num-
bers from a mantissa and exponent. . . , ' 

If DCSOL. is already included into the: library of a given IBM, the sub-. 
programs INIT, GTEXP/and CHEXP. will also be included there. 

At the same time, if DCSOL is.only being included into•the library of 
a particular IBM, then it is iuicessary to choose a speCific version of those 
subprograms [5] .in accordance with the type of a given IBM. , 

•)The subprograms from [5] can be also employed independently. 
••)The value of E: : E: = 16-13 - at IBM series EC; E: = 2-55 - at IBM type CM-4; 

E: ==' 2- 52.- at IBM PC. 
***)A de~ailed description of these programs can be found in [5]. 
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CALL BTD() 

CALL BTDBK( ) 
=2 

CALLDCSOL1() 

CALL BTDBK( ) 
' -1 

cl = -rl+1 qi cl+1 

!};1= Y1- rl+1/ql+1 !};I+i 

c: < lcii < c::-1 

.1: Block-scheme of th~ p~ogram DCSOL.of algorithmsJ and II. 
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5 .. Results ~f num~rical experiments and theiranalysis 

In this sect., we report and discuss results of numerical c;perirrients on testing 
the abovcprograrr{s of solution of the systems of linear equations' c2x '= y' 

: C3 X = Y and AX = Y for various characteristic examples taken, in' pa~tic
ular, from ·[5,6, 7]. To start with, wecx'plain the notation and abbreviati~ns 
~dopted in Tables 1 -;- 6: 

'NI - the dimension of matrices C2 , C3 and A; 

Cond(A) - t.he condition number of the matrix A; 

Dl=IIY .,-AXIlE - the Euclidean norm of discrepancy; 

)' 

. jiiXII~~I7XIIEI- the differen~c modulus of E~clidean norms of the exact Xand 

approximate solution .\'; · , 

Dl+D2- the sumofdiscrepancy norm and difference modulus of norms 
of X and X; 

II X liE - the Euclidean nor in of X. 

Notationfor kubprograms in Tables (OS and OU--: our subpr()gran;s): 

'-OS:-- subprogram of DCSOL(at A= AT); 
' ~ ' . ' 

OU -- subprogram of DCSOL(~or A 'I AT); 

GS ~ subprogram of D,BEQN in Tables 1,2 and sub1Jrograrn :of DEQN Ill 
Ta]:>les 3 -;-6 fr:om CERNLIB library; · 

QR- subprograms of F01AXFand :F04AHF from NAGLIB library; 

ML- subprogram-function of PSOL from LINA [5]; 

TH- subprogram of SLAY from LIBJINR'library 

Here: CERNLIB -the library of su~programs at CERN [8]; NAGLIB
the package of ma'thematical prograins· (N~merical Algorithms Group, Ox
ford) [9]; LIBJINR '-the JINR library of p~ograms [10]; LIN A,·-'. tlie prog~am 
package [5]. ' 

· I~ our subprograms of DCSOL we realized· algorithms suggested ill the 
given series. of papers. - . - · 

The subprograms of DBEQN and.DEQN arc based on modified algo-
rithms of the Gauss exclusion method. · ' · 

In subprograms of FOIAXF and F04AHF, algorithms of the QR -method 
a~e employed. · -
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' . 
The subprogram ofPSOL uses the algorithms of the method of singular 

expansion with the use of exhaustion. . . · . . . - . · . 
, The subprogram of SLAY realizes algorithms of the Tikhonov. regulariza- • 

tion method .. ' · . · · 

X()te also that the Euclidean norms II·IIE were calculated with our sub
programs TOCHS3 and TOCHSM. Computation. time was found by using 
the subprograms of TIMEST and TIMEX from CERN LIB. When calculating 
Cond(A), we used the subprogram of PSOL from the package LINA. When 
Cond(A)> 1/c, where cis the relative ;;,ccuracy of computer arithr'n.etic, in 
Tables, (5] Cond(A)= 0 is listed. · 

In Tabl~s, no values for Com time above 100 sec. are given.· 
The subprogram of SLAY worked up to M=100. 
Below we report: in Tables 1,2 - the results of solution of the systems ·

C2X = Y; in Table 3- the same forth!'! systems AX= Y, with A=/: AT; in 
Tables 4,6 - the same for the systems AX = Y, with A =AT and A =j: AT. 
l\ote here that our subprograms OS and OU are w_orking with symmetric 
(A= AT) and (A= AT) asymmetric matrices, respectively. . 

' ·All the programs indicated above have been tested for the specific ex
amples· cited below. Examples 1,3; 8,9,10; 12,14 are taken from (S,6,7). 
They are usualiy tised for testing the programs of solution of the systems 
C2 X. = Y,-AX = Y. As furt~er examples, we also propose testing examples 
2,4,.'5; 6,7; 11,13,15. In tables 1 + 6, we will, for comparison, present the 
results ofcalculation ,on the basis of all the programs given abov"e for the 

. most ill-posed system of equations. 
Solutions of the systems of equations AX = Y and C2 X = Y derived by 

our methods obey (3] thecondi~ions: ~n IIWX- Yll and mjn I lXII, whe~e 
W: A or C2 • 

I. Testing examples of the syste'ms 
diagonal matrices of the generalform: 

System 1 : · . . . · 

of equations c2x 

X;= 1/i, i = 1,2, ... ,M,. 

