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1. Intr~d~C'tion 
The present paper is in essence'a connecting link b~tween series of our the~ 
~retical and mi.merical studi~s [t:-6] and final 'works (10, 11] where we_have 
given the description and characterization of a m!w library of programs on' 
solving the problems of linear algebra. , , . . · 

Here-we suggest new effective methods for inverting tridiag~nal niatrices 
of the general form and solving the ·systems of eqJ.ati9ns with. matrices of 
that sort. · · f ' ' ·· ' 

-~ i 

2. On structures of tridiagonal matrices and their inverses 

In this subsection,· we deriv~ .new types of representations describing the. 
structure of tridiagonal ~atrices and their inverses of the general form. 

Let C be a nonsingular real tridiagonal matrix of tl1e general form 

C ---_ .. 

where 

ql ~2 
. P2 q2 r3 

Pm-1 qm-1 .r m 

Pm qm 

qlk+I r,k+2 

[ 
lt-21 

cl . rlt-tr . 

~qlt-t It l . ' 
Pit-t qlt rlt +t ] 

. It [ 12-2 

plt+t c,t+l rl2-:t (2.1) 

.. 
• Tl ··] 

Pcn-l [qln-l.qnl rt~+l. ] 
• PI . n [ 

·. n Pln+t C2+~ 

" 

c'k+t-2 
lk+l = 

Plk+2 qlk+2 rli.+3. 
, k = 0,1,: .. , n, 10 =:= 0, l~+l -2 = ;n, 

Plk:u-3 qlk+t-3 r,k+~-2 

P1k+t '--2 .qlk+'t-2 
•' f. , I (2.2) 

{p; j 0}~2 are subdiagonal elements, {r; j 0}~2 are off-diagonal ones, 
. { } . d' , . 1. d ·c·'k+t-2 . .d. { . }'k+t-2 b . q; ~1 a:re 1agona ones an . lk+I = trz wg q1k+I, q;, P; 1 r; i=lk+2 are su -

matrices of matrices C(2.1); respectively.. . , 
· The right.:..hand representation in (2.1) is a block decomposition ofthe 

tridiagonal matrix c. (2.1) in which it is assumed that c; are well-posed 
submatrices. This block decomposition of the matrix C is necessary for. the 
construction of effective direct nmnerical me'thods of the decomposition type 
of solving the aigeb;aicpW~l!fm~~&.b-~m~~r~~~~g_ (~1). These problems have 
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previously bee~ con~idered in [3, 4] .where generators*> ha~e been· propos~d 
for deriving various representations of B = C_1 , matrices inverse o( C (2.1) 
and for solving the systems of linear equations CX = Y. Thus, for-B=- C ... 1 
we have [3] . . · · 

. 0 . 

~e~reseritation 2.1 (of the type B =B +B1Z) 

[Bi'-2
] 

. [
0 ol 

[iJ12-_2] ·"' 
lt+1 ' 

[
0 ol · 

[iJIJ-2] 
12+1 . 

B:=;;. + 

r ol . 
[hi:: +I] 

0 

B 

[

(Bu1--2rl1'-t) 0] 
(Bz

1 
~21 1,--2r1 1 --t)~ . 

[-1 . ' 0] 
0 -1 

[
:(•,, ,,,,.,,,,,_ ; )] [(~11 ~112 --2r12 --1 )~ l 
O(Bz2--211 +tPt1+t) [~;12 --212 --2r12 --t):] 

0 -1 
+ ·Z, (2.3) 

',. 

[~(~12+H2+1pl2+;) l ::: [(···-;~"•-'''·-;~"] 
O(BIJ--212+1P12+i) (Bin--21n--2rln--tl 0 

[-1 .. , OJ 
0 . -1 

- . .· () . 

, [0: (BI~+li~+Iplnt) l 
· 0 (Bmln+IPtn+tL 

··B, 

:lin these papers, results have bee~ obtained for bl~ck~tridiagon~I matri~~ of the gen-
eral form C(2.1). . . 
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where B is a block-diagonal matrix of the dimension rn x in; B 1 is a rect-
angular matrix ~f the dimension ~ x 2n, B;i are eleme'nts*l or'subm~trices 
B~ = [C~)7"1, where [C~J--I -is a matrix inverse of c:. It is seen that B 1 

~ontains only the elements of last (first) columns of mafrices·B:. The rect
angular matrix Z of the dinl.ension 2n X rn is a solution to the _matrix sy~tem. 
of equations 

nz = B 2 , •· (2.-1) 
/ . ' ) .- ' ' :-

- where n is a nonsingular [3) tridiagonal matrix of the dime'nsion 2n x 2nand 
B 2 is a rectangular matrix of the dimension 2n xm, whose general forni looks 
as follows: . ' . ' 

- fl= 

·Q = [(ql,--1--Pl,7"11\·..:,l,--2'rl,--Il Ut,l] ,, . . . ' 
. (Pt,)• (ql, -rt;+'JBI,+t,t;+tPt,+i) . 

[ 0 . _;. ' 0] 
Rt, = . . . , 

(-rl · +I Bl · +ll :..2rl --1) 0 
, t-1 1-J t I 

(2.5) 

[Qtt] [Rt2 ] 

[Pt2 ] [Q,,j [Rt,j 
•• 0 •••• 0. 

, where 

J • 
' 0 ( · B ) f1. = [ ~Pt,--1 t,--21, ... 1+JPt,.., 1+J ] ' 
I, 0 · 0 · 

[Pt;,) [Q·,~) 

B2= 

[bltlt--2 ][~
1 

... ~][b/1/2~2] 
. .[b/212--2][~ 1--~][;1i21J~;j. I 

. (2.6) 

[b/.,1.,-2][~!~~] [b;.,m] 
. f.ll:e 

' . [(p [3 )· .. (p . [3. ')]. b '·'= l,-1 li-2lt-1+1 . ~·-t '·--~-~1-2 . 1,1,-2 ' . 0 ... 0 , 

[ 
' 0 ... 0 . )' .. ' • bu . ..:. 2 = · _ · : . . i.· ,·z=l,2, ... n. 

