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1. Introduction· 

. The purpose of the present paper is : -·-
Development of new effective methods and algorithms of inversioll' of tridiag
onal matrices of the general form and of solution of systems-of linear algebraic 
equations with those matrices; creation of complexes of new programs on the 
basis 'of the developed algorithms. 

2. Methods of inv~rsion of tridiagonal matri~es of the- general form 
c and of solution of systems of linear alg~braic equations ex~ y 
In this sect.; bas~d on the representations of e and B ··::: e-1 found in 
refs. [1 -;- 3], w~ develop an effective method for inversion of matrices e, 
that takes the structure of B = e-1 into account.- We also pr_esent the 
critical-component method worked out i~ [1] for solving th~ systems of linear 
algebraic equations ex= Y. 

- Let e be a n~nsi~gular real tridiagonal ~atri~ ~f the general form · 

e= 

where 

q1 1 2 

p2q2 1 3 

Pm-1 qm-1 I m 

Pm qm 

qzk+t 1 lk+2 

· P!k+2 qzk+2 1 lk+3 

[ 
11-2] 

e1 rl1--1 
. . ql1 -1 rl1 ] 

p11-1 [' ql1 r,1 +1 -
lP11 ] 

12-2 P,t+{e~t+1 ~~2-1 

[qln-1 rln ] 
pln-1 qln. rln+l ] 

P1n [em 
. Pln+1 1n+1 

(2.1) 

ezk+1-2 
lk+1 = , k = O, 1, ... , n, lo = 0, ln+t - 2 = m~ 

Pzk+1:-3 qzk+1-3 1 lk+1 :...2 
Pzk+1 -2 qzk+1-2 

- - '(2.2) 
{pi =/= 0}~2 are subdiagonal elements, {r.i =/= 0}~2 are off-diagonal ones, 

{ }
m .· d. -al l - t d elk+t-2 'd' { }lk-i-t-2 qi i=1 are tagon _ e emen san lk+l = tr' 'ag q1k+1, qi,Pi• ri i=lk+2 are 

submatrices of the matrix e(2.1). 
Block decomposition of the type (2.1) -;- (2.2) of the initial matrix e 

is required for the construction [3] of effective direct_ numerical methods of 
solution of the above-mentioned algebraic problems. 

;:_-,, 
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Below, we'll report only those of the results from. refs. 1 .:;- 3- for which we 
will here develop practical algorithms and program~; namely, in refs .. [1,2] 
we have obtained the following representations for matrices inverse of C, 
B=C-~: . 

Representation 2.1 (of the type B ~B +B1Z) 
[.Bf1-2] 

. . [o oJ 
. . [.812-2] •' 

11+1 

. [o oJ 
[.813-2] 

12+1 
B= + 

[~oJ 
[.Bi:+d 

0 

B 

[

(B111-2TI1-1) 0 l 

(.8,1 ~211 -2 ~'1 -1 )~ 
[.-1 . .0] 

0 -1 

[~(~lt+111 +1P11 +;) l [(~11 ~112 -2rl2-1 )~ l 
O{B,2_;,211 +1P11 +1) (BI2-2!2-2r12-1)0 

+ I [-1 o] 
0 -1 

[~(~12 +112+1Pi2 +;) ·]:::[(~In-; +lln-2rln-~}Ol 
O(BI3-2I2+1P12+1) (Bin-21n-2rln-tl 0 

;Bt 
0 

[-1 0] 
·o -I 

[

0: (BI~+lln+I,~I';';_1) l 
O (Bmln+1pln+1) 

·Z, {2.3) 

where B is a block-diagonal matrix of dimension m x m, BI is a rectangular 
matrix of dimension m x 2n, B;i are elements of the last :(first) columns of 
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submatrkes .8; = [C;J-I, where [C;J-:1 !s an inverseof c;. Here Z is a_ 
rectangular matrix of dimension 2nxm being [1,2] a solution of the following 
system of matrix equations: 

[

[Qt1][Rt2] I[Zt11t-2][zt1t1][zt112-2][zt112][zt113-2] •· · · [zt!t"][~t1m] I 
[P,, ][ Q.': ][:n,, I [z.':-: ~~I [ zh.'~ ll~':''~.·l[z.''.': ][_z',>.'_'.~~l: · :_ [z.':'~ ][ z:;m I. . = 

_ [Ptn ][ Qln] [ Ztn11-2 ][ Ztn11 ][ Zlnl2-2 ][zlnl2 ][ Z.1:-13-2k ·. [ Zt.;ln ][zlnm] 

n · z 

[bl111-~ ][~
1

_J[ bltl2-2] 

[ b/212-2] [~~;] [ b/213-2] (2 . .4) 

' [blnln~2][~l-:l [blnm] ~ 
B2 

where n is a nonsingular [2) tridiagonal matrix of dimension 2n X 2n, B2is a 
rectangular matrix of dimension 2n x m, ' : ,· · 

-Q ~ [(ql--1-pi·-1Bl·-2!·-2rl·-1') (r,.)l .. R · .. [ . . 0.. ·. 0] 
I, = • • • B I • - • , '• ·= . I 'E " 0 , 

(v,;l_ (q,,-rl;+1 l;+ll;+tPI;+1) · . (-r,,_1+1 l;_:t+ll;-2r!;-1) · 

PI;= [: (-p!;-1BI~-21;_1~1PI;_t+1)], - .(2.5) 

b . . . ·= [(PI;-181;-21;_1 +1) ... (PI;-1BI;:-21;:;-2)] . . 
1;1;-2 . - 0 ... 0 . . , 

bll· -2 = [ - o ... o_ . ] , i = '1, 2·, : .. n, • 
' •+1 (rl;+1 Bl;+11;+1) "' (rl;+1 8 t;+11;+1 -2) 

where B;i are elements of the first.(last) ~ows of submatrices .B; = [C;J-I, 
- ' . . ~. .. ,· \ ; \ . 

[
B ·. ...B l :. ··[B •· B l z. . = lt-Uj-t+l · li-U;-2 z .. = l~-.~li-1! li-l~i .· 

_ 1,11 -2 B ... B ' 1,1,_, . B , B . ·. 
'''i-1 +1 . '•';-2 '' . ,_ ' . . )il.-1 ,,,, 

(2.6) 

So, the determination-of-B = c-1 is reduced to the· solution of the system 
of equations (2.4) +(2.6).-The matrix n of this system is ill- posed [2,3) in 
the general case if so does the initial matrix c. . 

' '.- \ .) c. ' ' > ••• 
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In refs. [1,2], we have introduced t~e 'following generalized seq'uences•>: 

{ 

A;+l = q;- p;Ai1r;, A2 = q1, i = 2, ... , m, 
if A; f 0 for all 2 :::; i :::; m. . . , . .-

. If A;·= 0 for. any i'from (2:::; i :::; m), then · 
A;+l - undefined, but Ai+2 = qi+l; · . . 

{

• ~i-:1 = q;.· _:__ ri+1Gi
1
Pi:H .. • ·G·. m-1 .= qm, i = rr;- 1, ... , 1, 

.. 1f G; f 0 for all.1:::; t:::; m -1. · 
· If G; = Ofor any i fr~in (1:::; i:::; m- 1), then 

G;_1 - undefined, but G;-2 = q;_1. . 

(2.6)' 

(2.7) 

On the basis of sequences {A;}(2.6)' and {G;}(2.7) we have obtained the 
. following ways••) of computing elements B;i <;>f the matrices B = 9-1

: 

Representation 2:2( A; l 0 for all 2 :::; i :::; m + 1) 

Q - - ' 
H-(A) -. { BiW1Pi+b 1 :::; j < i-< m 
· . · C;.f.1B/f{i' 1:::; i < j:::; m, 

(2.8) 

whereB;;(A) ~ AiA+c;+tB/f{;+tf3i+llBmm(A) = A;;,~u i = m -1, ... ,1; 
Representation 2.3( G; -:f. 0 for all 1 :::; i :::; m - 1) 

lJ .. G = { c;B;~<i1, 1 :::; j < i :::; m, 
·· ,J ) · · B.(G) a· 1 < i < J. < m 

IJ-1/-'J! - - ! 

. (2.9) 

'~here B;;(G) ~ Gi!1 + c;B;~<iL1~;, Bn (G) = G()1' i = 2, ... , m; 
Representation 2.4(if A;=:= 0 for any j from (2:::; j :::; m) and/or G; =· 0 

for any i from (1 :::; i::;: m ~ 1), where j -:f. i) 

- . 

· B;;(A, G)= 

.. i . 

W; n Pe. if 1 :::; j < i :::; m, . 
e=H1 

0 for all i from j < i :::; m, if A; = 0, 
0 for all j from 1 :::; j <. i, if G; = 0, 

j • ' 
wi 11 Pe. if 1 :::; i < i :::; m, 

€=i+1 
0 for all i from 1 :::; i < j, if G; = 0, 
0 for all jfrom i·< j:::; m, if A;= 0. 

(2.10) 

*)When algebraic problems are solved with the use of processes (2.6)'-;- (2.7), theoretical 
and computer zeros are equivalent in nature. · . 
.. )In representations given in this paper, use is made of the notation B;j(A), B;i(G) and 

B;j(A, G) for elements B;i to emphas~ze which sequences {A;}, {G;} or {A;, G;} are used 
to obtain them. Representations 2.2 and 2.3 are employed for inverting matrices C(2.1) 
with the diagonal dominance. · 
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Dia'gonal elements B;; of matrices B and thequantities W; in' (2.10) are 
defined [1] as follows: 

B;; = (Ai+t + G;-t - q;)-1
, if A; =f. 0 -:f. G;. 

Here W; = B;;i 
B;; = 0, B;_1;_1 = G;_ 1w;, Bi+li+t = Gi 1

, if A; = 0. 
Here W· = (-p·r·)-1. 