Y with two-

c2 = 1 1~.~. '], 

' 1 2 ' 
'.li±l..·;-12 M-1 Y; = _i(i+l), • - ' ' ... , ' 

1 YM ~1/M. 

12 

:I 

r 
r 
,.'; 

' 

·' ' 

' 

. . il 
. I 

. System 2 

cor 
cor 

C2;= 

.System 3 

cor. 
co 

I!l 
5 3 

, 

I!l 
5 3 

c2 =. 

System 4 

co 2 ' 
-:-12 

-12 
C2·= I Cl 2 

-12 

7 11 
53 

7 
5 

-12 
c1 

System 5' 

~ ,< 

I 

·I 

:i:i = 1/(2i +I), i ~ 1,2,.:.,M, 

Y· = 2i+3<o .. 
'· (2i+eo)(2i+<o+2)' Z = 1, 2, ... , M- 1, · 

YM = co/(2M +.co), r.n:e r = 1 -co, co= 0, 01. 

X;= 1/(2i + 1), i = 1, 2, ·:·, M, 

Y· _ 152i+lls . 
' • •- 15(2i+I)(2i+3)''z = 1,2, ... ,M -1 . .· ' •I 

YM = 1/(2M + 1). 

X - ( 1)i+Ia·· ; - 1 2. M · 
i- ~ '" -. ' , ... , ,, 

Y1 =(co- 2)a; Yi = (:_1)i+2a, 

i·= 2, 3, ... , k .-1; k :+· 1, ... , M :- 1, . . ' ·' 

··. ~k = (-i/,(2- c1)~·, YM = ( -1)M+ic1a, 

where a= 1 +co, c~:::: 0, 0000001, c1 = 0, 0001. ·· 
' ' ' . ' . I ' < 

c2·= 

I 

3 

~ 7 .. ·. ·I·, 
.. , 3.7 
' .• 3 .. 

X; = 1; i.= 1, 2, ·:·' !v[, 

Y; = 10, i =1;·2, ... ,M.~ 1, ', 

YM d:;, 3. .. 
> • ~ • 

''· . 
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Table !(Results of co'roputation ~f syste'm 3) 

No Com.time Dl=. D2= · 
pr. (sec.) IIY-CXII IIIXII-IIXIII· D2+Dl I lXII· 
ou 0.0005 0.227E-15 0.209E-13 0.211E-13 0.459EOO 

M=lO ~GS . 0.0007 . 0.227E-15 0.209E-13 0.211E-13 0.459EOO 
Cond(C) QR 0.0035 I·· 0.485E-15 0.394E-14 0.443E-14 0.459EOO 
=.243E05 ML 0.1165 . 0.227E-15 0.209E-13 0.211E-13 0.459EOO 

TH 0.0238 0.134E01 0.150E03 0.151E03 0.150E03 
ou 0.0007 0.229E-15 0.852E-12 0.852E-12 0.467EOO 

M=15 GS 0.0008 0.229E-1~,; 0.852E-12 0.852E-12 0.467EOO 
Cond(C) QR 0.0070 0.466E-15 0.129E-10 0.129E-10 0.467EOO 
=.301E07 ML 0.2579 0.229E-15 0.852E-12 0.852E-12 0.467EOO 

TH 0.0620 0.138E01 0.127E05 0.127E05 0.127E05 
ou 0.0008 0.230E-15 0.435E-10 0.435E-10 0.471EOO 

M=20 GS 0.0010 0.230E-15 0.435E-10 '0.435E-10 0.471EOO 
Cond(C) QR 0.0125 0.885E-15 0.515E-09 0.515E-09 0.471EOO 
=.372E09 ML 0.4336 0.230E-15 0.435E-10 0.435E-10 0.471EOO 

TH 0.1316 0.141E01 0.118E07 0.118E07 0.118E07 
ou 0.0009 0.234E-15 0.232E-07 0.232E-07 0.473EOO 

M=25 GS 0.0012 0.234E-15 0.232E-07 0.232E-07 0.473EOO 
Cond(C) QR 0.0202 0.486E-15 0.114E-06 0.114E-06 0.473EOO 
=.459Ell ML 0.6873 0.234E-15 0.232E-07 0.232E-07 0.473EOO 

TH 0.2375 0.142E01 0.118E09 0.118E09 0.118E09 
ou 0.0010 0.238E-15 0.130E-05 0.130E-05 0.475EOO 

M=30 GS . 0.0013 0.238E-.15 0.130E-05 0.130E-05 0.475EOO 
Coi:td(C) QR 0.0309 0.652E~15 ' 0.292E-04 0.292E-04 0.475EOO 
=.566E13 ML 0.9776 . 0.238E-15 0.130E-05 o.130E-o5 0.475EOO 

TH 0.4065 . 0.143EOl 0.121Ell 0.121Ell 0.121Ell 
ou 0.0012 ·.·. 0.237E-15 0.140E-03 0.140E-03 0.476EOO 

M;:::35 GS, 0,0016 0.237E-15 . 0,140E-03 0.140E-03 0.476Eori 
Cond(C) QR 0.0448 0.608E-15 . 0.377E-02 .0.377E-02 0.472EOO 
=.692E15 ML 1.2884 0.237E-15 0.140E-03 . 0.140E-03 0.476EOO 