' •+I · - (rl;+l Bl;+ll;+l) ... (rl;+! Bl;+ll,.j., --~) , 

'(2. 7) 

In (2.3) + (2.7), the ~le~ents (B~)ij possess [1,2,9) (when c; hav<' no 
zeroth minors••)) the following**•) representations: 

· Representation ~.2 
\ ~-r • .: ' 

~ ··(· ) = {- BiWJ..f3i+I7· h + 1 5: j < i 5: lk+t ..:.. 2, -. · , . 
B,] A . A . • . ') • - ' . . 

c,+IBi~I)i' h + 1 ·5: z_ < J 5: kt:t--:- -, k- 0, l, ... , 11, 
: (2.8) 

. • l Hereafter, .H·matrix, clements will he denoted by R;;, in' contrast to iiii elements of 

suhmatrices jj~ = [C~J-- 1 • . _ _ 

**}This restriction is not l)i-incipal and will be r(~inowd in what. follows. 
•••)Note that '(/J~);; -clem!'ntscan be calculat<·d by any'ot!tcr algebraic nwllitid [3). In' 

the repr~sentations 2~2 + 2.7, we' use,· for sin1plicity; tl{e not~tia'n /J;; instead of ( iJ~ )ii. 

;j 



where B;;(,\) = Ai+\ +c;+Jj+(A1l.+ 1{3;+Ii B1<"'> 1 = A1-
1 -~ 1 , i = lk+~ -3, ... , lk+ 1; ' ' • ' k+l k+l k+l 

Representation 2.3 

{ 
c·BJG) h + 1 < j < i::; lk+I.- 2, 

B,i(G) = ~.(~J 1{3I' h + 1 <_ i < j::; [k+I -2, k = 0, 1, ... , n, 
. t;-I ]' -

(2.9) 

- I - • - . 
where B;;(G) = Gi_1 + c;BL~L{3;, B1~~k+1Gi;;

1 , i = h + 2, ... , lk+I- 2; 
Representation 2.4 

' .J 

ii;;(A, G) ~ ! B;;(A, G) n fle, lk + 1 ::; j < i::; lk+t -2, 
€=i+I -

j -
. D. ceBii(A, G), lk + 1 ::; i < j ::; lk+t - 2, 
{=•+I. 
k = 0, 1, ... , n; 

(2.10) 

Representation 2.5 

(2.11) ! 
·_ Il ceBii(A, G), 
€=HI 

B;i(A, G)=. B--(A, G) n /Je, tk + 1 ::; i < j::; lk+t·-' 2, 
" €=i+l 

. k=0,1, ... ,n; 

lk + 1 ::;' j < i ::; lkti - 2, ' 

Representation 2.6 

(2.12) 

. ! B;;(A, G) n fle~ lk + 1 ::; j < i ::; lk+t - 2, 
' €=i+l 

B;j(A, G) = B;;(A, G) n /Je, lk + 1 ::; i < j ::; ik+t -2, 
€=•+1 

· k=o,I, ... ,ri; 

Representation 2. 7 

! 
Il ceBii(A, G), lk + 1 ::; j < i ::; lk+I - 2, 

€=;+! 
fJ .. A G = i - · · - •;( ' ) D ceBii(A, G), lk + 1 ::; z < 1 ::; lk+I- 2, 

€=•+1 
k = 0, 1, ... ,n. 

(2.13) 

Remark 1. In the above representations we took advantage ofthe notation 
B;j(A),'Bij(G) and (i;j(A,G) for elements B;j in order to e~phasize which 

s:-quences, {A},{G} or {A,G}, make the basis for computing theelements 
' /Jij· . ' .· . ' 
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. ;--In (2;10) ..;- (2.13), B;;, diago11al ele~ents o~ the submatric'es fJ; -~ [C;J-;:1. 
_ . are defined in the follo"":ing manner: 

{ 
[_?;; = B;;(A,,G)] =_ (Ai+I +Gi-l ::-- q;)-1' i = lk + 1, ... , ik+I - 2_; (2 14) 

. · B - G~1 B · - A - 1 · k - 0 1 . -
· tk+llk+t ~ tk ' . tk+,-21k+,-2 - lk+l ;-1' - ' ' ... , n, 

.. where element; of the sequences {A;}: and { G;} are as f;llows: 

1 ' . ' 

{ 

A;+J = q;- p;Ai r;, Ack+2 ~ q1k+I and· .. · 
[k +2 ·::; i::; [k+1- 2. . ·-_ . 
Here ·{3; = -p;Ai1

, ci· = -Ai1ri . 
· . for all.i = lk + 2, ... , lk~1- 2, k =0, 1, ... , n; 

~ . " ' 

(2.15) 

' \ ' . _' - ' - ; ... ' . 

~ {. Gi-t = _q; -ri+1 G,i
1
P;.i-t, Gik+J ~3 = qlk+ 1-2 and 

. h +1 .s;'i ·::; lk+l- 3: .. ' ' '' . ' . (2.16)' 
H {3 G-1 • . G-1 ere i+1 = -ri+1 ; , ci+t = - ; Pi+1 · · -
for all i = lk+t -:- 3, ::.;lk + 1, k = n, n- 1, ... , 0. 

'. 

As it is seen from (2.15) ~- (2.16), the~e processes are determined when 
c; has n~ zeroth minors~ In ref. (3] we introduced the generalized sequeilc~s 

·{A;} and {G;} in the case when thewhoh{ m~trix;C(2.1)andits submatrices 
c; contain some zeroth leading upper (lowe_r) angular minors•>: ' 

~ • . . . - . 't - - ' 

{'

:A;+. I = q;- ~;Ai1 ri, A2 ~ q1.' i = 2, ... , ni, when A; # ~ 
· for all 2::; z s;·m. . 

. If A;= 0 for any'i from (2::; i::; m), then 
Ai+Iis nondefined, _butAi+2 = qi+1; · 

1 • . . ' ' 

{ 

Gi-t = q; -:-ri+I Gi Pi+u Gm-1 =· qm, i = m- 1, ... , 1, 
when G; # 0 for all 1' ::; i ::; m - L · 

. If G/= 0 for ·any i from (i -~ i::; m- 1),.then 
' G;_1is nonde~ned, but Gi-2 = -q;._1. 