1 I l ' 

B;; = 0, Bi-li-t = Ai1
, Bi+ti+t = A;+tw;, if G; = 0 . 

. ( )-1 Here w; =. -ri+tPi+t , 
i = 1,2, ... ,m. 

(2.11) . 

In (2.8) -;- (2.11) elements A and G are defined by (2.6Y -;- (2. 7), structure 
elements /3, ~. c, c and their products 11 f3e, 11 ~€• 11 ce, 11 ce are determin_ed 
[1] simultaneously with A and G in the following way: · 

{ 

-p;Ai 1
, if A; -:f. 0, { -Ai1r;, if A; -:f. 0, 

{3; = -p;, i: A;_~ 0, · . c; = -r;, if' A~= 0, . (2.12) 
and /3,+ 1 - -p;+1w;, and ci+t- -w;ri+t• 

. ·{ -Gi
1
Pi+t• if G; -:f. 0, { -.,r;+1Gi

1
, if G; -:f..O,. 

ci+t = -:-Pi+t• if G;·= 0, · . ~i+t = -r;+l' if G;_=.O, 
and c; = -W;]J;i .·and /3; = -1';W;i 

(2.13) 

IIi .a= { {3;···f3j+t, ifj'<i, ·rrj ={ ci+l.:.:cj, ifi <j, 
~-'e 1 · ·f · > · ce 1 · ·f · > · €=j+l , 1 J _ Zj €=i+l , 1 1 _ Jj 

(2.14) 

IIi a = { ~i+l ~ .. ~j, ifl < j, II~ . = { c; · .. cj+l• ifj< i, 
~-'e 1 ·f · · ce 1 · ·f · > · 

€=i+l ' I Z~Jj, €=j+l ·. ' . 'IJ_Z. 

(2.15) 

Remark 1. The representations 1.2 -;- 1.4 hold valid for the matrix B = 
c-1 . Similar representations will take place, evidently, for any jj~ = [C~]- 1 , 
a submatrix of c;. This fact will be used below in developi~g the algorithms 
of solution of the problems B = c-t and ·ex= Y, where•> 

X= {xl,x2, ... ,x"'}T, Y·= {YuY2, ... ,ym}r. 

0 

Since B =B +B1Z and for Zthe matrix equation !1Z = B2 holdsvalid, 
for ensuring the maximur~ efficiency (accuracy, comp~ttation speed, memory) 
of computation of B, for n; = [C%]-1 we empl~y the rei>resentations 2.2-;-2.4. 
Before solving the s_xste~n !1Z = B2, we transform it to the form: 

nz = 132, \~here 
A .:.to ..:.1 B. .·' -113 .. z· z 
H .= Jl HTJ , 2 == Jl 2• _. = 1J "' 

•>Hereafter T means transposition: 
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[
'711-1 ] 

'~It ] 

[
'712-1 

. '712 

[
1'11-1 ] . 

'1'1 ] 
I [1'12-1 

~'12 7]= . Jl = (2.17) 

[
l'ln-1. ] 

~'In 

. ['~ln-1 ] 

. TJln 

The choice of {Jll;, 7Jd =- ~lements of ba!ancing diagonal matrices Jl, 7J (2.17) · 

is accomplishe~ in the form 

'{ 1;-1 . 1;-1 
111,-1 = max . I D .Bd, ~~.-·1 = max I D eel, 

. . . . .:1;-t+1~;:5/.-2 e=i+1 1;-1+1~;:5/;-2 e=i+1 
j ~ . j 

111,·= II1ax ·1··D .Bel, 7J1, = max I D c I, 
' 1;+1~}:5/itl-2 €:=1;+1 I;+1~J:5/itt-2 e=l;+1 € 

(2.18) 

where i = 1,2, ... ,n, D.Be, D~e' Dee, Dee ar_e already computed in 
the process of deriving the system (2.16) products of structure elements. 
,8,~,e,c (2.12) 7 (2.13). · 

Remark 2. As ,shown in (3], if the tridiagonal matrix n in (2.16) is con
sidered as block-tridiagonal one with dimensions of blocks 2 x 2, its leading 
upper (lower) block~angular minors will be nonzero. 

Therefore for finding Z, a solution of the system(2.16)7(2.18) for (n-1 );j, 
elements .oLthe ,matrix n-1 use is made (2] of the following representation: 

• A • ' ' A • { h. [c]dB]I11J' ·_1 ~ j < (:::; n, 

[(n-1) . = B l = e=l1+1. 
~~ ~~ ~ • A 

. . · D (e)e(B) 11 , 1 ~ i < j ~ n, 
" . ; e=litl 1 1 ' 

(2.19) 

where. (B)1,1, ~re diagonal blocks (of dimension 2 x 2) 

[B) = [ xl, r:l, ]~1 
II - A 

' ' PI; Y1, 
(2.20) 

{ 

A - - • Pl;-1i;l; 1 fl;~1 A - -
0 

- 0 

. 

XI;- ql;-1- (q i: -p i )' Xlt- qlt-1> l- 2,3, ... ,n, 
, li-1 '•-1 'i-1 '•-1 

• A - -' flitl-1Yi;+1PI;tJ-1 A - -
0

- 1 2 1· 
Yl; .,...- q1, - (- . · -- r l, Yin· - qln' z - n - . ' ... , ' ' 

qlit1-1 ylitt Pl;+t 1;+1 . 

(2.21) 

{ 

- -1 ( 0 1J ) -1 -. -1 . -1 
ql;-l = 111;-1 ql,-1- Pl;-1 l;-21;-2rl;-1 7JI;-1> r1, = Jll;-1ri,7JI; ; 
- - -1 -1 -· - -1 ' _·. i!i' ' -1. 
~~·.· - ~~·_:1:_~1;.,-11 q1, _- 111, (ql, . rl;+l ~·1+ .. ~1;+1P1;+1)7JI, ' 

P1,-1- Jli,-1(Pt,-1Bl,-21;_ 1+1Pt,_1+1)7JI;-1> 
- . -1 ( iJ ) ' -1 
rli-I = -Jll;-1 r1,..:1+1 1;-t+ll;-2rl;-1 1J1;-1· 

(2.21)' 

/ 
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Remark 3. ·One should remember that the recurrence .r:elat.ions (2,21) are 
of scalar form, which is a result' of that- in' ~atri~ prricess~s .{A~ fand { G~} of 
the type (2.6hl and (2. 7)1} (see (2)) off-diagonal blocks of ~he ·matrix 0(2.16) 
are of a special forrri: ' · · 1 

' 

[ 
o ·Pt;-1 ] d [ o o]· i 
00 an -o· 

.· rl,--:1 

In this case (ij1,_1x1,_1 - fi1,_/1,_J # 0 and (ih+ 1 _ 1y1,+1 - fi1,+/1,+1) 'f 0 ac
cording to Remark 2 and, as a result, {see (3,4)) det([B);;) # 0. 

The matrices (e)e and (c)e have the form 

' [ e 0 ] . l ['0 c i ..• ] 
(e)e = e-1 and .(c)e = ~-1 

; . ee o . . o ee 
" 

: ' 

Here (ee-l> eeJT an~ (ee-l> ce]r are solutions to the systems of ~quations: 
' 1 . ', ,.-

{ 

[ ~~•-1 ~~•-1 ]·[ el·-.. 1] = [ ~ ·], i = 2,3. , ... ,n; 
P1;-1 %-1 el,, . . r~;-1 . . . . . , , (2.22) 

·[ ii1,+1-1 i1,+1 ] [ c1;+1-1 ] = [ P1,+1-1 ] i = n =-- 1, ... , 2,'1. 
' - A. 

0 c 0 ' •' ' 0 
' · P1,+·1 Y1;+1 1;+1 . . 

As we just noted above, determi!lants ( ij1,_1 x1,_1 -::-: fit.:../l;~i) # 0 and 
( ij1,+1"" 1y1,+·

1 
- fit.+1 r1,+1) # 0 of matrices of these syst~ms differ fr()~zero. 

Let us finally report the representations obtained in (1) for the solution 
X of the system CX = Y: . . . 

{
. x; =!l:; +c;/k, k = n + 1, n, ... , 1, 
i = h,lk -1, ... ,h-1 + 1, ln-i-1 = m, Zo = 0, 

(2.23) 

where 

0 ' - ' lk+1 -
x;=; Bilk+IYik+I +. L (B;jYj), i = h+I;' ... , lk + 1, k = n, ... , 1, 0; 

;=lk+2 . 
ITk=xtk+J =!l:lk+I+ctk+1ITk+I =.xlkti+l], ITn+I =.xm+J = 0, k = n, .... , 2, 1; 

' '... .. ·_ ·- ........ "lk•'"' ·.:.· ... ... . ...... .. 
Ytk+1=Ytk+I+.Btk-1+1Ytk_1+1+. I:· (.BiYi),y1=y1, k= 1,2, ... ,n; (2.24) 

;=lk-1+2 
fJ;= -plk+iBtki' C; = -B;Ikrlk+l/ i = h::...1 + 1, .•,;; lk, k = 1; 2;;;., n!; 
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In (2.23} + (2',2~) B;j ar~. element~ of submatric~s i3; = [c;]-1
' wh~re . . .. ·, '" ' . ' ' 

C- ,k+l - c· ·,k+l [.o , o·. J[c.:.,k ] -1[o o ··lr 
lk+1 - lk+l - ' •.. , ,plk+l 1k-t+1 ' ... , 'rlk+1 ; ~ 

C~1 = C~1 ,k = 1,2, ... ,n, 

C"='= p 

qP rp+1 . 

·pp+I qP+i rp+2 

Pv-1 q';'-1 rv 
Pv qv 

lo = 0, ln+1 = "!~'· 

(2.25) 

For elements of submatrices B% = [C;J-1 the whole Remark 1 holds valid, 
as well. · 

Representation (2.23) 7 (2.25) was called in (1] the critical-component 
method .of .solution pf systems .of linear equations C X = Y. 