TH 0.6046 0.144E01 0.129E13 0.129E13 0.129E13 
ou 0.0013 0.242E-15 0.121E-01 0.121E-01 0.465EOO 

M=40 GS 0.0017 0.242E-15 0.121E-01 0.121E-01" 0.465EOO 
Cond(C) QR 0.0630 0.148E-14. 0.601EOO 0.601EOO 0.108E01 
=.OOOEOO ML 1.6622 0.622E01 . 0.144E01 0.766E01 0.191E01· 

TH 0.8813 0.143E01 0.149E15 0.149E15 0.149E15 
ou 0.0014 0.459E-15 0:173E01 0.173E01. 0.221E01 

M=45 · GS 0.0019 0.567E-13. 0.492E02 0.492E02 0.496E02 
Cond(C) QR 0.0845 0.116E-13 0.190E02 '0.190E02 0.194E02 
=.OOOEOO· ML 2.1625 0.625E01 0.144E01 · -0.769E01 0.192E01 

TH 1.2821 0.329E02 0.103E18 O.l03E18 0.103El8 
- - --
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Table 2 (Results of 
~ . put at 4) 

No· Corn. time D1=' 02=. .. 
(sec.) . IW -c:YII IIIXII-IIXIII' D2+Dl ·11-YII pr. 

ou 0.0004 0.203E-19 0.157E-03 0.157E-03 0.224E01 
rv1=5 GS - '0.0005. 0.203E-19 0.157E-O:i . 0.157E-03 0.224E01 
Cand(C) QR . 0.0015 0.188E-14 0.789E-03 0;789E-03 0.224E01 
=:ooOEOO ML 0.0290. . 0:162E02 0.286E01 0.191E02 0.510E01 

TH 0.0056 0.714E01 0.160E17 0.160El7 0.160Et'7 
ou 0.0005 0.203E-19 0.540E-03 . 0.540E-03 0.265E01 

M=7· GS 0.0006 0.203E-19' 0.540E-03 0.540E-03 0.265E01 
Cond(C)· QR 0.0021 0.200E-14 0.600E-03 .0.600E-03 0.265E01 
:O:::.OOOEOO ML 0.0541 . 0.235E02 0.399E01 ' 0.275E02 0.663E01 

TH 0.0114 0.911E01 0.640E17 0.640E17 0.640E17 
ou 0.0006 0.203E-19 0.362E-02 0.362E-02 0.317E01 

M=10 GS '0.0007 . 0.203E-i9 0.362E-02 0.362E-02 0.317E01 
Cond(C) ' QR 0.0035- 0.261E~14 0.298E-02 0.298E-02 0.316E01 
=.OOOEOO ML '. 0.1263 0.314E02 0.526E01 0.366E02 0.843EOl 

TH 0.0235 0.114E02 0.512E18- 0.512El8 0.512E18 
ou 0.0006 0.203E-19 0.1:l4E-01 0.134E-01 0.348E01 

M=12 GS 0.0008 0.203E-19 0.134E-01 0.134E-01 · 0.348E01 
Cond(C) QR '0.0048 0.326E~14 · 0.120E-Q1 0.120E-01 0.345E01 
=.OOOEOO ML 0.1609 0.357E02 0.597E01 0.416E02 0.943E01 

Til 0.0364' 0.128E02 0.205E19 0.205E19 0.205E19 
ou 0.0007 . 0.203E-19 0.241E-01 0.241E-01 0.358E01 

M=13 GS 0.0008 0.203E-19 0.241E-01 0.241E-01 0.358E01 
Cand(C) QR 0.0055 o:343E-i4 . 0.365E-O 1' · 0.365E-01 0.361E01 
=.OOOEOO ML 0.1656 · 0.376E02 · 0.629E01 0.439E02 0.990E01 

TH 0.0429 0.134E02 0.410E19 0.410E19 0.'110E19 
~ ' ou 0.0007 0;203E-19 0.776E-01 0.776E-01 ll.:l80E01 

M=15 GS 0.0009 · 0.203E-19 ,0.776B-01 0.776E-01 O.:l80E01 
Cond(C) QR 0.0070 0.381E-14 0.142E-01 . 0.142E-01 0.386E01 
=.OOOEOO ML 0.2159 0.413E02 0.690E01. 0.482E02 . 0.108E02 

TH . 0.0626 0:145E02 0.164E20 . o.I64E2o 0.164E20 
ou 0.0007 0.222E-15 . 0.973E-Ol 0.973E-Ol 0.403E01 

M=17· GS 0.0009. 0.222E-15 0.973E-01 0.973E-Ol 0.403E01 
Cond(C) QR 0.0090 0.457E-14 0.202E01 0.202E01 0.614E01 
=.OOOEOO ML 0.3070 0.446E02 0.745E01 0.521E02 0.116E02 

TH 0.0848 0.156E02 0.655E20 0.655E20 0.655E20 
ou 0.0007 0.203E-1.9 0.144E01 0.144E01 0.5681::01 

M=18 GS 0.0010 • . 0.203E-19 0.144E01 0.144E01· 0.568E01 
Cond(C) QR 0.0098. 0.447E-14 0.667EOO 0.667EOO 0.491E01 
=.OOOEOO ML 0.3621 0.462E02 0.772E01 0.539E02 0.120E02 

Til 0.0977 0.161E02 0.13lE21 0.131E21 0.131B21 

' ' . . / 

, . From the general analysis of the results of testing (in particular listed in . 
Table 1 and 2) it follows that our program OU (DCSOL) possessd better 
characteristics of time and accuracy. 