(2.l 7) 

(2.18) 

' . . / 

Remark 2. _lfin (2.17), (2.1~) q1 = O(q;+t = 0) or qm ='=O(qi-I = 0), then 
yve first choose a new block decomposJtion [2,7] for the initial matrix C(2.1). 
Really: - _ · - · · 

-.... ~ 

1. If [.6.~ # 0] (i.e.· [A2 = q~] # o): 'but if f~r :any fixed' i from-the interval 
· 3 ::; i '::; m - 1 there holds the inequality 

• ' • . : •. f 

[A; = 0]; i.e. [~~"" 1 = 0] pr~vided that qi+I =' 0, (2.19) 

·. •)By leading upper {~i}r;1 ·andlower {~;n}r;1 angular mino~s of'matrix C(2:1) we 
mean the determinants if its submatrices starting from ql and qm respectively .. 

) 
5, 
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then one should perform a new decomposition of the initial*lof matrix 
C(2.1): 

ij_. = { J . 

f; ={ 

qi, when 1 ::; j ::; i and i + 3 ::Sj ::; m, 

[qi+t ri+2] . h · · + 1 ,wenJ=l; 
Pi+2 ql+2 

r;, when 2 ::;j ::;; i and i + 4 ::; j ::; m, 
[ri+1, OJ, when j = i + 1, 

[0, r;.t3f, when j.•'= i + 2; 

-. _:_ {·.P;, whe~ ~ _::S _ _j ::S_i~~-d i + 4::; j::; m, 
P1 - [pi+ I, OJ , when J - z + 1, 

. [0, P;+3J,. when j = i + 2. 
' 

(2.20) 

For [.6.~ 
. -: follows: 

OJ (i.e. [A2 = q1J = 0), the initial decomposition looks as 

.{

'iii= [q., T

2

.],_ f2= [0, r.3JT, P2 =_ '[o, P3], 
p2 q2 

ii; = qi+I, when 2 ::; j ::; m- 1, 
. f; = ri+I• P; = Pi+1 , when 3 ::Sj::; m -.1. 

(2.21) 

\ 

This decomposition is employed again for analysing (2.19) and, if nec-
essary, the new decomposition (2.20) is performed. In so doing, in 
accordance with Lemma 10 [2,7J and.owing to the performed decompo
sition, the c~nditions det(ij1) =f. 0 i:n (2.21) and d~t(iji+ 1 ) =f. 0 iri (2.20) 
are always fulfilled. . · 

2. If [.6.;;: =/:- OJ (i.e. [Gm-1 =·qmJ =f. 0), but if for any fixed i from the 
. . . 

i?terval 3 ::; i ::;·m- 1, valid is the inequality 

[G; = OJ, i.e. [.6.~1 = QJ and in thiscase q;_1 = 0, , (2.22) 

_then one should make a new decomposition of the initial matrix c (2.1 ): 

- .{ qj, w_hen. 1.::; j::; i -. 3 and i::; j::; m, 
qj = [qi-2 r;:..,] h . - . 1· · , w en J -.z- , 

. Pi-1 qt-1 , . ,· . 

_ _ { r;, w~n 2 ::; j __ ::; i ~ 3 and i + 1 ::; j ::; m, 
r; - [0, r;] , when J = z, 

[r;_2, OJ, "when j = i- 1; 

_ ·{ P;,_ when 2. ~ ~ ~- ~ .- ~ arid i + 1 ::; j ::=; m, 
P; = [0, P;J, when J -:-;z,_ .. 

T . . 
. [r;_2, OJ , when j = i- 1. 

•>Hereafter Tis the symbol of transposition. 
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(2.23) 

I 

!-· 
I 

i 

+ 
I 
I 

I • 
; 

i 
·:I 
·I 

; 

' 

I 
I 
I .· ... 

:I 

j 

I 
. I 

i 

.I 

I 

. ' ·' 

In tase [.6.;;: = OJ (i.e. [Gm-1 = tzml = 0), the initial decomposition is. 
of the form . 

., { - [qm-1· rm] 
. qm·-= Pm qm 'fm = [rm-1• OJ, Pm = [p,;,_l; of, 

ii; = qi-i, \Vhen 2 ::; j ::; m -1, 
· ff. = 1"i+1, Pi = Pi+I>. when 3 ::; j ::; ~ - ·1. 

(2.21) 

/._·): 

\Vith-this decomposition we again analyze (2.22) and make a new de
composition (2.23), if necessary. In this case, according to· Lcm)na"·l 0 
[2,7] and in view of the p~rformed decomposition, there ~!ways liol~l ~ 
the condition det(ijm) =f. 0 i11 (2.~4) and det(if_1) =f. 0 in (2:23). 

I ~ ' \ • • -

Finally, let us present anew type of representations·> for matrix C(2.1), .• 
by rnaking use of representations 2.3 and 2.4 from [5,8]. . . 

Rcpreseritati~n 2.9(.6.i-1 =~for-any rrrom (2::; ~::;in)) 

C= 

-132 I 

-13•-2 I 

-13·-1 [1 . ] 
Q I 

-:-[13k+l]l 

-~k+2 I 

-!31:..2 I 

-131-1 [I ] 
. 0 I 

-[13,+;]1 .. 

. -131+2 I 

-J3m I 

A2 

AJ 

"'•-1· 
[ ..... '•] 
pk qk 

"'•+2 

A,_, 

["''. '.'] 
P, ql 

A1.t2 

. At+3 

Am+ I' 

X 

"' 

•)R.em'!-rk 3: These rep~esentations hold valid al~o for norizero:D-1-I and D-{+ 1·-- minors, 
where~ = k, L In particular, they will be valid for small values of Ak, At, G1 ami Gk of an 
order of computer zero. · 
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-, 

1 -c2 

1 -ck-1 

r 1°][-ck+1] 

1 -Ck+2 

X 
1 -cl-1 

vf IO]h+ 1] 

I -q+2 

1 -em 

where 

{ 

!3; = -p;Aii, c; = -A;-Ir;, - · 

1 ~ = 2, ... ,_k- 1, k + 2, ... , l -.1, l + 2, ... , m; .. · . 
[!1u1l = ¥ · [Pe, -Ae], fe+IJ = h, -Ae]T · ¥, · 

• A - -
. Au2 = qe+1 -:- Pui_Tre+1' d = Aeqe - Pere, t = k, l. 

Representation 2.10(.6.(+1 = 0 for any t from (1 :::; (:S m- 1)) 

C= 

I -/J2 

I -/Jk-1 

I [-/Jk] 

[

1 

I

0

] -/Jk+2 

I -/Jk+3 

I -/Jl-1 

I [-/J,] 

[1 10] -/J,+2 

1 :-/JI+J 

1 -/Jm 

8 

. ' . 