The graphic scheme corresponding to this representation is of the form 
[1]: 

·' 

B 
,;xlt 

B 
x,n 

IB+Mr M .. I 
T 

B ,8 + .0.B :. B + .0.B 

I 

T 

7 
B 11 .0.B 

B 
Yr 1 

EJ 1 

Yin / 

B ~ Elm. 
. ; J( . '"+' 

I 7' . BiJ B," ·l B 

B ,Y 

3. Alg9rithms of inversion of m~trices C and of solution of the 
system ex= y 
In this sect., we present algorithms of inversion of matrices C and of solution 
of the system of equations CX = Y, based on the representations given in 
.sect.2·for B = c-1 and X. · 
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Algorithms Iaj( of inversion of ri1atrices C): . 
Input data: {qpq;,p;,r;}~2 are elements and m is the dimension ofthe 

matrix C; E is the relative erroi'of computerarithmetic. ' 
Start of computations. · · . 

e ll. 
p. 

Assignment: p = 0. . 
SEttiu'g of the number of the first row (first column) of the su'bmatrix 

p=p+l. (3:1) 

Call to the subprogram (algorithm hJ) of separation and inversion of the 

well-posed submatrix c; . ' ' . ' 
If p = 1 and v = m, computations are completed since B is found. 
If v = m and p > 1, Tothe algorithm is C()ntinued from moment (3.1)'. · 
If v < m, the sendirig of elements of the last column and last row ( c;)-1 

into working arrays for computing the corresponding elements of the matrices 
B 1 , B2 and n. 

Assignment: 
.p=::v+2 

and return to (3.1). 
Computations: 

A . -1n· -1 B. -1]•:> 
, H =·Jl. H"7 ,: 2 = Jl .J2. (3.1 )' 

,· 

Solution of the system nz = B2 according to (2.19) 7 (2.22). 
Obtaining of B = c-1 : . . . ·· · 

,• 
'A :' 0 ·. •,' 

Z = 11 -
1 z,B =B +B1 Z. 

E~d of corhputatio'us. . 
Algorithm hJ(sepa.ra.tion and inversion of well-posed submatrices c; ): 
Input data:{ q;_1, q;, p;, r;}~P+I- clements, 7T':- the dimension of the matrix 

C and p(m :> p 2': 1) - tht: number ofthe first row (first column) of the 
submatrix c;; E -:- the. relative error of comp~tter arithmetic. 

Beginning of computations. · · 
Assignments: 

s = 0; /~p ·=· 1; 1/p = 1; i = p; Ai+1 = q;; 

z=i+L (3.2) 

If A; f. 0, the algorithm is continued fron1 moment (3.3), but if A; = 0, 
computations · 

Ai+1 = ( -p;r;), /3; = ;-]>; 
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· and assignment 
s=l. 

If i 2: m, algorithm is continued from moment (3.5), but if i ~ m, then 
the algorithm is continued: . . 

if A;+1 # 0, ·algorithm is continued from moment (3.2)', but if A;~1 ·.= 0, 
computations end up (since.det(C) = 0). · 

Computations: 

· . 1 (J A. -l A z = z + ' i = -pi i ' i+I = q;; (3.2)' 

. I r; ·~ . (.. ) . . I P; I . . ( . . ) 
J.li = - .. - max 1, J.li-2 ; TJi =. -:;;-- max 1, TJi-2 

.. ' P.-.I . ' •-1 

and continuation of the algorithm from moment (3.4). 
Computations: 

c.. 

Ai+l = qi- P;Ai1r;; C; = -Ai1P;i (J;-= -riA;-1. (3.3) 

Assignment:s = 1, if lei I > 1. 
If i 2: m, the algorithm is continued from moment (3.5), but if i < m, 

then computations: 

J.li = lfJ;Irriax(1,J1;-l)i TJi ~ ic;imax(1,TJ;-1)· 

Check of the condition of~ell-posedness*> of sub'm.atrices c; : 
c: < /li < c:-1 and/or c: < T]i < c:-1. (3.4) 

If the condition is fulfilled, we return to (3.2), otherwise, we make assign-
ment: · · · 

i = i.:.... 1; 
'. 

v=z. (3.5) 

If Av+I # 0, the algorithm is continued from moment (3:8) at s = 1 
and from (3.5)' at••) s = 0, but if Av+l = 0, computations end up (since 
det(C) = 0). 

. Computation of elements iJ; = ( c;)-1 (algorithm of representation 1.2): 

- A -1 Bvv = v+lj 

J = Zj 

·>In esse~ce, conditions (3.4) mean E: < I ll.B{I.< c 1 and E: < I n·c{l < E:- 1 . 

··>Here s::::: 0, if c; are submatrices with diagonal dominance of rows. 
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(3.5)' 

(3.6) 

'j 
1 

Cl 

i 

~ 
'I 

.. i 
i 

i = i- 1, iJii = iJii+tfli+h iJii = ci+liJi+ti· . (3;7) 

If j > p, the retuni to (3.7), but if j :S p, th(! C
1

omp~~ations of diagonal 
elements B~: · · · · · · · · · · · ' 

Bi-li-l = Ai1 + ciB;;fJii i, = i - 1. 

If i > p, the return to (3.6), but if i ::=; p, the end of computations .. 

Assigl1I?.ents: 
Gi-t = q;; 

i=i-1. 

(3.8) 

(3.9) .· 

If Gi # 0, the continuation of algorithm from moment (3.10), but if 

Gi = 0, the computations 

Gi-l = ( -ri+lPi+i), Si+t = -r;+t 

and assignment 
s = 0. 

If i ::=; p, continuation of the algorithm from (3.13), but if i > p, continu-
ati~n of the alg~rithm: . . .. ' . . . . 

if G;_1 # 0, c~ntinuation of the algorithm froni (3.9)'; 'but if G;:...1 ::;;; 0, 
the end of computations(since det(C) =0). . 

Computations · · · ····1·fJ·.· · G-1 
z = z - , i+l = -ri-i-1 ; (3.9)' 

and return to (3.8). 
Computations: 

G G 
.... l • . G-1 fl. G-1 

i-1 = qi- ri+l ; Pi+l i c;+l = - ; Pi+t i i+l = -r;+l ; . · (3.10) 

Assignment s = 0, if ici+11 > 1. 
If i :> p, return to (3.9), but if i :::; p, continuation of'the algorithm: 
if Gp-l # 0, continuatio~ of the alg~rithm from moment (3.13) at•> s = 0 

and from moment (3.10)' at s = i, but if Gp-l = 0, computations end up 

. (sincedet(C) :;=0) .. · . . . , . , . . 
Computations of ~lements iJ~ = ( c;l_-1 (algorithm of'representatio'n 1.3}: 

,•· 

; - -1 
BPP = Gp-ti 

J = z; 

~ . . •.) '. ·•. . ' . ~ 

(3.10)' 

(3.11) 

•>In this case, if s = 0, then C~ is a submatrix without diagonal dominance; if s = 1, 

then c~ is a submatrix with diagonal dominance of colu~ns. 
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i =J + 1, B;; = B;;-.1 ~;, B;; = c;B;-ti·' (3.12) 

If j < v, 'ietu~n t~ (3:12), but if j ~ v, com~~t'ati~ns of diagonal elements 

B
-v. . 

p• 

fJi+Ii+I. == Gi1 + ci+lB;;~i+Ii i'= i + 1. 

If i < v, the ~eturn to.(3.11), but if i ~ v, the end ofc6mputations. 
Computation of elements B~ = (C~t1 (alg~rithm of representation 1.4): 

z =··v; 

'; { W; = ( -p;r;)-l'c:nd B;; = o; if A; = o,. 
W; = Ai.)1 and B;; = w;, if A; # 0; 

i=i-1. 

Algorithm of stable computation of B;;· 
Check of the condition: 

IA;I < IG;I. 

(3.13) 

(3.14) 

If th~· conditio'u does ~~t hold, contin~ation of the alg~rithm from moment 
(3.14)', but if,t~e. conditio!! is fulfilled, th~n computatimis: . 

' . - . \ '' 

{ 

W; = ( -p;r;)-1 and B;; ~ 0, if A; = o; ' . 
. W; = (Ai+I - r;+l Gi1P;+1 )':'

1 and B;; = w;, if A; 'f:. 0 

· and continuation of the algorithm from moment (3.15) .. 
Computations: 

. { .. W; = ( -r;+IPi+I )':-1 and B;; = 0, .if G; = 0; · . . 
W; = (G;_1 - p;Ai1r;)-1 and B;; = w;, if G; # 0. 

(3.14)' 

:Verification of the condition: 
( 

i>p+l.. (3.15) 

. If the condition is fulfilled, then return to (3.14), otherwise; continuation 
of the algorithm*>:' . . . 

i = i- 1· . , 

{ 
W; = ( -r;+IPi+I t 1 and B;; = 0, if G; = 0, 
W; = Gi .. \ and B;; = w; if G; # 0; 

i = i +:1, j = i, p = 1; 

*)Here the notation:?,;, UP{ and P =·TIP{· ls ~sed. 
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(3.16) 

t 
ll 

r 

.• 

i=i-:-1, P.=!3i+tP, ~;;=cw;P; I (3.17) 

· .B;; .= 0, if G; =0 and( or) Aj= 0. 

If j > p, the return to (3.17), but if j ~ p,th~n continuation of compu~ 
tations from moment (3.18) at i ~ v and·return to (3.16) at. i <: v. . 

. Computations: · 
i = i -·1, j = i, p = 1; 

j =i + 1, P = ~;P, B;; =w;P; 
l 

B;; .= 0, if A;= 0 and/or G; = 0. 

(3.1sf 

(3.19) 

If j < v, then return to (3.19), but if j ~ v, the end of computations at 
i ~ p and return to (3.18) at i > p. 