15 



'r..' ~ 

1!. Testing examples of the systems of equations AX ~y with A =f. AT -
filled matrice.s of the general form: · ··· · · · 

System 6 

/ A=:= 

. . \[ .\f-1 .\f-2 ... 3 2 333 

M-1 .'H;-1 Af-2 ····3 2 1 

M-2 M-2 M-2 ··· 3 2 1 

3 3 3 ···321 

2 2 2 ···221 

co 1' 1 ... 1 1 1 

System 7 

' . . 1 
A= (a;j), aii = i+i-1' 

x; = 1/i,·i = 1,2, ... ,1vf, 
_ A·~IM -k+1 333' _ ¥- 1 

Y1- L, --k- + M' YM- L,k+ co, 
k=1 k=2 . 

i M 
Y; = (M- i+1) l::t + L M-kk+t, 
; . . k=1 k=i+I 

i =.:2, 3, .:., M _..: 1, 
where co = 0, 0000001. 

X;=1/(2i+1), i=1,2, ... ,M, 
M . 

i = 1,2, ... ,M -1, j = 1,2, ... ,M, 
a,~11 -= 333, · 

- "' 1 Y; ~ k~1(2k+1)(i+k-1)' 
i = 1, 2, ... , M- 1, · 

M. 1 .. 
aMI.= M+i-1' J = 2, 3, ... , M, 

System 8 

: ( ) ' 1 
A,=;' a;j , a1j = aj1 = M-i+l' 

. j=1,2, ... ,M-1, 
alA{~ 1 + c0 , aM1 = 1- co, 

. . 1 
<;Iii = aii = M-i+1' 

i = 2,3, ... ,M, j = 2,3, ... ,i, 

System 9 

M M-1 

M-1 M-1 M-2 

A=. 
3 3. 3 

2 . 2 2 

1· -
·system 10 

... 3 2 

... 2 2 1 

··· 1 I 1 

YM = ~(2k+1)(i+k-I) + 111. 
k-2 . 

X;= 1.- co, i = 1, 2, ... , M, 
M-1 . 

YI = (1- co)( I: M-~+t + 1 +,co), 
k=I . . . 

.. .M 

Y; = (1- co)(M.,.'i+1 + L:M-Ik+I), 
. k=l 

i = 2,3, ... ,M -1, 
M 

YM = (1- co)(1 - io + I: M,.\+I) · 
. • k=2 . . 

where co = 0, 00001. 

X'= (-1)i/i i- 1 2 M 
t ' - ', ••• , ' 

Y· = {1 + (_:I>_i(i-M)) ..j..., (-I)k 
' •+I L, k ' . .. k=I . 

z=1,2, ... ,M-1, 
M 

YM = L(-1)kjk. 
k=I 

X;= 1/i, i = 1;2, ... ,M, 
M \ ·I A = ( ciii ), aii = i-i~M' 

i = 1,2, ... ,M, j = 1,2, ... ,M, Y; = I: k(i-k+M'' 
k=1 

i,= 1,2, ... ,M. 
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. Table 3(Results of co"mputation.of the system 8) 

No Com.time D1= D2=. 
~- - .. 

pr . · (sec.) · IIY -CXII. IIIXII-IiXI!I · D2+Dl 
ou 1.1885 0.821E-13 0.422E-14 0.863E-13 

M=5o · ·. GS 0.1063 0.129E-12 0.115E-13 .0.140E-12 
Cond(A). QR 0.1807 0.148E-12 . 0.955E-14 0.158E-12 
=.956E05 ML 3.3575 0.778E-13. 0.355E-14 0.813E-13 

TH 2.0613 0.768E=-11 0.382E-13 ·o.771E-11 
/ ou 7.8580 0.297E-12 0.999E-14 0.307E-12 

M=100 · GS 0.7806 0.400E-12 0.213E-13 0.421E-12 
Cond(A) QR 1.3340 0.452E-12 0.155E-13 0.468E-12 
=.563E06 ML 16.3126' 0.291E-12 o.955E-14- 0.301E-12 

TH 16.0278 0.514E-10 0.628E-12 0.521E-10 
- ou 28.7184 .. 0.477E-12 0.120E-13 0.489E-12 

M=150 GS 2.6359 0.698E-12 ... 0.269E-13 0.725E-12 
'Cond(A) QR 4.5101 0.782E-12 0.200E-13 0.802E-12 
=.157E07 ML 44:1513 0.465E-12 . 0.120E-13 0.477E-12 

TH 
ou 63.9960 - 0.741E-12 0.113E,13 0.752E-12 

M=200 GS 6.2067 0.108E-11 0.318E-13 0.111E-11 
Corid(A) QR I··· 10.5183 0.109E-11 o.244E-13 0.112E-11 
=.323E07 ML 90.4003 ' 0.744E-12 0.118E-13 0.756E-12 

TH 
ou .. 0.803E-12 0.349E-13 0.838E-12 

M=250 GS 12.1114 0.\45E-11 0.342E-13 ; 0.148E-11 
Cond(A) . . QR 20.4187 0.220E-11 0.822E-13 0.228E-ll 

·=.565E07 'ML 0.796E-12, 0.369E-13 0.833E-12 
TH 
ou 0.101E-11 0.355E-12 0.156E-ll 

M=300 GS 21.1864 0.402E-ll 0.128E-12 0.415E-ll 
Cond(A) QR 35:4692 .0.435E-11 . 0.135E-12 0.448E-11 
=.891E07 ML -· 0.100E-11 0.355E-12 0.156E-ll . .. 