Go 

Gk-3 

Gk-2 

[
qk rk+1] 

pk+ 1Gk 

Gk+t 

Gl-3 

G1-2 

[
q! rl+1] 

p1+1G1 

Gl+1 

Gm-2 

Gm-1 

(2.25) 

(2:26) 

X 

J: 

i 

1/ 

I 

I ' . I 

.·.'i 

' . ' 

\ 
I -

I 
I: 

··. 

'· 

•\ 

-c[~:k]c J 
-ck+2 1 

)(2.27) 

-c,_1 1 

[:-.c,] C J 
-c,,+2 ~ 

.:....em I 

where· 

{ 

a · - ·0 ...:1·· • 0 ..:1 - · 
· ,vi+J = -ri+1 ; , ci+1 = - i Pi+1, · 

. 

i = m- 1, ... , l.+ 1·,.[-' 2, .~:; k. + 1, k_- 2, .:., 1; .. • 
[a ] - ::s_ • [ G . ]. [' ] - ( G ]T . ~ ,ve - d . - e. re+I ' ce -: - e. Pe+I d ' 

'·· G . .,_ - . . 

Ge-2 = qe_1 -: re7h, d = Geqe- rePu t = 1, k. 

-'(2.28), 

Rem:ark 4; Since in wha:t f~llmvs we shalt' use. (2.25) ~ (2.28) ·as the' b~sis . 
. - . . . . . . . ( . 

· for' constructing new effective methods and algorithms of- the solution of 
algebraic proble~s both ~ith ·matrices C(2.1) and with the completely. filled 
matrices A of the gener~l form, the followingnote is.th'e point: 

:First, .it is reasonable to call,decompositions 2.9 and 2.10 the general~ 
,ized LR-:and RL-decompositions ofmatrix C(2.1) as they are constructed ' 
on the. g~neraii~~d sequence~ {A;} (2.i 7} ind ·{G;} (2.18) which ·are i~the 
way of computation invariant with respect to the representation of zero at a 
computer. Therefore, decompositions (2.2~) -;- (2.28) are also invariant with· 
respect to the order of small quantities A·k, At, G/ and Gk; . ·. .- · . 

Second, a~ eq~ivalent I perturbation of the matrix c. connected with its 
·. decomposition of the form (2.25)-;- (2.28) and round-off errors at a co~puter 

when solving the algebraic problems with matrices c (2.1) will further be. 
caused only' by 'the difference between theoretical 0 and computational 0. . 

lnyiew of the ~hove' ~_aid, we will derive a immber of results. whose prac
tical application does not distinguish between those . zeros. The theorem 
presented below•>takes place both for the whole matrix C(2.1) and for any 
its subm?-trices ?~ of the same shape. · · -

•>As it is-seen from deCO!Jlpositions (2.25)-;- (2.28), upper (lo~er) angular.minors of. 
matrix C(2.1) of ariy order can be easily obtained as products of diagonal elements and -
d~ determinants of blocks of the~orrespondi~g matrices, cofactors .. · · 

9 
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· Theorem 2.1. Let C be a nonsingular tridiagonal mat-rix of the form 
· (2.1), whose some leading angular minors vanish (6r·turn into the computer 
zero), i.e. ~~ = 0 and for ~j = 0, for any i from 1 :S i <: m, and j from 
1 < j :S m. Then, off-diagonal elements B;i of the inverse matrix B = c-1 

·possess the following representations: 
Representation 2.11 (of multiplicative type) 

B;i = 

i / ~ . 
w; I1 fle, if 1 :S j < i :S m, 
{~H ~ ' 

0 for all i from j < i :S m, if Aj = 0, 
0 for all j from 1 :S j < i, if G; = 0, 

j • 

w; I1 fle, ifJ :S i < j :S m, 
{=iH , 

0 for all i from 1 :S i < j, ifGi = 0, 
0 fora all j from i < j ::;·m, if A; = 0. 

Representation 2.12(of multiplicative type) 

B;i = 

i • 
I1 cewj, if.l :::; j <i :Sm, 

{=i+l , , . 
0 for all j from 1 :::; j < i, if G; ::= 0, 
0 for alii from 'j < i ::;·m; if Aj = 0, 

j .·. 
. I1 cew1, when 1 :S i <j :S m, 

{=i+l ' , ' 
0, for all j from i < j :S m, .when A;= 0, 
0, for all i from 1 :S i< j, :vvhen Gj ~ 0. 

(2.29) 

(2.30) 

Di~g<:>nal.elements B;; of th~. matrices B and the quantities W; ip (2.29) -7-

(2.30) can be 'represented in, the forin: ' · 

B;; = (A;H+G;_1 - q;)-\ when A;# 0 #G;. 
and W; =;B;;; _ ·· .·.. •· :. 

. . -1 
B;; .= 0, Bi-ti-1 = G;-tw;; Bi+tiH = G; , .when A;=:= 0 
and W· =(-p-r·)-1. 

" l l ' 

• (2.31) 
B;; = 0, Bi-li-1 = Ai1

, B;HiH = A;Hw;, when G;;= 0 
and w; = ( -ri+IPi+I)-1 ' . 
i = 1,2, ... ,m. 

. . , . ' 

In (2.29) -7- (2.31 ), the elements A and G are given by (2.17) + (2.18), with 
Remark 2 included into consideration. Structure elem~nts {3,' {3, c, c and 
products I1 fle, TI Pe, TI ~€' TI ce in (2.29) + (2.30) are of the form: '· 

· . · : -·{ ·-J!;A.;-:
1

, whe_~!_;·#-0, 
{3,- -p;, when A,- 0,, ·. 
' . and fl;H = _:_Pi+Iw;; . 

c-_= { . , 
10 

-A;1r;, when A; # 0, 
'-r;, wheri A; = 0, 
~nd ci+1 ;,; _:w;T;+~; 

(2.32) •· 

.j 
j . ·~ 

' l 

I 

l 

I 
; ' 

i. / 

-

{ 

-Gi1P,+t, if_ G; # 0, .' · <. { -r~+t 0';1
, when G; # 0~ 

~i+t= -pi+~· if~; = 0, ,B;+t= . -:-ri+t; when G; ~ 0, 
and C· = -w p·· and 8· = -1·-w-· 

J t P 
1

, • I ' l I' 
(2.33) 

IT fh = {' {3; · · · fli+t, whe~t j ~ i, 
e=i+t· · 1, . whenJ > z· 

·i , \ { IT c€ ·= C;:-1 • · · ci, whe~ i ~ j, 
{=i+t . 1, · , whem 2:: J; · 

I ~ ,-o l 

(2.34) 

IT /3~ = { /Ji+l: .. f;j' wile? i ~ j, . IT c ~ {· C;. ~. cj+l' ,~·hc~tj ~.i, 
€;,;+1 .· 1, whem .2: J; {=i+t ~ L when] 2: 1. 