The end of computations. 
Algorithm II(solution of the system CX = Y): 
Input data: { q1 , q;, P;, r;; y1 , y;}Z:,2 are. elements of the matrix C and the 

r .h.s.; of the system of equations C X = Y, respectively; m is the dimension 
of the matrix C; t: is the relative error of the comput(\r arithmetic. 

Start of computations. . 
Assignments: 

. k = 0, i = 1, s = 0; 

A;+l = q;; 

i=i+l. 

(3.20). 

(3.21) 

. If A; # 0, then continuation of the algoritln11Jrommoment (3.22), but if 
A; = 0, then co~putations:' · . · · · 

A;+I = ( -p;r;); {3; = -p;. 

If A;+I # 0, then continuation of the algorithm from moment (3.21 )', but 
if Ai+I = 0, the end of computations (since det(C) = 0). · 

Assign.ment: · 
·s"71. (3.21 )' 

If i ~ m, then continuation of the algorithndrmp moment. (3.25), but. if 
i < m, then computations 

i=i+1, {3;=-p;Ai1 

and return to (3.20). 
Computati?ns: 

A . ·. A-t ·A-1 . {3. .. ·A-1 i+I = q;- P; i r;;c; =- ; ]J;; i ='-7·;. ; · . (3.22) 

13 



' 
' 

· Assignment:s = 1,jf lc;l > 1. 
If i < m, then return to (3.21), but if i'2::· m, then continuation of the 

algorithm: if Am+I # 0, then continuation of the algorithm from moment 
(3.25). at s =:= 1 and from moment (3.22)' at•l s = 0, but if Am+I = 0, then 
the end of computations (since det(C) = 0). , 

Obtaining of X; - components of the solution X by the TTfethod of "left 

run": 
i =.1,Vt = Ytfqi; (3.22)' 

i = i + 1, u; ~ (!i; ::::_ p;v;_t)f Ai+I· (3.23) 

If i < m,then return to (3.23), but if i 2:: m, then computations: 

Xm = Vmi 

i = i- 1,: x; = ci+Ixi+I +.u; .. (3.24) 

If i > 1,then return to (3.24), but if i:::; 1, then the end of computations. 

Assig~ments:. 
G;-1 = q;; 

i=i..,-1. 

(3.25) 

(3.26) 

If G; # 0, then continuation of the algorithm from moment (3.27), but if 
G; = 0, then computations: 

G;-t = ( -r;'+IPi+d; ~i+I = -ri+t· · 
' ' < ' \ ' ' ··- " ,. •• < 

If G;_1 # 0
1 

then con'tinuati'on of the algorithm from Il,lOment (3.26)', but 
ifG;_ 1 = O,.then the end of computations (since det(C) = 0). 

Assignment 
s = 0. 

: . ' . ~ ; 

. If. i :::;1, then continuation of the algorithm from moment (3.30), but if 
i > 1, then computations . . 

. . 1 (JA G-1 z = z - , . i+I = -ri+I i 

artd return to (3.25): 
Computations: 

G G-1 A G-1 ' (3. G-1 i-1 = q; - r;+I ; Pi+I; C;+I = - ; Pi+I i _i+I = -r;+I i • (3.27) 

.Assignment s = 0, if lci+I I> 1. 

·>nere s = 0, if Care matrices with diagonal dominance of rows. 
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If i > 1, then return to (3.26), but if i :::; 1, then continuation of the 
algorithm: if Go # 0, continuati~n of th~ aigorith~ from .moment (3.30) at•l 
s = 0 and from moment (3.27)' at s = 1, but if Go = 0, then the end of 
computations (since det(C) = 0). 

Obtaining of X; - components of the solution X by the method 'of '"right 
run":. 

i = ml _Wm = Ymfqm; 

. i = i- 1,. ~i = (Y;-;:- r;+1w;+I)/G; .. :}· 

If i >1, the return to (3.28), but if i :::; 1, then computations: 

x 1:= Wtj 

i = i + 1, x; = c;x;_1 + w;. 

(3.2i)' 

(3.28) 

(3.29) . . 
If i < m, the return to (3.29), but ifi·> m,.thee~d of comput~tions. 
Computation of X; - components of the solution X (algorithm of reirre~en-

tation••) 1.5): .. 
Vt =.Yu i =;=1; H1 = 1; (3.30) 

i = i + 1, u; = ({J;H;f H;_I)v;-t, v; = H;- 1 v;; (3.31) 

{
. v;, if A; = o, · 

u; = v; + H;y~, ~fA; f 0. 

If i < m, the return to (3.31), but if i ~ m, continuation ohhe algorithm: 

xm = H;;./vmf Am+l> Wm = Ym,· Hm = 1; 

i = i -1, w; = (~i+I k;f ki+ t)w;+I; (3.32) 

. ·{ w;, if G; = o, . 
w; = w; + H;y;,, if (j; f'O. 

•lin this case, if s = 0, then Cis a matrix without diagonal dominance; if s = 1, then 
C is a matrix with diagonal dominance of columns.' 

••>Here {H;} and {H;} are sequences of normalizing factors ensuring the stability of 
computation of, resp:, sequences· { v;} and { w;}. Here 1 . 

H1 = 1, 

H; = { H;-1, if I,B;_l ~ 1, 
. H;-t/I.Bd. lf I.Bd > 1, 

ii,.+, = 1, 

ii; =·{ f!;+~, i~ IPi+tl ~_1.· 
' . . . H;+tfi.Bi+II, if I.Bi+II > 1. 

Note'that in the programs d~scribed below we took {H; = 1}~1 ,{H; = 1}!~t+l,k = 
n, ... ,1,0,1o.=;=O,ln+I.=m. ::, 

... 
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If i > i, continuation of the algorithm from mo~ent _ (3.33), but if i :::; 1, 
then 

. • 1 . . .. 
xi = (H1 wl)/Go. 

and the end of computations. 
Algorithm of stable computation of Bii. 

·- Check of the condition: 
IA;I < IG;!. (3.33) 

.. If the. condition is ~ot fulfill~d, the' continu~tio~ of the algorithm from 
moment (3.34), and when the condition holds valid, then computations 

{ 

W; = ( -p;r;t1 and iU; = 0, if A; = 0, 
W; = (A;+r- r;+IGi1P;+It1 and iU; = w;fi;-1, if A; -:/: 0 

and continuation of the. algorithms from moment (3.35). 
Computations: · 

W; = { 
( -ri+1P;+I t 1

, if G; = 0, 
(Gi-l ..:_ piAi1r;)-1

, ifG; -:/: 0. 

- , ·n· -i w; = w; ; . 

(3.34) 

Computation of.x; - well-posed components; separation and computation 
of Xtk - critical components of th~ solution X 

x; = w;(v; + w;). 

Assignments: 

{ 
F;+l = IYi+il and J;+I = 1, ~f IYi+ll >.1 or 
F;+l = 1 and fz+I = IYi+II, If IYi+II :::; 1. 

Verification of the condition of "extended discrepancy": 

IFi+I -IP;+Ixi + q;+Ixi+I + ri+2xi+21/f~+II.< 2c:. 

(3.35) 

If the condition is valid, then return to (3.32), but ifit is not fulfilled, , 
then computations: . 

k=k.+1, h=i; (3.36) 

w; = w; = Y;, cp; = -ri+I• Gi-l-= q;,Wi = Ai~ll H; = 1; 

0 . ) .· &;= V; + w;, X;.= w;(x; +cp;xlk+I . (3.37) 

- If i > 1, continuation of the algorithm from moment (3;38), but if i:::; 1, 
the end of computations. 
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Assignment: 
i=i-1. - (3~38) 

If Gi -:/: 0, continuation of the algorithm from moment (3.41 ), but if 
G; = 0, then computations: -

A A A ' A • -· "'· ) ; 

Gi-l = ( -ri+lPi+l ); fli+l = -ri+1; w; = (fli+l H;f H_;+t)w;-ti· 

If Gi-l -:/: 0, continuation oT the algorithm from moment (3.39), but if 
Gi-l = 0, then the end of computations (since det( C) = 0). . 

Comptitati·ons: - -
X; = (fii-1wi)/Gi-l· (3.39) 

If i > 1, continuation of the algorithm from moment (3.40), but "if,i :::; 1, 
then the end of computations. 

Computations: 

· · • -1 - r;+I 
z = z- 1, fli+l = -ri+IGi ,cpi = --cpi+2 

Pi 

and continuation of the algorithm from mmnent (3.42). 
Computations: 

1 • . 1 . ; : • ; -
G;-1 = q;- ri+l Gi Pi+l, f3 = -ri+l Gi , cp; ::::: fli+lcpitl· 

Check of tke condition•> of well - posed ness of Sl!-b~atrices c~: 

c: < lcpd < c-1-

(3.40) 

(3.41) 

(3.42) 

If the condition does not hold valid, return to (3.36), but .if it is valid, 
then computation -

w; = (/J;+IH;/ fii+l )wi+l + H;y;. 

Algorithm of stable computation of B;;· · 
Verification of the' condition:· 

IA;I < IG;I .. . - -

I' 

If the condition is not fulfilied, continuation of the algorithm from moment 
(3.43), otherwise, computations 

{ 
w; = (:--p;r;)-1 and w;.= 0, if A;= 0, 

. w; ;;; .(Ai+l -_ r;+l Gi1 Pi+lr-l 'and W; = w;H;.:_1 
,· if A; I= 0 

•)The condition (3.42) essentially means that E: < I n.Bd < C 1• 

1i ;! 



and return to (3.37). 
Co~putations: 

w; = (G;-I- p;Ai1r;)-1
, w; = wJJ_-I 

I (3:43) 

and return to (3.37). 
The end of computations. 

Below, we present block:_schemes of·t'he programs of the described algo
rithms. 