TH 
• OU. · 0.163E-10 0.465E-12 0.167E-10 

M=400 GS 57.0168 0.960~10 0.313E-12 0.964E-10 
Cond(A) QR 82.8388 (}.981E-10 0:313E-12 0.985E-10 
.=.183E08 ML 0.162E-10 0.465E-12 . 0.167E-10 

TH ,. 

ou 0.232E-10 0.551E-12 . 0.237E-10 
M=500 GS· . 0.154E-10 0.437E-12 0.158E-10 
Cond(A) QR 0.154E-10 . 0.387E-12 0.158E-10 
=:318E08 ML 0.232E:10 o:554E-12 0.238E-10 

TH 

I 

II XII 
0.707E01 
0.707E01 
0.707E01 
0.707E01 
0.707EOi 
0.100E02 
0.100E02 
0.100E02 
0.100E02 
0.100E02 
0.122E02 
0.122E02 
o:122E02 

.0.122E02 

0.141E02 
0.141E02 
0.141E02 
o:l41E02 

0.158E02 
0.158E02 
0.158E02 
o.158E02 

0.173E02 
0.173E02 
0.173E02 
0.173E02 

0.200E02 
0.200E02 
0.200E02 
0.200E02 

-

0.224E02 
0.224E02 
0.224E02 
0.224E02 

The analysis of .results of testing given in Table 3 shows that our program 
OU {DCSOL) have certainly better characteristics of accuracy but is worse 

_-in time characteristics as compared to GS and QR. This is due to a large time 
comsumption. for the reduction of an asymmetric matrix to a two--diagonal 

17 
\ 



one. We hope to conside~ably reduce this drawbackin further optimization 
of the procedure: :. · - . 

III. Testing examples for the systems of equations. AX = Y with A= AT , 
:.. filled matrices of the general form: . 

System 11 

A= (a;j), aij = aji = M_Ij+I, 

j = 1,2, ... ,M -1, -
aMI =aiM= M+ co, 
. - . - I. 
a;j = aii =;: M -i+l' 

i.= 2, 3, ... , M, i'=. 2, 3, ... , i, 
X;= (i + 1)/i, i = 1, 2, ... ,M, 

M-I · 

Y 
_ " k+I + (M+eo)(M+I) 

I - ~ k(M-k+I) M ' 
. k=I 

. _ I .J., k-t-I . ¥- k+I 
Y;,- M-i+l ~--k- + ~ k(M-k+I)' 
-'' k=I' k=•+I · · · . M -

YM =I: kr+2(M +co), 
k=2 

i = 1, 2, ... , M- 1, where co= w-7 . 

System 12(A-:- the Hilbert matrix). 
- . . 

.A= (a;j)r a;j = i+J-I' 

i = 1,2, ... ,M, j= 1,2, ... ,M, 

System 13 

" (. ) . I 
A= a;j ,. ~Ij = aji = i+j-I' 

j = 1,2, ... ,M -1, 

X;_= 1/i, .i = 1, 2, ... ,M, 
M" 

Y;= L k(;}~_l\, i=1,2; ... ,M .. 
k=I 

- M-I ~ · = " (.:.I)"·· (-I)M333 
YI ~ ~+ M , 

k=I 
: « • . I 

_aMI= aiM= 333, a;j = aii = i+i-I, 
. = M ·(-IJk . -

Y•-I k~l(k+i-2), z - 3, 4, ... , A11 

i = 2,3, ... ,M, j::::: 2,3, ... ,i, 
X;=(-l)iji,_i= 1,2, ... ,M, 

- .. - M (-I)k . . 
YM - L k(k+M-I} + 333. 

k=2 

System 14 

eo M-IM-2· .. 32Ml 

~-I.M~I ~-~ .... 3 2.I ~ 

2 ,2 2 "·22I 

M I I ... II1 

A= 

x; = 1-:-,co,,i = 1,2, ... ,M, 
_ (1-eo)(M2-M+2~<o) 

Y1 :- . 2 ' -
_ {1-eo)(M-i)(i+M-3) 

Y;- - 2 ' 

YM'= (2M- 1)(1- co), 
i,=2;3, ... ,M-1, , 
where co = 0, 0000001. 

System 15(det(A)=0) 

b b 
b" a b 

b b 'b 
b b 

b a 
b b 

a· b 
b a 

'- (-1); . - 1 2 M 
X; - 2i+1 ' l - ' ' ... , ' 

· ' M-I . k ( M ) 
-·- ~ ~..:..:.1. YI-YM- b L 2k+I +a 2M+I 3 '· 

k=2 . 
. · . _ M (-l)k ('-'I};a 
Yi - b L. 2k+I ..., 2i+I ' . 

k=I . 
i = 2,3, ... , M,-,-1, where a =1- co, 
b .. 1 · · 1 lo-u =-· + co, co = ._, . 