(2.35)· 
Pr9of. Representations -(2.11) and (2.12) were derived with the. usc of 

results' (specifically, on the structure of the inverse matrix B) of ih~orems 
·~eopeM 7 and 8 from' (1 ,2) and the combination (8) of represc,ntations 2:9 
and 2.10-for C. B (1,2), the following sequencesconstructed on .C-'-matrix 
elements 

·{ ai+J = q;a; .'-Jl;r;a;_ 1 , .i = 1, 2, ... ,·m, a 0 ·= d 1 = 1, 
('];_,_= q;f3;- r;+tPi+tfli+t• i = m, .. .-,2, !; f3m+1 =/3m= l, 

(2.36,) . 

1 r 

'were considered. In those refs., it \Vas shown that the elcmptts B;j of the 
matrix B = C_, obeyed the· following relations: . 

···r o· 1 · JJ · :- _, ·~B. i>i o··I·.) k>i' · 
1 n; = , t. ten. Jii-"1.= r; am iJ =. , Jki == 0;. 

·r a o· l B ·-1 .· 1 B i<io J:> k<i 0. -· 1 f'i = ,t ten ii+J = Jli+J a!H · ;j .= . , Jki == ; 
• ;I ' 

- ~hen ~i = 0, TO B;; · = 0 but. here B;+Ji+J and l3;_li- 1 do not Yanish 
simultaneously; 

when {3; = 0, then B;; 

simultaneously; 
0 but Bi-ti-1 and Bi+li+t ·do not Yanish 

when a;.= 0 = {3;, then det(C) = 0. · 

From (2.36) it follows*> that , 

= -]J·r· = W· when a- = 0 O't-1 I t t . ' , I -, 

{ 

[~. ( )] .:..t 

· [~::: = ( -ri+tlli+d) = wi1
, \vhcn /3; ·= 0. 

(2.~li) 

I-iere'.we. introduced the not,ation wj;1 f~r the corresponding pr<'>ducts (-pk1·k) 

and ( -rk+tPk+J ). 

·>For norJsingular _matrices C(2.1), if (ti = 0, then ni-l f; 0 and if Pi = 0, then 
f3i+t f; O(scc Lemma 10 frmlJ [2,7]). 

11 



'• 

If now we go over from the sequences {a }(2.36hl and {,8}(2.36)2) ·to ·· 
sequences {A}(2.17) and {G} (2.18), then havirig' eqs. (2.37) ar hand, we 
obtain the structure element~ !3, S, c, c. and products n ,a~, n s~, n c~, n c.~ 
of the form (2.32) -;- (2.35). The validity of expressions (2.29) -;- (2.35) is 

. established Yia verifying·) basic equalities ocnoBHhiX paBeHCTB BC = E = 
C B. The theorem is proved. · . 

Thus, matrices B = c-r can be obtained with the use of either multiplica
tive representations 2.11 and 2.12, or ad.ditive-multiplicative representation 
2,1 provided that B~ is obtained with th'e help of representation 2.11 or 2.12. 
In this case, the matrix Z in (2.3) -;-: (2.4) has an analytic representation to 

. 'be derived in-a subsequent paper [10]. 
Now, let us apply to the solution of the system of linear algebraic equa

l 
tions CX = Y. Representation 2.1 combined with representation 2.11( or 
2.12) gives [4] the following · 

\ 0 '• 

Representation 2.13(of the type X =X fB1.6.X) 

[xi~-2] 
[X11-1] XII 
[x/2-2] 

lt+1 
[XI2-1] 
X12 

[xla'-2] 
12+1 

rln-1] 

[;2+1r 
~ 

X 

[iJit-2] X VI· ] 
Y11-2 

[ ~ l 
[iJf~+n x [~~~~~ 1 , yl2 -2 

[ ~ l . 
[B-13 -2] · [Yi2 +I] 

l2+1 X .. ' 
, Yla-2· 

' ........... . 

[ ~ l 
[B-m ] · ·[Yin+!] 

· ln+1 X ''' 
, Ym 

0 

X 

+ 

·)Hereafter we do not dwell upon separate details of the calculational t~chnique and 
verification of the given representations. 

_/'-

.. 12 

. r' fi ··n 
1 a 
'.~· ., 

) 
I -
J 

\~ ' 

,. 

[

(Bu1-2rl1_ 1) 0 .] 

[ 
~ :·· ',., ~;.,, ~· ): ] 
0 -1 

[
:(B••+''•"''•+:)] [(~11 ~112 -2r12 "-'l)~l 
O(BI;-211 +1~'1J+1) (BI2-212-2ri2-1)0 

+ I ·[-
1 o] 

0 -1 

[
;( "'•+">+' ''•C:) l ::: [(~,"~' +U"~'''" ~:)0] 
O{Bia-212+1~'12+1) . [~:ln-21n1-2rln~tl. :] 

' . . 0 -1 

\ [0: {BI~+:In~1pln~l)l 
~ . O (Bmln+1p'ln+1) 

'81 

[
x11-1] 

[x1:1~1 ] 
xl2 

[x~-11 
In ~ 
~ 

D. X 

Here .6.X is the solution of the system [4] of linear equations 

0.6.X :::::: .6.Y, 

(2.38) 

(2.39) 

where n is a nonsingular tridiagonal matrix ofthe general form (2.5), and .. 

where· 

' 0 

[y11-1 -pl1-1:11-;2] 

yl1 - rl1 +1 xl1 +1 
• 0 

.6.Y ~ 
[Y12 ,-1 -pl2 _\x12 -:2] 

yl2 - rl2+1xl2+1 

o. 