"· 

Fig. I. Block-:-scheme of the progra~ DCINVl ofthe algorithm Ia)· 
' ' . ~ 

.•, 
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; 
; 

I • 
J 

L 
,~, 

[ 

Ar+1 =q1-p1A[1
rp 

lcd>I=>S=l 

1-'r=lf3rl rnax(l,l-!1 _ 1 ), 

'7 1 =rnrut(1,'71_~)1cr I 
I~MI I<M 

.-.... •--' 

{ 

W; n !3(. is;<iSm,! 
(=j+1 

B;;= o if A =0 j<i<m 
\ ~· .. ~I.· .. ,- .. I 

o if G;=o; ISi<i; 

f3r=-p1 , .· S=l, 

I=M 

-I....!LI rnax(l,l-'r-2), 
~~- •r-l . . ~~~ 
'lr=rnax(l,'lr-2) P

1
_

1 

Bi-1i-1 =Ai1+c;B;;/3;,B II=A[~l' 
i=I, ... ,K+l, 

B;i+1/3i+t. KSi<i$1, 
ci+tBi+1i• KSi<j$1 

;;=Gz!1 +c;Bi-1i-~p;,BKK=Gj(~1 
i=K:-1, ... ,1, 

c;Bi-1i• KSi<iSJ, 
B;;-1P;. KSi<jSJ 

i 

W; fi P(• lSi<iSm, · 
(=i+1 

"'? if G;,;,o, I9<i, 
0 if A;,;O, i<iSm' 

- '~ 

Fig2. Block-scheme of the program DCINVO of the algorithm 16); 
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INF=-1, e 
' S=O,I=i 

I'= -A-;-lrj, fh =-piA[! 

••• < 1 
Ai+t = qi- PIA[ rll 

-lcii>l=>S~l 

A , 1 ' ,, 1 
f3J = -rJQ[ , ~J "'= G[ PJ> 

' -1 
. Gr-1 = qJ- rJGI rJ, 

x1 = wi(ih + wi) + c.pr:i:J 

I=M 

vl=(yj-plvl-1)/AI~l,' vl =~ ql < 

1=2,3, ... ,!"f,
XI-l=crxr+vr+l' xM=vM, 

I=M, .. :,3,2 

· I=M-1, ... ,2,1, · 

Xl =WI 

Fig.3. ~lock-scheme of theprogram'DCSOL1 of the algorithm I I.' 
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4. Description of programs of inversion of rriat~;"ices C and solution 
of systems of linear equations C X = Y 

In this sect., we describe the program DCINV1- inversion of matrices C (2.1), 
of the general form and the program DCSOL1 -:-.solution of systems C X = Y. 
The programs'are writt~n in FORTRAN-7'7 on th~ basis. of alg~rithms Ia)• h) 
and I I presented in sect.3. , , 

I. Program DCINV1. 
~rogram pCINVl inverts the matri~ C(2,1) by u~ing the su_bpr~grarn 

DCINVO that separated in array A and inverts w~ll-posed subm,atrices, c;:· 

C'"'= p 

* qP rP+I 
PP+·Iqp+Irp+2 

· Pv-Iqv-Irv 

·Pv qv * 

. ~ ' . 

c 

* ql r2 

P2 q2 r3 

.. : 

<={: ::: 
qp rp+I 

qv rv+I 

j'l 

PM-IqM-IrM 

PM qM *' 

... 
;t, 

*"''*lr:-.1 
*• .. * 

*" .. ,.* 
• < • •• J 

,+-.p 

,;'A, 

* ·.' · *' I+- V 
·I 

·* ... *. 
*·· · · * I+- •Af 

(4:1) 

where symbol * marks cells of array A, whose contents is not important at 
the input. :\',•·: 

Call to the ·subprogram DCINV1: . 

CALL DCINV1(M,A,INF,R1,R2,R,IZ) 
Here: 

.\•' 

... 
M - (integer) dimensio~ of the quad~atic m~tri~ C (2.1 ); 

,, .. ; 

···:1 

A- (real*S) '!'- two-dim.e1:1si~~~l array of diin,elJ.sioii M, x .. M,.that at tlic 
input contains the matrix C1 (2.1 ), and .at the output•> B = c-1 • 

At theinput,.the matrix C:lies in the array· A in the form (4.1) 
and at the .output B = c-1 is located by' columns in the' first 

. ~-columns and M-rows ·~fth~ array A; 

INF- (int~ger)output parameter: 

,"lThe described version of-program DCINVl assumes the storage of /3 = c- 1 in the 
IBM memory. Howev(!r, the program can easily be modified also for storage of /3 elements 
on an external medium. 
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. I~F:::: 0- normal completion of the_ program work; 

ll\F== -1 - initial matrix is singular; 

R1,R2,R- (n!al*S) one:-dimensional working arrays of dimension M; 

IZ .:__ (iu"teger)one:__dimensioilal working array Of dimension M. 

II. Subprogram DCINVO. 
The subprogram DCINVO works in two regimes: in the regime together 

with DCINV1, that itself calls to DCI~VO, and in an independent regime•> 
In' the latter case, call to DCINVO is of the form: 

CALL DCINVO(M,A,I,INF ,R1 ;R2,R) 
Here: M, A and R1 are the same parameters as in the program DCINVl. 

I,INF**l - (integer) 
at the input: 1==1, INF::::M. Here I and INF are assigned before 
call to the subprogram DCINVO; 
at the output: I==M and 

INF== 0 -:' norr:n~lcompletion of th~ work of subprograms;· 

INF:::: -1 - the initial matrix C(2.1) is singlet; 

R,R2 -. (reah8) one-di~ensional working arrays of dimension M. At the 
'output Rand R2 contain**~) elements of sequences {A;} and { G;}. 

Ill. Program DCSOLL 
Program DCSOLL solves the system of linear equations CX == Y with 

the tridiagonal matrix C(2.1 ). 

Call to the subprogram DCSOL1: 

CALL DCSOJ.,I (M,A,INF,IDIM,B,Rl,R2,R) 
Here: 

·>u it is~ priori known that the initial matrix c(2.1) is well-posed, then it can be 
inverted immediately by DCINVO, without call to DCINVL 
.**lif DCINVO works in the regime with DCINVl, then at the input in DCINVO: I= p, 

INF=::: v; at the output, I= v. 
*** l At the output ill the regime with DCINVl: 

R: { ... , TJp-t, Ap+t, Ap+2• ... , A;-t, O,w;- 1
, Ai+2• .. :, Av+l• TJv+t• ... }; 

R2 : { ... , /lp-~. Gp-t • . :., G;-2. w;-1, 0, G;+t. ... , Gv~2. Gv-t. P.v+l• ... } .. 

. " 
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M- {integer) dimension of the matrix C(2.1); 
, '. , I ~ 'j i ,' , ,·:: , . ~ :. . . , : 7 j ; "·.. • '- l • : • ,, , 1 ! , · 

A- {reah8) a two-dimensional array of dimension Mx3 that at the 
input contains the matrix C{2.1) in the form: · · .· . .. · 

A= 

* q1 ·r2 · 
P2 q2 r3 

PM-1qM-1rM 

PM qM * 
[ 

bll b12 ... b1IDIM l ' 
b b ••. b ' .· B = 21 ,22 2IDIM .• 

1 • • • ' . . . . . . 
bM1bM2 ••• bMIDIM 

INF- {integer) an output parameter: 

INF= 0 - normal completion of the work of subprograms; · 

INF== -1 -.the initial matrix is singular; 

IDIM- (integer) the number of r.h.s. of the system CX:::; Y; 

. 
{4.2) 

B- {reahS) a two-dimensional ariayof dimensionMxiDiM (B c~n 
be one-dimensional if ID IM== 1) containing: . ·. 
at .the input, the matrix of r.h.s. in the form ( 4.2); · 
a't the'~utp~t, the inatrixof s~lutions in the' f~rm ( 4.2) 

R1,R2,R- {real*S) o~e-db:nensional'working arrays ~f di~~nsiori\M.' At the 
. output arrays Rand R2 ~ontain el~ments.~f seq~ences {A;} and 

~{G;} in the form: . · . ·· · ' 

R: {A2,-A3, ... ,A;~t,O,wi1 ,Ai~2,::.,A,;;Ht}i .··. 

R2 : { G0 , ••• ; G;-2·, wi1
, 0, G;+1; ~:.,'GA!~2, GM--1}·. :: J 

Remark 4. SU.bpro~r~ms DbiNV( DCINVO ~nd ~ bcsdLI :~~~;the block 
COMMON Q1, DET. ln.Q1 we. define c; = {3-:-t- the relative error:of coni~ 
puter arithmetic*>. When the workof programs DCINVl and DCSOL1 is 
completed, i~ Q1 we find the value of c; and i~ DET the value of the deter-· 
minant of the matrix c. . : ,· ' . ' 

•)The value of E:: E: = 16-13 -: at IBM of series EC; E: = 2-55- at IBM of. the type CM-4~ 
E: = 2-52 - at IBM PC. lf.E: is'u'nknown, it can be'obtained'by:using our'subprog~am!..., 
function. UNDFLQ:, · · 

;'' 

:. EPS::UNDFLQ(BETA),, 

where BETA_: (inte.gei) the riu~b~t ~iven at·the ·input who~e v~lue i~ (P ~ 2)' the b~is 
of the number system of a given IBM. The value of E: can also be determined with the use . 
of the subprogram INIT·[5]:.' .; ' 
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5. Results of numerica.l experiments and their analysis 
. ' ' . ~ ' 

In this sect., we discuss the results of numerical experiments on testing the 
above programs of inversion of matrices e and of solution of systems of linear 
equations ex = y using various particular examples taken, in particular, 
from [6,7]. 