,18 
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Table 4(Comp'utation results for system, 12) 

-

l\1=7 

Cond(A) 
·=.475E09 

l\1=8 

Cond(A) 
=.153E11 

l\1=9 

No'J Com.time I .D1= ~-- D2= · 
pr._ . (sec.) IIY- CXII- (IIXII-11-YII( 
OS -~-· 0.0073- 0.916E-15 0.444E~15 ou · - o:oo85 . o.u9E-14 o.111E-14 

. GS ·_ 0.0011' 0.144E-14 0.111E--14 
QR, -0.0022 · 0.125E-14 0.111E~14 
ML: . 0.0600 0.119E-14 0.111E-14 
TH . 0.0126 0.195E-ll 0.104E-06 
OS 0.0095 0.196E-14 · 0.133E-14 
OU - · 0.0110 0.233E-14 0,600E-14 
GS - 0.0013 0.146E-14 0.888E-15. 
QR . 0.0027 . 0.739E-15 - ~ 0.666E-15 
M-L 0.0754 . 0.233E-14 · - 0.600E~l4 
TH 0.0166 0.242E-12 0.164E-05 
OS. 0.0130 0.158E-14 0.555E-11 
OU. . 0.0150 0.259E-14 0.906E-11 
GS 0.0016 0.148E-14 0.199E-ll 

Con'd(A),~-- QR > 0.0033 0.149E-14 0.115E-ll 
=,493E12. ML • 0.0884 0.259E-14 , 0.906E-ll-

.. TH 0.0212 0.145E-09 0.372E02-

l\1='=10 

c~~d(A) 
=.160E14 

M=ll· 

Cond(A) 
=.518Ei5 

M::::p.· 

Cond(A) 
-=.OOOEOO 

l\1=13 

Corid(A) 
=.OdOEOO 

OS · 0.0157 · 0.199E-14 0.142E-09 
ou. ·· o.o131·· ; o:164E-14 o.938E~ori; 
GS 0.0019 0.216E-14 0.992E-09 
QR 0.0039 0.244£-14 0.603E-09 
ML 0.1140 o:i64E~14. 0.938E-09 
Til 0.0273 . 0.306E-09 . 0.263E04 
OS 0.0201. 0.159E-14 0.821E-07 
OU. 0.0225 0:183£-14 .· 0.483E~07. 
GS 0.0023, 0.248E-14 0.201E-05 
QR '0.0046 _o:212E-14 0.304£-05. 
ML 0.1322 ·0.184£-14. 0.483£-07 
TH ' 0.0342 0.465E-08 0.130E07 
OS. 0.0250 0.168E-14 0.245E-O:l 
ou' ' 0.0285 0.185E-14 0.2J7E-01 
GS- 0.0028 0.265E-14 0.105~01 
QR · 0.0054 ·0.168E-14 0.179E-01 
ML 0.1381 . . 0.175E01 . 0.954EOO 
Til 0.0421 .0.117E-07 0.630£08 
OS. . 0.0307 · 0.268E-14 0.346E01 
OU 0.0336 ' 0.320E-14, :._ 0.140E01 
GS 0.0033 0.277E~14 0.463E01 
QR 0.0062 0.237E-14 0.872E01 
ML' 0.1503 o·.181E01' 0.974EOO · 
Til 0.0508 0.123E-O:l - 0.796E12 

,. 
19 

D2.f-D1 

0.136E-14 
0.230E-14 
0.255E-14 
0.236E-14 
0.230E-14 
0.104E.06 
0.330E-14 
O:S33E-14 
0.235£-14 
0.141Ec14 
0.833E-14 
0.164E-05 
0.555E-ll 
o.90GE-il 
0.200E-11 
0.115E-11 
0.906E-11 
0.372E02 
0.142E-09 
o.9:lsE~o9 
0.992E-09 
0.603E-09 
0.938£~09 
0.263E04 
0.821E-07 
0.483E-07 
0.201E-05 
0.30.4E-05 
0.483E-07 
0.1JOE07 · 
0.245E-03 
0.237E-O 1·· 
0.105£-01: 
0.179£-01 
0.271E01 
o:63oEos · 
0.346E,01 
0.140E01 
0.463E01 
0.872£01 
0.279E01 

. 0.796E12 

.. 

II XII 
0.123E01 
0.123E01 
0.123E01 
0.123£01-
0.123E01 
0:123E01 
0.124E01 
0.124£01 
0.124£01 
0.124£01. 
0. l24E01 
0.124£01 
0.124E01 
0.1;24E01 
0.124E01 
0.124E01 
0.124E01 
0.385E02 
0.124E01 
0.124E01 
o:124E01 
0.124EOl 
0.124E01 
0.263E04 
0.125EOI 
Q.125E01 
0.125E01 
0.1:15E01 
0.1251-:01 
0.130E07 
0.125E01 
0.127E01 
0.126E01 
0:127E01 
0.220E01 
0.630E08 
0.471E01 
0.!52E01 
0.588E01 
0.99iE01 
0.223E01 
0.796E12 



Table 5(Com_putation results for syst~m 15) 
- ' 