[Yin-1-pln-1:1n-;2] 

Yzn - rl~+lxln+I 

0 lk-2 -
xlk:-1 ::;= . L · Blk-2iYi, . ·3=/k-1+1 

'. 

0 ' . li.+1 -2 - . 
xlk = . L . Blk+I]Yi, k = 1, 2, ... , n~ 

. J=lk+1 

13 

(2.40) . 

(2.41) 
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.· H~wev~r, it is to be noted [3,4] that if C(2.1) ill_:posed, 'matrix !1(2.39) 
becomes also ill-posed .. Therefore, a direct u~e of representation 2.13-as a 
generator of the methods ofnumerical solution of the systems of equations 
CX = Y is not always justified. The problem for n being ill-posed in 
inverting matrices e(2.1) is significantlyrelaxed by the possibility of explicit 

1 

'computation of Z(2.3) '+.(2.4), as was said above. . ' . 

3. Critical-component method for solving~ system of linear alge
braic equations with tridiagonal matrices of the general form 

As follows from the above consideration; if n is ill-posed;. then components 
of the vector .6.X(2.38) + (239) are ill~po~ed; but riot all of them, obviously. 
In this st:;ction, we carry out modifieatioQs of representation 2.13 that allow · 
us to separate well- ~rid ill-posed components from .6.X. A method of that 
sort.of deriving asolution X will be called the critical-component method. 

. In what follows, we will employ _theorem 2.1 and results of ref. (9] .. 
Let matrices e(2.1) have leading upper [.6.~' f. 0), where i = 1, 2, ... , n] or · 

leading lower [(.6.i;+I f. 0), wherej =
1

1,2, ... ,n] ~ngular minors.that. differ 
' ' -1 ' 

. from zero and let the matrices { e1;tD~o be w~ll-defined, where 

and 

-1,+1 _ 1;+1. -[-li ·]'"'1 · ... ·r 
ci;+I - c/;+1 ~ [0, ... , 0, PI;+ I] eli-1 +1 [0, ... , 0, 1'1;+1] , . e:~~ e~~ . . 1 2 . - .. 

I ·= 1 , z ;= '- , ._ .. , n . ' . . ·, -
or 

. ·c-I, . . ct• . [- . . . J[e-~•+1] -1[ . . lr 
1,_1+1 =. ~·-1+1- ri,+I,o, ... ,o 1;+1 Pt,+l,o, ... ,o , 

C[~+1 = C[~+I• i = n, ... , 2,1 

ql.+I r/.+2 
Pt.+2 q/•+2 r/.+3 

(3.1) 

.· cl•+l _ : 1•+1- k = 0, 1, .. , n, lo = 0, ln+I = m, (3.2) 

Pt•+t-1 ql•+t-1 r1•+1 
Pt•+t ql~<+t 

' ' 

e
1
•+I - t 'd· { }1•+1 b t . f t ; e(2 1) ... I.e._ I•+I - rz zag ql.+I, q;,p;, r; i=l•+2 are su rna nces o rna nces _. , 

respectively. If we represent the matrix e(2.1) in the following block forrn: 

C= 

ql 1'2 
P2 q2 r3 

,• 

Pm-1 qm-1 1' m 

Pm qm 

= 

14 

[ e/1 ] 
. ,1 Tit +t 

. v,t+l[ef:+IL,,+l 
. (3.,3) 

v, .. +~[e1':+i.] 

) -

- I 

'' 

wearrive. at the' following lemma L Let e be a- nonsingular tridiagonal 
matrix of the general form (2.1) satisfying the conditions (3.1) + (3:3). Then 

' C(2.1) possess the follo\ving representations: ' 
· Repre~entation 3.1 

[£!1] [c;~] [ £!1 ][ .c~~ ] 

e= [#:1
] [ £f:+l] [ 

-I ] ' 
e/:+1 [£12 '][-12 l /1+1 C/1+1 

where 

[t3i:: +I][ £r. +I] 

6/k+i = 
1•+1 

. ' 

ql.+J r/.+2 
Pt.+2 q/.+2 r/.+3 

' 
Pt•+~-iqt•~~-l rlk+i 

Pt•+~ ql•+i 

[c/::+1] [£;~+!] 

,·_ {3-lk+i - --;lk+i -
[ 

t3t.+J .. : #tk+i ] 
I.;+ I - , ci.+I -

[ 

ct.+J ] 
: 0 , 

0 Ctk+i · -. 

ih.+J '==. ql.+J- Pi.+J3l•;•rl.;;,ijl' = ql, 

#i '= _:_Pt. +I Bl•i' iii='~ Bit• r·i.+I• i =;= .h + 1, lk+·2; ... , lk+J· 
k = 0, l, ... , n, lo =,0, ln+.J = 1~; . . . ' 

Representation 3.2 

[£!l][~f:+t] 

e= [E: 12, ] [!3-12 l l1+1 l1+J 

[£r.+J] 

\' 

[c!·] 
[c::+d 

[cr.+ I] 

l5 

[£:1] 

[-12 l [£12 ] C/1+1 II+I 

[-m ][Em ·) ci,.+I 1,.+·1 

., (3.4)' 

.-(:l.5} 

(3.6) 

I \ 



; ~' 

I -

•,'' -~ 
-~ ,. 

-where-

6~.+. =
.1.+1 

ql.+l r/.+2 

P/.+2 ql.+2 r/.+3 , 

P1k+• -I ql~+,-1 rl•+• 

Pt•+• - ii1•+1 

[ 
o l . [ · c/.+1 ]· (3. 7) 

glk+l - ' • -lk+l ~~ ' :, 
1 1•+1 - _ _ 'c/.+1 - 0 . , 

.81.+1 · · · .B1k+, c1•+• 

- ~ -r B - - -
qlk+v- qlk+t lk+t+1 lk+t+llk+t+1Pik+t+l'qm,- qm, 

~; = -r1.+1 B1.+{;, c; = -B;1~+ 1 p1.+ 1 , i = lk + 1, h +, 2, ... , lk+h 

k'= n,n -1, ... ,0,-lo = 0, ln+1 = m. 

, , Hc;e )J;i arc elements of the last (first) 'rows and columns of,sub~atric~s B~· = 
[C'~]- 1 that can be derived by using either (2.8)-;.- (2.13) or (2.29) + (2.35). 