Let us first explain the notation and abbreviations adopted in Tables 
1 +6: 

M- the' dimension of matHx e; 
Cond(C) - the condition number of matrix e; 
IIE-BCIJE - the Euclidean norm of the right discrepancy in inverting ma-

trices e; . 
IJE-CBIJE - the Euclidean norm of the left discrepancy in inverting ma

trices e; 
Dl=:IIY:-CXIJE - the Euclidean porm of discrepanGy; 

iuxu~~17xuEI- modulus ofthediffe,rence of Euclidea~ norms o:X- exact 

I and X- approximate solutions of the sy~tem ex= Y; 

Dl+D2- the sum of the discrepancy norm and modulus of th~ norm 
' . differenc'e bet~een X and X; . 

;'"' I •, 

IJXIIE - the Euclidean norm of X: · 

Notation of subprograms in Tables (OU- our subprogram): 

0~ ~ subprogram of DCINVl in Tables 1,2 and of DCSOL1 in Tables 3 + 6; 

GS - subprogram.of DBEQN from libraryCERNLIB; . . . . 

TL- ·subprogram of DTSYS from library LIBJINR; 

QR- subprograms of {FOlAXF and F04AHF) from library NAGLIB; 

ML- subprogram-function of PSOL from-LINAa [5]; 

TH :_ subprogram of SLAY; from library LIBJINR. 

Here: CERNLIB - libraries of subprograms of CERN [8]; NAGLIB -
package of mathematical programs (Numerical Algorithms Group, Oxford) 
[9]; LIBJINR- JINR library of programs [lO];LINA -.pac;kage of programs 
~- . . 

Our subprograms of DCINVO, DCINVl and DCSOL have realized the 
algorithms suggested in the present paper. 
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The subprogram of DBEQN realized the modified algorithm of the Gauss 
. ' . . . . 

exclusion method. 
The subprogram of DTSYS employs the algorithm [11] of the nonmono

tone orthogonal - run method. 
Subprograms of F01AXF and F04AHF arc based on algorithms ofthe 

QR-method .. 
Subprogram of PSOL realized the algodthm of the singular-expansion 

method with the use of exhaustion. 
Subprogram of SLAY realized algorithms of the Tikhonov regularization 

method. 
Note also that the Euclidean norms II· liE were computed with the use 

of our subprograms of TOCHI3 and TOCHS3. Com. time- the c~mputation . 
time is obtained with the help of subprograms TIMEST and .TIMEX from 
the library CERNLIB. The Cond(C) was computed by using the subpro- . 
gram of PSOL from the package of LINA. WhenCond(C)> 1/t:, where't: is 
the relative accuracy of computer arithmetic, in Tables Cond(C)= 0 [5] is 
presented. · . . . 

Tables do not contain values of Gom.time higher than 100 sec. 
Subprogram of SLAY worked up to M=lOO. . · 
So, in Tables 1,2 the results of inverting matrices C arc reported; in Tables 

3.+ 6, the results of solution of the system eX ,; Y. 
All the programs given above have been tested with specific testing ex

amples listed below. Examples 1,2,3,5 are taken from [6,7], They are usually 
used in testing programs of the inversion of matrices e and sol\ltion of sys
tems ex= Y. As an extra example, we propose. testing examp)c 4. 

In Tables 1 + 6, for comparison, we present th~ results of computations 
with all listed progr~ms for the. most ill-posed '?atrices and sy~tems of equa
tions. 

Solutions of the systems of equations ex = Y derived by our methods, 
obey [3] the conditions: min.!jeX- Ylln min I lXII. 

, X. · .. X 

I. Testing examples of matrices e (for 'inver·sion): 
Example 1 · 

e= 

2 :__ 1 
-1 2-1 

.:_1 2-1 
-1 2 
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Example 2 

C=. 

h 1-M w ere a= -"Mi 
Example 3 

C= 

Example 4 

C= 

' ' 

-1 1 
1 -2 1 

1 -2 1 

.. 1 a 

1 -1 
-1 1-1 

-1 1 -1 
-1 1 

1 r 
··p 1 r 

p 1 r 

- p 1 

where p = 1 +co, r = 1 ...,.-co, co = 0, 0000001; 
Example 5 

C= 

6 3 
4 6 3 

4 6 3 
4 6 
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Table l(Results of computations of example 2) 

No Com. time " 

pr. (sec.) liE,-BCII IIE-CBII 
ou 0.0015 0.109E-13 0.109E-13 

M=10 QS '0.0020 ' 0.109E-13 0.109E-13 
TL 0.0048 0.109E-13 0.109E-13 
QR 0.0336 '0.263E-13 0.513E-13 

Cond(A)=0.289E03 ML 1.3506 0.633E-13 '0.560E:-13 
TH 0.2452 0.883E-12. 0.313E-13 
ou 0.0218 O.OOOE+OO O.OOOE+OO 

M=50 GS ' 0.0394 O.OOOE+OO O.OOOE+OO, 
TL 0.1213 O.OOOE+OO O.OOOE+OO 
QR 6.2447 0.267E-11 0.189E-11 

Cond(A)=O. 704E~4 ML 5.5441 ; 0.381E-11 0.339E-11 
TH 89.7781 '0.359E-09 0.333E-11 
ou '0.0759 O.OOOE+OO. O.OOOE+OO 

M=lOO GS 0.155~ O.OOOE+OO O.OOOE+OO-
TL 0.4871 ' ··O.OOOE+OO O.OOOE-tOO 
QR 85.7524 0.172E-10 0.736E-11 

Cond(A)=0.280E05 ML 30.4805 0.212E-10 0.268E-l0 
TH '0.421E-08 0.217E-10 
ou 0.2822 0.651E-11 0.651E-11 ' 

M=200 GS 0.6394 0.651E-11 0.651E-11 ', . 
TL ' 2.0646 0.651E-11 0.651E-11 : 
QR 0.133E-09 0.818E-10 

Con~(A)::=0.112E06 ML '0.147E-09 0.171E-09 
TH· 
ou ' 0.6328' O.OOOE+OO O.OOOE+OO 

, .M~300. 
~ :' 

GS L5934• O.OOOE+OO O.OOOE+OO 
' TL ,. 4.4904 O.OOOE+OO O.OOOE+PO : 

'' QR '0.347E-09 0.217E-09 
Cond(A)=0.2~1E06 ML 0.473E-09 ' 0.448E-09' 

TH . ' 
' ou 1.2187 O.OOOE+OO O.OOOE+OO 

M=400 GS 2.6508 O.OOOE+OO O.OOOE+OO 
' TL ' 8.0338 O.OOOE+OO O.OOOE+OO 

' : ' ; ~ ·QR ; 

Cond(A)=O.OOOEOO ML 
':"\ 

TH 
ou 1.9312 O.OOOE+OO O.OOOE+OO 

·M=500_. ' GS 4.5707 O.OOOE+OO O.OOOE+OO 
'' TL 12.5360 O.OOOE+OO O.OOOE+OO 

11· ",· QR 
Cond{A)=O.OOOEOO ML 

i TH 
-~ 

2_7 



Table 2(Results of computations of example 5) 

No Com. time 
pr. (sec.) ·· IIE-BCII IIE-CBII 
ou 0.0027 0.375E-14 0.384E-14 

M=lO GS 0.0021 0.706E-14 0.233E-14 
TL 0.0051 0.104E+02 0.332E+01 

. QR 0.0336 0.184E-13 0.145E-13 
Coild(A)=0.!07E03 ML 1.3534 . 0.273E-13 0.192E-13 

TH 0.2448 ' 0.105E-12 0.161E-13 
ou 0.0~12 0.146E-ll 0.541E-12 

M=50 GS 0.0358 0.453E-11 0.457E-12 
/ 

TL 0.1268 0.263E-ll 0.701E-12 
QR 6.2988 0.336E-ll 0.546E-11 

Co~d(A)=0.186E05 ML 5.2973 0.560E-11 o.600E-11 I 

TH 90.7625 0.790E-08 0.420E-11 
ou . 0.1675 0.416E-08 0.170E-08 

M=100 GS 0.1548 0.691E-08 O.lllE-08 
TL 0.5164 .. 0.592E-08 0.123E-08 
QR 86.6941 0.134E-tl7 0.169E-07 

Cond(A)=0.494E08 ML 30.8325 0.251E-07 0.183E-07 . 
TH 0.556E-01 0.103E-07 I 
ou 0.6509 · 0.204E-02 0.166E-02 

M=200 GS 0.6132 0.164E-01 0.164E-02 
TL 2.0562 0.861E-02 0.135E-02 
QR 0.190E-01 0.,435E-01 · 

Cond(A)=0.437E14 ML . : 0.248E-01 0.139E-01 'I 
TH 
ou 1.5156 0.272E+05 o.475E+o4 .I 

M~300 GS 1.4090 0.517E+05 0.759E+04• 
TL 4.4898 0.151E+05 0.718E+04 
QR . 0.366E+03 0.250E+03 

Cond(A)=O.OOOEOO ML 0.101E+06" 0.565E+05 
TH I 

ou 2.8059 0.782E+ll 0.728E+10 : 
M=400 GS 2.7754 0.158E+12 0.128E+11 ! 

TL 8.2067 0.713E+ll 0.106E+ll 
QR 

Cond(A)=O.OOOEOO ML 
TH 
ou 4.3426 0.685E+17 0.109E+17 

l\1=500 GS 4.1601 0.157E+18 0.979E-t-16 
TL 12.6268 0.437E+17 0.901E+16 
QR 

Cond(A)=O.OOOEOO ML 
-~- '··- TH 
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From th~ general anaiysis of the results of testing {in particular, given 
in Tables 1 and 2) it follows that _our program OU {DCINV1) has on the 

'average better time and accuracy characteristics. 