:\o Com. time D1= 'D2= 
pr .. (sec:) IIY -CXII IIIXII-II,YIII D7+D1 IIXII·· 
OS . 0.0041· 0.126E-15 0.549E-01 0.549E-01 0.493EOO 

~r=5 ou· 0.0044 0.821E-16 OJ31E701 0.131E-01 0.425EOO 
GS 0.0007 0.547E-11 0.123E05 0.123E05 0.123E05 

-Co!Jd(A) QR 0.0015 0.352E7 05; 0.282E11 0.282Ell 0.282Ell 
=.OOOEOO :\11 0.0224 0.229E01 . . 0.134EOO '0.242E01 0.572EOO 

. Til 0.0067 . 0.963EOO _: 0~631E16. . 0.631E16 , 0.631E16 
OS 0.0166 0.512E-15 ' 0.2l7EOO 0.217EOO 0.676EOO 

~1'=10 ou 0.0183 0.107E-15 0.832E-01 0.832E-01 0.376EOO 
GS 0.0018 0.202E-10 · 0.247E05 0.247E05 o:247E05 

Cond(A) QR 0.0038 0.302E-03 ·. :.. 0.502E12 ·o:5o2E12 0.502E12' 
=.OOOEOO ML ·o.o467 o.546E01 0.148EOO . 0.561EOi 0.607EOO 

TH ' 0.0271' 0.220E01 • 0.372E16 . · . 0.372E16 0.372E16. 
OS 0.0435 0.458E-15 0.264E-02 0.264E-02 0.470EOO 

~1=15 ou 0.0467 0.384E-15 0.485E-Ol '0.485E-01 0.419EOO . 
. 0.145E05 GS 0.0043 0.432E710 0.145E05 .. 0.145E05 

. . 

Cond(A) QR 0.0083 0.346E-03 0.204E12 0.204E12 0.204E12 
=.OOOEOO ML 0.0899 ·· 0.12SE02 . 0.425EOO · · .. · 0..129E02 0:892EOO 

[; .. · TH 0.0734 0.466E01 0.282E16 . 0.282E16 0.282E16 
OS ' 0.0915 0.317E-15 _ 0.424E-01 0.424E-01 0.429EOO 

:\1:::::20 ou 0.0984 0.125E-14 o'.3oo~o1 • o:300E-Of 0.441EOO 
GS ·0.0087 0.538E-10 0.114E05 0.114E05 0.114E05 

Cond(A) · QR 0.0183 0.792E-03 o.l68E12 0.168E12 0.16SE12 

' 
=.OOOEOO ML 0.1477 .0.172E02 . 0.436EOO,. 0.177E02 0.907EOO. 

TH 0.1578 0.678E01 0.409E16 0.409E16 0.409E16 
" OS 0.1624 0.172E-14 0.251EOO . 0.251EOO 0.725EOO 

M=25 ou 0.1731 . 0.188E-14 0.269E-02 0.269E-02 0.476EOO 
GS 0.0151 0.106E-09 0.140E05 0.140E05. 0.140E05 

1 Cond(A) QR 0.0281 0.605E-03 · o.4o7E12 0.407E12 0.407E12 
=.OOOEOO ML 0.2361 0.269E02 0.648EOO 0.276E02 0.112E01 

. ' 
TH 0.2882 0.946E02 0.189E17 . 

.. 
0:189E17 ' 0.189E17 

OS 0.2589 0.218E-14 .0.322EOO 0.322EOO 0.797EOO 
M=3o ou 0.2707 0.230E-14 . 0.200E-01 .0:200E-01 0.455EOO .. GS' 0.0246 0.130E-09 .· 0.107E05 .· o:I07E05 0.107E05 
Cond(A) QR 0.0456 0.102E-02 0.729E12 0.729E12 0.729E12 · 
=.OOOEOO ML 0.3524 0.328E02 . 0.656EOO 0.335E02 0.113E01 
. TH 0.4747 . 0.592E02 . 0.726E16 . 0.726E16 0.726E16-

OS .. 0.4091 0;725E-14 0.633EOO 0.633EOO 0.111E01 
M=35 ou 0.4310 0.771E-15 . 0.159EOO, . 0~159EOO 0.635EOO 

·• GS 0.0381 0.181E-09 0.138E05. 0:138E05 0.138E05 
Cond(A) QR 0.0689 0.134E-02 0.542E12 0.542E12 0.542E12 
=.OpOEOO ML 0.5172 . 0.446E02 0.834EOO 0.454E02 0.131E01 

TH .· 0.7407 o:u6E02 0.155E16 0.155E16 0.155E16 

_20 
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Table 6(Computation results for system 15 with a perturbed(~ 10%) right-:-himd side) 

No Com.time D1= D2= . 
pr. (sec.) IIY-CXII .lllxll-llxlll D2+Dl .IIXII 
OS 0.0029 . 0.747E-16 0.103E+OO 0.103E+OO 0 .. 541E+OO 

l\1=5 ou 0.0035 o:196E-16 0.266E-01 0.266E-01 0.465E+OO 
GS 0.0007 o:825E-11 0.208E+05 0.208E+05 Q.208E+05 

Cond(A) QR 0.0015 0.493E-05 ,0.825E+11 0.825E+ll 0.825E+11 
=.OOOEOO ML O.D205 0.252E-1'01 ·o.191E+OO 0.271E+Ol' 0.630E+OO 