/-

Proof. Decompositions of the type (3.4) and (3. 7) immediately follow 
from the results of refs. [9], ifmatrix C(2.1) is decomposed in the block form 
(:U). - , .. 

·-- The validity of these decompositions is verified by multiplying the corre-
sponding- factorizing matrices. The Lerr)'ma is proved. · -

Further, making use of the 1results of Theorem 2.1 and Lemma 3.1, we-
shall prove the validity of the following -

· Theorein 3.1. Let C(2.1) be a nonsingular, tridiagonal matrix'obeying 
-the conditions of Li:!mma 3.1.. Then for B = c-1 there e~ist the following 
representatio!1s: 

":': 

,, 

' ' 

. . 0 -- - --· 

Representation 3.3(of the type B = [B= B,B] +[~B = cb,B]) 

B= 

+ 

\. 

[0 ... 0] ;1 

[
:::.,] ;1~+1 

' ' [:·.] ''•" 

0 q3 
...... 

[ ·: ... ] 
··~···['·· .. ] 

I(P,;" JP!': p,, " .. p,, [ \ .] 
... -.................. . 
n-1 

!( DtJ1, 
' £=1 

•jj 

[ .0 l ·-· 
_ [ b--l~ +t l[~--"~1 +l)b:~.i 1J .. ·[9J.. cle+1)bZ,:+1]'· 

0 ' / -
• ' · 0 n-1 

, [ bl3+l l.-:.[m cle+1)bZ,:+;]I X -
2 {=2 • 

0 . ,, ' 0 

f-·Jl [ !~., l 
c b 

\: 

17 
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.,'· 

/ ' 

[' .. 'l 
(3.8) 

~ ~-·· [ ,._ ' l 
X I [(,6,1 +tl.6:1] Ptt+1.:.,a,2 r: 1 . . • l 

0 ·t . 1 

' 

• o a o a o o •'• o • o • .. o o o a •-•. o o n-1 
[( TI .6'e+1lP:1l 

e=1 ,6, . +1 ... ,a, [ .1 l n-1 n , . 

. . 1 
- . - . 

0 

,6 

where 

i_ - - , - j I , 

TI..Bie+1 = fJI;+1fJI,_·1+1 ... fJij+l> . n. i\+1.= cl;+l cl,'t1 +1 . · .. clj+1' ' 
{=J . . {=• . .. . 

fJi = [[Jj, 1lj+1, : •. , [J;J, bt = [B;;, .8;;+1 , ; •. , B;J·], (3.9) .J . 

fJ; .= -pl•+t Bl•i' C; = ....:.f:Jil.rl•.+ll 
k::;::: 0,1, ... ,n;·zo.= 0, ln+1 = m;, 

0 - - -·,;, 

Representation 3.4(of the type B = [B= B(J] + [.6-B = cb(J]). 

[ 

1

. •]· . 0 

·' .. 1 11,tt1··· 11,2 ··· [( TI J3,ell1;;:+11 
...• ; ..•.......... e;:~ .. ' 

[ 

.·{B:· l 
. ·[~::+, l 1 l . . 0 . . 

.~ • l• !1tn-t+r>1tn[(6tnJ!1;;:~1))1 +< B= 

[ B!;., l [ 
1 l ·. 0 

1 .Otn+1 ···.Om 

[B,:+l . ; 
~ ____:,___;_._ ~ 

[ ' .. ' l 
,iJ 

18 

·1 

f·.J [ b~· l 
...... 

X 

Cln-2+1[0 •] [ 0 1· : ·. 0 . .. 
• • n-1- -lt ·-ln-1 

+ J c'n-.\n-1:1[0 l [(D2 c,e)bl ) ... bln-2+1 [ 0 l 
,.: '··:rJ l[\ii, .. ,.:., ~.:.,.::~;.J hi:_.+. r 0 1. 

where 

c 

[ 
1 '] 

. . 0 

t 11tttt ... 11,2 . ··· [dl ii,e>~i;:+IJ 
· ............. : .... (;:~ .. 

X 
[. l . 0 

1 11tn-l Hi>tn[(Btn J/3;;:+1))1 l 

. [ 1 '] ·. ·o' 
1 flln+t•··.Bm 

[ '> ,] 

11 

j - - - ..... 1 n fJ =·a .(3 •.. fJ n c = c c •· ... c .\ . . 1( JJI, 1.+1 . 11 , . Ie ·1, ·J,_I. .11 , 
. {=• ,. {=J . . 

. [J{ = [[J;, [Ji+b ... , [Jj], b~ = [llijl Bij+1, ... , B;;], 

,fJ; = -r/.+1 Bt.+1i• C; .;, - Bii.+IPI.+i' 
k ·= n, ._,., 1, 0, lo = 0, ln+1 = m. 

(3.10) 

(3.11) 

In these rcprescittations, n; ~ [6;]-1
• Elements B;i of sub'matri<:·es l3; can 

bcrepresented either in the form (2.8) ..;- (2.13) or in the form (2.29) ..;- (2.35 ). · 
Proof. 'we !lave obtained. representations 3.3 and :J..t fronnlec~mposi

tions (3.1) + (3.5) and (3.6) ..;- (3.7) for C(2.1 ), resp,ectively. In this cas<< 

". 
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zeroth' semirows (half-'-columns) of the matrix B are defined both as the 
corresponding zeroth semirows (half-coltlmns) ofm~trices iJ; arid the corre- -

sponding zeroth values of th~ elements {c;}, {;3;}, {£\}and{~;}. The ~alidity,. 
of rep~esentations 3.3 and 3.4 is established by verifying the basicequalities 
BC = E = C B. The theorem is thus proved: · 

Finally, let ·us determine direct methods for solving the systems of linear 

equations CX = Y. There exists . 
Theorem 3.2. Let C(2.1) be a nonsingular tridiagonal matrix of the. gen

eral form obeying the conditi~ns of Lefuma 3.1. Then, for X;- compone~ts 
of the X.- solution of the system of lin' ear equations C X= Y there hold the 

following representations: 
Representation 3 .. 5 

{

. x; =~; +cok, k = n+1, n; : .. ;1, 
i = lk, lk -1, ... ,h-1 + 1, ln+1 ~ m,.lo = 0, 

(3.12) 

.·- where 

0 - . . . lk+l - . 
;r;= Bilk+1Ytk+1.+ L (B;iYi), i = lk+1, ... ,lk + 1, k = n, ... , 1, 0; 

J=lk+2 ' 
t'tk = Xtk+J =~td1 +ctd:1rtk+1 = Xtk+t+1], rtn+1 = xm+J = 0, k = n, ... , 2, 1; . 