II. Testing examples of systems of linear equations CX = Y ~ith tridi~ 
agonal matrices of the general form: . 

·System 1 

C-matrix ofexamplc 1, 
. I . ..:... 1 2 ~-{ -- ? - 2!.=1_ 
X;= i• z- ' , ... ,JY.' Yt -.~. YM- M(M,-1}' 

Y; = ,,_;\:tu.;~> i = 2, 3, ... , ]Vf ~-1; 

System 2 

C -matrix of example· 2, 
X;= 1 + {-l)ico, ~ = 1,2, ... ,M,' · 
Yt = 2co, Y; = {~1)i- 1 4co, i = 2,3; ... ,M -1, 
YM = {-1)M-1 (a + co)co, a= IMM, co= 0,00000001; 

.System 3 

C-matrix of example 3, 
I ·· 2. · · M· ..:.:: I ___ t 

x;:= 2;i z = 1, , ... , , YI - 4• YM - 2M(I-M)' 

- i2ti . - 2 3 I A1 - 1· . Y. -- '(I ')(It')' z- ' ' ... , · ' : t- 2t -t t - . •, " 

System 4. 

System 5 · 

c.:.matrixof example ·4, 
X; = 1, ,i = 1, 2, ... , M, YI = co, YM = 2 +co, 

· Y; = 3, ·.i = 2, 3; ... , M -1, co= 0, 0000001; 

. c -matrix of example 5, 
X;= 1, i = 1,2, ... ,M, 
YI = 9, YM = ~0, Y; ,; 13, i .= 2, 3, ... , M- 1. 
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Table 3(Results of computations of system 3) 

No Com.time D1- DL 
Table 4(Results of computations or'system' 4) 

·'· 

pr. (sec.) IIY-CXII IIIXII-IIXIII . D2+D1 II XII 
ou 0.0013 O.OOOE+OO O.OOOE+OO O.OOOE+OO 0.622E+OO 

:\1=10 GS 0.0007 0.159E-16 0.139E-15 0.155E-15 0.622E+00 
TL 0.0008 O.OOOE+OO O.OOOE+OO O.OOOE+OO 0.622E+00 

Cond(C) QR 0.0037 o·.278E-15 0.139E-15 0.417E-15 0.622E+OO 
=.173E02 :\IL 0.1307 0.454E-15 0.111E-15 0.565E-15 0.622E+OO 

TH 0.0247 0.304E+01 0.221E+01 0.524E+01 0.283E+01 ou 0.0051 0.139E-16 ~,' 0.139E-15 0.153E-15 0.637E+OO 
:\1=51 GS 0.0025 0.239E-16 0.139E-15 0.163E-15 0.637E+OO 

TL o:oo4o 0.139E-16 0.139E-15 0.153E-15 0.637E+00 
.Cond(C) QR 0.1342 Q.601E-15 0.139E-15 0.740E-15 0.637E+OO 
=.864E02 ML 3.8904 . 0.155E-14 0.625E-15 0.218E-14 0.637E+OO 

Til 1.9282 0.721E+01 0.636E+01 0.136E+02 0.700E+01 ou 0.0098 O.OOOE+OO 0.111E-15 0.111E-15 0.639E+OO 
l\1=100 GS 0.0045 0.239E-16 0.250E-15 0.274E-15 0.639E+OO 

TL 0.0114 O.OOOE+OO 0.1UE-15 O.lllE-15 0.639E+OO 
Cond(C) QR 0.8579 0.922E~15 0.347E-15 · 0.127E-14 0.639E+OO 
=.167E03 ML 18.6607 0.239E-14: 0.178E-14 0.417E-14 0.639E+OO 

Til 13.6433 0.101E+02 0.926E+01 0.193E+02 0.990E+01 ou 0.0194 0.139E-16 0.139E-15 0.153E-15 0.640E+OO 
.VI=201 GS . 0.0085 0.240E-16 0.139E-15 0.163E-15 0.640E+OO 

TL 0.0158 0.139E-16 0.139E-15 0.153E-15 0.640E+00 
Cond(C) QR 6.8556 0.165E-14 0.666E-15 . 0.232E-14 0.640E+00 
=.335E03 ML 0.359E-14 0.210E-14 0.569E-14 0.640E+OO 

TH 
ou 0.0283 0.139E-16 0.139E-15 .. 0.153E-15 0._641E+OO 

:\1=300 GS 0.0123 0.241E-16 0.139E-15 0.163E·15 0.641E+OO 
TL 0.0226 0.139E-16 0.139E-15 0.153E-15 0.641E+00 

Cond(C) QR 22.3475 0.245E-14 . 0.501E-14 0.746E-14 0.641E+00 
=.498E03 ML 0.393E-14 0.472E-14 0.865E-14 0.641E+OO 

Til. 0.641E+00 ou 0.0537 O.OOOE+OO • ·. O.OOOE+OO O.OOOE+OO 0.500E-01 
:\1=400 GS 0.0163 0.875E-17 0.195E-15 0.204E-15 • 0;500E-01 

TL 0.0237 O.OOOE+OO O.OOOE+OO O.OOOE+OO 0.500E-01 
Cond(C) QR 50.8679 0.291E-15 0.457E-15 0.748E-15 . 0.500E-01 
=.663E03 ML 0.695E-15 0.728E-15 0.142E-14 0.500E-01 

Til. 

No Com.time Dl- D2- . . 
IIY-CXII juxi1-11x11j. ' 

IIXII pr. (sec.) D2+Dl 
ou 0.0014 0.628E-15 O.OOOE+OO '0.628E-15 0.316E+01 

M=10 GS 0.0008 0.942E-15 '0.222E-15 0.116E-14 0.316E.f.01 
TL ' 0.0009 0.186E-01 0.363E-03 ' 0.190E-01 0.316E-t01. 

Cond(C) QR 0.0037 0.140E-14 0.222E-15 0.163E-14 0.316E+Ol' 
=.173E02 ML 0.1293 0.391E-l:t 0.133E-14 •, 0.524E-14' 0.316E+01 · 

Til. 0.0250 0.169E+02 0.578E+01 0.226E+02 0.894E+01~ 
ou 0.0067 0.128E-14 0.231E-05 '0.231E-05 0.707E+01' 

M=50 GS 0.0027 0.220E-14 0.542E-04 0.542E-04 0.707E+01 
TL 0.0047 0.724E-02 . 0.749E-02 0.147E-01 0.708E+01 

Cond(C) QR ·. '0.1269 0.827E-14 0.272E-02 ' 0.272E-02 0.707E+OL 
o.804E-M 

. . . . ( 

=.594E15 ML 3.6858 0.330E-13 ' ' 0.804E-04 0.707E+01 
Til. 1.8237 .. · 0.415E+02 0.139E+02 0.554E+02 0.210E+02 
ou 0.0110 0.255E-14 0.666E-14 . 0.921E-14' 0.100E+02 

M=100 GS 0.0053 0.374E-14 ' .·0.711E-14 0.108E-13 0.100E+02 
TL 0.0097 0.982E-02 0.127E-02 0.111~01 0.100E+02 

Cond(C) QR ' 0.8596 .·0.114E-13 0.866E-14 ' 0.201E-13 0.100E+02 
~.167E03 ML 18.3306 0.875E-13 0.326E:13 o:12oE-12 0.100E+02 

TH '13.9822 0.594E+02 0.198E+02 0.792E-t-02 0.298E+02 
.ou ;· 0.0258 '0.293E-14 0.602E-04 0.602E-04 0.141E+02 

M=200. GS' '0.0103 ' OA61E-14 0.215E-03 ·,, 0.215E-03 0.141E+02 
TL ... 0.0164 0.705E-02 •.. . 0.158E-01 ' 0:228E-01 o.i42E+02 

Cond(C) .QR 6.9812 ' 0.32,2E-13 0.223E-03 I 'o.223E-03 0.141E-i-02 
=.594E15 ML 

' ' 0.239E-12 0.474E-04 ;, ' ' 0.474E-04 0.141E+02 
1 ·,' 

' ' <od\ '' i'.'- ;· Til. 
I ou '0,0325 ,, 0.117E-13 0.675E-13 0.792E-13 0.173E+02 

M=300 GS '. 0.0151 0.626E-13 ; 0.746E-13' · o:8o9E-13 0.173E+02 
TL · o:o267 0.119E-01 · o.249E-o2 · o:144E-01 ~ o.'173E-to2 

Cond(C) QR 22.3780 0.417E-13 
' '. I 

0.914E-13 0.173E+02 '0.497E-13 
=.498E03 ML 0.405E-12 '0.171E-12 0.575~1.2: 1 ,~.173E+02 Til. 

ou 0.0435 0.515E-14 0.124E-12 0.129E;12 I 0.200E+02 
M=400 GS '0.0200 0.734E-14' '0.139E-12. 0.146E-12 I 0.200E+02 · 

TL o:o315 0.115E-01 . o·.285E-02 '0.143E-01 0.200E-t-02 
Cond(C) QR 50.7211 • 0.593E-13 0.128E-12 . 0.187E-12 0.200E+02 
=.663E03 ML 0.598E-12 '0.277E-12 o:875E-12' 0.200E+02 

ou 0.0486 O.OOOE+OO O.OOOE+OO O.OOOE+OO 0.447E-01 
:\1=501 GS 0.0197 0.419E-17 0.220E-15 0.225E-15 0.447E-01 

TL 0.0309 O.OOOE+OO O.OOOE+OO O.OOOE-tOO . 0.447E-Ol 
Cond(C) QR 99.5615 0.289E-15 0.466E-15 0.755E-15 0.447E-01 
=.831~03 ML 0.591E-15 0.533E-15 0.112E-14 0.447E-01 

Til 

, Til. I 
' ,,· ' 

ou. 0.0776 • 0.456E-14 . 0.569E-04 •0.569E-04 0.224E+02. 
M=500 GS .· .. 0.0241 · ·o~749E-14 .. 0.571E-03 .. 0.571E-03: 0.224E+02 

TL: 0.0370 0.704E-02 0.250E-01, 0.320E-01 0.224E+02 
Cond(C) · QR . 99.4693 0.957E-13 