TH 0.0067 0.938E+01 0.194E+17 0.194E+17 0.194E+17 
OS 0.0126 0.549E-15 0.248E+00 0.248E+OO 0.707E+OO 

M=10 ou 0.0147 Q.343E-15 0.485E-01 0.485E-Ol 0.4l1E+OO 
. GS 0.0018' 0.178E-10 . 0.255E+05 0.255E+05 0.255E+05 

Cond(A) QR 0.0038' 0.113E-02 0.888E+12 0.888E+12 0.888E+12 
=.OOOEOO ML 0.0480 0.601E+01 0.208E+OO 0.622E+01 0'.668E+00 

TH 0.0271 0.207E+06 0.266E+22 0.266E+22 0.266E+22 
OS 0.0355 0.285E-14 0.226E+01 0.226E+01 0.273E+01 

M=15 ou 0.0398 0.645E-15 0.617E-02 0.617E-02 0.461E+OO 
GS 0.0043 0.370E-10 0.197E+05 0.197E+05 0.197E+85 

Cond(A) QR 0.0085 0.422E703 0.195E+12 0.195E+12 0.195E+12 
=.OOOEOO ML 0.0908 0.137E+02 0.514E+OO · .0.142E+02 0.981E+OO · 

TH 0.0739 0.524E+06 . 0.274E+21 0.274E+21 0.274E+21 
os· 0.0810 0.465E-15 0.339E-01 0.339E-Ol; 0.437E+00 

M:;::20 ou 0.0891 0.566E-15 0:155E+OO 0.155E+OO 0.626E+OO 
GS o:oo86 0.581~10 0.212E+05 · o.212E+o5 0.212E+05 

Cond(A) QR 0.0163 0.694E~03 . 0.209E+12 0.209E+12 0.209E+12 
=.OOOEOO ML 0.1493 0.189E+02 0.526E+OO 0.195E+02 0.997E+OO 

TH 0.1551 0.784E+03 0.115E+18 0.115E+18 0.115E+18 
OS 0.1414 0.231E-14 0.361E+00 0.361E+OO. 0.835E+OO 

M=25. ou 0.1538 0.697E-15 0.953E-01 · 0.953E-01 0.569E+OO 
GS 0.0151 0.787E-10 0.100E+05 0.100E+05 0.100E+05 

Cond(A).._ QR 0.0280 0.650E-03 0.436E+12 0.436E+12 0.436E+12 
=.OOOEOO ML 0.2333' 0.296E+02 0.760E+OO. 0.304E+02 0.123E+01 

TH- 0.2909 0.316E+01 0.699E+15 · 0.699E+15 0.699E+15 
OS ·. 0.2297 0.309E-14 0.413E+OO 0.413E+OO ·o.889E+OO 

M=30 ou 0.2459 0.101E-14 0.137E+OO 0.137E+OO 0.612E+OO 
GS. ·o.o25o O.l16E-09 0.201E+05 0.201E+05 0.201E+05. 

Cond(A) QR . 0.0455 0.891E-03 0.816E+12. 0.816E+12 0:816E+12 
=.OOOEOO ML 0.3497 0.361E+02 0.769E+00 0.369E+02 0.124E+01 

TH 0.4876 0.125E+03 0.161E+17 . 0.161E+17 0.161E+17 
OS 0.3529 0.683E-14 0.743E+OO . . 0.743E+OO 0.122E+Ol 

M=35 ou 0.3719 ' Q.139E~15 · 0.248E+00 ·o.248E+00 o:724E+OO 
GS 0.0391 0.162E-09' 0.143E+05 0.143E+05 0.143E+05 

Cond(A) QR 0.0688 0.144E-02 0.698E+12 ·• •o.698E+12 0.698E+12 
=.OOOEOO ML 0.4981 0.490E+02 . 0.966E+OO 0.500E+02 0.144E+Ol 

TH 0.7508 0.119E+02 0.167E+16 ·o.I67E+16 0.167E+16 

From the general analysis of the results of testing (in particular, listed in 
Tables 4-6) it follows that our programs OS and OU (DCSOL) provide better · 
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characteristics of accuracy though are not in time as good as the programs 
GS and QR. This is again due to the procedure of ~eduction of A = AT. to 
C

3 
in the program OS and to C2in the program OU. We hope to diminish 

this drawback via further optimization of the pr~grams. 
Finally, it is to. be noted that for A = AT , out of programs OS and 

· OU, the program OS has better characteristics, which uses the procedure of 
reduction of (A= AT) to (C3 = c[), and in the program OU,(A = AT) is 

· reduced to Cz. , 
In Table 6, we report the results of numerical calculations for solution 

of the perturbed (~ 10% in Y) system AX·= Y. As· follows from the 
analysis of testing results, 'OUr methods arethe most stable also with respect 
to perturbationof the right...:.hand side of systems of e,quations. 

6 .. Conclusion 

We have deveioped the new effective method ~nd algorithm for solving sys
tems of linear algebraic equations with a two-diagonal matrix. The programs 
constn.icted on their basis surpass all the known modern programs of a similar 
type in. basic cha~acteristics. 

The new ,algorithms have also been employed for solving systems of linear 
algebraic equations with a completely filled square matrix. 
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