0

1 0.659E-04 .. 0.659E-04 0.224E+02 
=.637E15 ML; 

·' 
0.832E-12: .·. 0.876E-03 . 0.876E-03; 0.224E+02 

Til. . 
·;·: ' 
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Table 5(Results of computations of system 5 with 5 identic~! right-hand sides) 
Table 6(Results of computations of system 5 with 5 perturbed (::::: 1 %) identical · 

right-hand sides) · 
No Com. time D1= . D2= 

.. pr. · · (sec.) IIY-CXII IIIXII-IIXIII D2+Dl II XII 
ou 0.0021 O.OOOE+OO O.OOOE+OO O.OOOE+OO 0.316E+01 

M=10 GS 0.0015 0.831E-15 O.OOOE+OO 0.831E-15 ·o.316E+01 
TL 0.0027 0.467E+OO 0.312E-01 0.498E+OO 0.319E+01 

Cond(C) QR 0.0185 0.596E-14 0.888E-15 0.685E-14 0.316E+01 
=.107E03 ML 0.6685 0.178E-13 0.155E-14 0.194E-13 0.316~+01 

TH I 0.1245 0.452E+03 0.360E+02 · 0.488E+03 0.392E+02 

No Com.time .D1=. D2= >',, 

pr. (sec.) IIY.-GXII IIIXII-c-IIXIII D2+Dl II XII 
ou ' 0.0023 0.236E-14 . 0.316E-01 0.316E-01 0.319E01 

M=lO GS 0.0018 .. 0.135E-14 • 0.316E-01 0.316E-01 0.319E01 
TL 0.0028 0.317EOO 0.495E-01 0.367EOO 0.321E01 

Cond(C) QR 0.0180 0.984E-'14 0.316E-01 '. 0.316E-01 0.319E01' 

=.'107E03 ML 0.6799 0.236E-13 0.316E-01 0.316E-01 0.319E01 
TH 0.1398 0.452E03' 0.360E02 0.488E03 0.392E02· 

ou 0.0056 O.OOOE+OO~ O.OOOE+OO O.OOOE+OO · 0.707E+01 
M=50 GS 0.0057 0.179E-14 0.688E-14 0.867E-14 0.707E+01 

TL 0.0166 0.845E+00 0.312E-01 0.877E+00 0.710E+01 
Cond(C) QR 0.6300 0.431E-13 0.202E-13 0.633E-13 0.707E+01 
=.186E05 ~L 17.9965 0.115E-12 0.139E-12 0.254E-12 0.707E+01 

TH 9.0150 0.109E+04 0.840E-t02 0.117E+04 0.911E+02 
ou '· 0.0110 O.OOOE+OO O.OOOE+OO O.OOOE+OO 0.100E+02. 

M=100 GS 0.0112 0.297E-14 0.582E-ll 0.582E-ll 0.100E+02 
TL o:o339 0.859E+OO 0.249E-01- 0.884E+00 0.100E+02 

Cond(C) QR ' 4.1670 0.707E-13 0.242E-09 0.242E-09 0.100E+02 
=.494E08 ML 93.5945 0.309E-12 ' o.950E-io' 0.953E-10 o.10oE+o2 

TH . 60.3865 0.155E+04. 0.119E+03 0.167E+04 0.129E+03 

ou '0.0059 0.491E-14 0.707E-01 0.707E-01 0.714E01 

M=50 GS 0.0056 0.305E-14 0:707E-01 0.707E-01 0.714E01 

.TL 0.0155 ' 0.145E01 0.155EOO 0.160EOi 0.723E01 

Cond(C) QR 0,6300 0.437E-13 0.707E-01 0.707E-01 0.714E01. 

=.186E05 ML 18.6911 0.167E-12 · 0.707E-01 0.707E-01 0.714E01 . TH 8.7856 0.108E04 0.840E02 '0.117E04 0.911E02 

ou . 0.0113 0.712E-14 0.100EOO O.lOOEOO 0.101E02 

M=lOO GS 0.0112 0.407E-14 0.100EOO 0.100EOO 0.101E02 

- TL 0.0455 0.145E01 0.162EOO 0.162E01' 0.102E02 

Cond(C) QR ; 4.3405 0.801E-13 • .O.IOOEOO O.IOOEOO 
' ' 

0.101E02 

=.494E08 ML 92.5906 0.430E-12 0.100EOO 0.100EOO 0.101E02 
TH . 65.1850 ' 0.155E04 0.119E03 . 0.167E04 ·o:l29E03 

ou 0.0245 . O.OOOE+OO O.OOOE+OO O~OOOE+OO 0.141E+02 
M=200 GS 0.0221 0.445E-14 0.363E-05 0.363E-05 0.141E+02 

TL 0.0589 0.869E+OO 0.194E-01 . 0.888E+00 o:142E+02 
. Cond(C) QR 34.7995 0.167E-12 0.196E-03 0.196E-03 0.141E+02 
=.437E14 ML 0.817E-12 0.181E-03 0.181E-03 0.141E+02 
'. TH. 

ou 0.0364 O.OOOE+OO O.OOOE+OO O.OOOE+OO 0.173E+02 
M=300 ,. , GS 0.0343 0.338E-12 0.171E+04 0.171E+04 0.173E+04 

; TL 0.0872 0.306E+02. 0.722E+04 . 0.725E+04 0.724E+04 
Cond(C) QR 0.117E-ll 0.404E+03 0.404E+03 0.421IH03 
=.OOOEOO ML 0.269E+04 0.207E+03 0.290E+04 0.225E+03 

-TH '" •, 

ou '0.0541 O.OOOE+OO. O.OOOE+OO O.OOOE+OO. 0.200E+02 
M=400. GS 0.0545 0.904E-06 ·, 0.305E+l0 0.305E+10 0.305E+10 

I TL 0.1305 0.443E+02 0.128E+ll 0,128E;t-11 0.128E+11 
Con:d(C) QR 0.457E-12 0.717E+02 0.717E+02 0.917E+02 
=.OOOEOO ML 0.311E+04 0.240E+03 0.335E+04 0.260E+03 

.. TH 
ou 0.0693 O.OOOE+OO O.OOOE+OO O.OOOE+OO 0.224E+02 

M;,500 .. GS 0.0686 0.362E+OO' . 0.269E+16 0.269E+16 0.269E+16 '• ' •• fi: 
TL' ; 0'.1474 0.566E+02 · 0.113E+17 0.113E+17 0.113E+17 : 

Cond(C) QR I· 0.533E-11 · 0.248E+04 0.248E+04 0.251E+04 
=.OOOEOO ML' oj48E+04 0.268E+03 0.375E+04 0.290E+03' 

... ,_,, TH 

ou 0.0250 • 0.996E-14 0.1<t1EOO • 0.141EOO 0.143E02 

M=200 GS :0.0230 • 0.545E-14 0.141EOO ' 0.141EOO 0.143E02 

TL 0.0610 0.147E01 0.188EOO 0.165E01 0.143E02 

Cond(C) QR 33.1890 o:t'75E-i2 . 0.141EOO 0.141EOO 0.143E02 

=.437E14 ML 0.105E-ll 0.143EOO 0.143EOO 0.143E02 
l 

TH 
ou 0.0551 0.368E-13 0.173EOO 0.173EOO 0.175E02 

M=300 GS 0.0553 0.118E-ll 0.238E04 0.238E04' 0.240E04 

TL o:1130 0.521E02 0.359E04 ·•· 0.364E04' 0.361E04 

Cond(C) QR .. ' 0.112E-ll · 0.321E03 . 0.321E03 0.338E03 

=.OOOEOO ML 0.272E04 0.210E03 0.293E04 0.227E03 
TH 
ou 0.0545 0.142E~13 0.200EOO · 0.200EOO 0.202E02 

M=400 GS . 0.0549 0.169E-05 . 0.424E10 0.424E10 0.424El0 
TL 0.1545 0.813E02 o.634E1o· 0.634E10 0.634El0 

Cond(C) QR 0.479E-12 ' 0.762E02 0.762E02 0.962E02 

=.OOOEOO ML 0.314E04 0.242E03 0.339E04 0.262E03 
Til 

·ou 0.0698 0.158E-13 ' 0.224EOO 0.224EOO 0.226E02· 

M=500 GS' ' 0.0694 .. 0.162E01 0.374E16 : 0.374E16 0.374E16 . TL 0.1850 0.813E02 .0.560E16 0.560E16 0.560E16 

Cond(C) 'QR 0.506E-ll 0.251E04 0.251E04 0.253E04 

· =.OOOEOO ML 0.352E04 0.271E03 .0.379E04 0.293E03 
TH 

The general analy~is of the res~lts of testing (in particular, presented 
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in Tables 3 + 6) shows that our program OU (DCSOL1) has better accu
-racy characteristics but is about twice as worse in time as the program GS 
(DBEQN) . This is due to the time consumption on the analysis of e and 
B == e-1

. in accordance.with our algorithm. However, if the system ex= Y 
is solved with several right-hand sides, the indicated analysis is performed 

·only once. In this case our program DCSOL1 does not concede the program 
GS (DBEQN) also in time, starting from 2 right-hand sides. This is con~ 
firmed by analysing Tables 5, 6,' where we reported the results of solution of· 
the system ex= y with 5 identical right-hand sides. . 

In Table 6, we place the results of n'umerical computations on the solution 
of the perturbed ( ~ 1% in Y) system with 5 identical right-hand sides: As 
it follows from the analysis of the results of testing and, in particular, Table 
6, our method is the most stable also to the perturbation of the right-hand 
side of the system of equations. 

6. Conclusion 

We have developed the effective method and algorithm of inversion of tridi
agonal.mat'rices of the general form and also the' algorithm of solution of 
systems of algebraic equations with those matrices .. The programs created 
on their basis surpass 'in basic characteristics all known modern programs of 
a similar type. 
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