- :.. ~ 

Ytk+I=Ytk+1+fitk-t+1Ytk-t+1+ I: (/3iYj);y1=y1, k=1,2, ... ,n; (3.13) 
. . ]=lk-l +2 . . 

;3; := -Ptk+_! Btki' C; = _:_ B;tk'Ik+l, i = lk-1 + 1, ... , l~, k = 1, 2, ... , n; _ 

Representation 3.6 .-

{ 
X;=~; +C(Yk, k = 0, 1, ... ,ri, 
i = lk + 1, h +2, :··, lk+:1- 1, lo =_0, ln+1 = m, 

(3.14) 

where 

0 - lk-1 - . . 
_x;= l!_i1Jj1k +. ·2:: (B;jYj),k= 1,2, ... ,n+ 1; i = lk:c...1 + 1, ... ,lk; 

' J=lk-l +1 . 

b~<- = x/J =~lk +ctk-1[xlk-l = /k-1], [xo = /o] ~ 0, ~ = 1,2, ... ,n; 
' . - . /k+l-1 - . 

Ytk = Ytk + fitk+tYik+l + . L (J)jyj), Ym = Ym>.k = n, ... , 2,~; ' (3.15) 
J=lk+1.. . . . . . . 

~; = -rtk+1Btk+li•ci = -Bilk+tPtk+u i = lk+t, ... ,lk+ 1, k = n, ... ,2,L 

'Here B;j are elements of submatrices 13; =[C;J-1 matrices B(3.8)-;- (3.11) 
rcspcc~ively. They can be found with the help of any of the representations 
(2.8) 7 (2.13) and (2.29)-;- (2.35). . . 

/. ' • 
20 

Proof. If for matrix C. (2.1 ), divided irto blocks of the form (3.3), the 
matrix B =;= c-1 is in stru~ture of the form (3.8)'-;- (3.11), the',v~ctor X, a 
solution to. the system CX ~ Y, can b~ represented as the following graphic! 
scheme: . ' . ,. . . . . . 

B 
XII 

B 1 

xln 

B 
~ 

X 

B 
xlt+l 

E]·~ . 

xln+:l 

8 
---------

I:+MI ~B I 
~ 

7 
B11 !::iB 

I 

-- I -
Bj) + !::iB I B + !::iB 

I 

? 

I 

7 

i I 
. . iW B,; ! . jj 

D 
tJ 

Yt1 

D u 
Yin 

B 
~ ~. 

(3.16) 

B Y:' 

El 
Yt1+1 

I I - I - - . 
B . I_' B· . . ·_BP I ! )t+:I , .· 

I 

. !::iB Bln+:I 

/ 

1 
:- ' ··.I -- .. 
B + !::iB I Bj) + !::iB . ! '' 

~ 1-·(3.17) 

tJ 
Yln+I 

I..... .M I il+Ml B 
X B Y 

From (3.16) and (3.~ 7) it is- seen that components of the solution X (3.12) 

and 'X (·3.14) are sums.of two constituents, the constituent X. and constituent 

21 
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• ~ . . . ' 

,_ > ' 0 0 -·- ' " --

.6.X; also, >note thahn (3:12) 'X= [B= B,B]Y and .6.X = -[.6.B ='=· cb,B]Y, 
' . ' ' . ,' 0 0. -- .·· ' ' . -- 0 

whereas in (3.14)X= [B= B,B]Y and>.6.X = [.6.B=-cb,B]Y. Here Band .6.B 
are given by the nipresentati"oil.s 3.3 aml.3.4. From.thegraphic representation 
it, also follows that the vector X is in turn split ted into subvectors .X~ with 
(x = 1) -support components calculated by formulae (3.13)2), (?,15)2) and 
critical components x 1k, x 1k+I· · .. 

... 

Since the sol~tions (3.12) + (3.13) and (3.14) + (3.15) have been derived 
from the formal equality X = (B = e-1)Y, where B = e.:_1 (of the type 

Q . , • ~"". ' • I 

B =B f.6.B), its validityis verified-by direct substitution_of X (3.12)+(3.}3) 
or X (3;14)+(3~15) intothe equation ex= Y, respectively. Here, one should 
also' take account of the basic equalities Be = E = eB. The theorem is 
proved., :/ . . : . . . . ·~ . 

Remark 5. Af(> follows from.(3.16), representation (3.12) + (3.13) may be 
called the direct representation of criti~al components of the solution of a 
system of linear equations ex= Y. The reason is that anycomponents X; 

of the ~olution :of the system. eX = Y are not recurrent functions of (lk = 
x1k+ 1 ). ,; ~ell-posed components. Ill-posed components, x1k, are dctermi~ed 
separately arid. do not participate in the recurrence proces'ses of obtaining 

· x;, any~ compo~ents of the solution X. It is therefore natural: to call the 
. compon~nts x1~ ~he critical components. This method of solving the sysiem 
of equati?ns, ex =.Y belongs, in essence (seesubsect.2) to the class of direct 
methods of the d~composition type whose generators have been··.constructed 
in refs [3,4]. . . · 

. . .The said alsd applies to representations (3.14) + (3.15), where (ik = Xt ) 
'· · I , ' . • ' .. · k 

'are well-posed component,s and x1k+I arc critical components of the solution 
to the system ex= Y. . · .. 

4. Conclusion. 

We ha~e suggested the new method of inverting tridiagonal matrices of the 
general form and of solving the systems of linear algebraic equations .with 
matrices like that. Efficiency ofthe algorithms and programs dev~loped on 

·the basis of this method and their advantages over known similar programs 
are demonstr~te'd in refs. [10 and i 1]. . 
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E~;teJiMmeHK~T.A:. PaxMoHos T.T., .UyrnaHos 3.E. 
MeTOJl KpHTHYeCKHX KOMnOHeHT peweHHll CHCTeM 
nHHeHHbiX ypaBHeHHH C TpeXJlHaroHanbHOH MaTpHUf 

OpeJ])lo)f(eHbi HOBbie ::lcpcpeKTHBHbie MeTOJlM o6~ 
TOM :Yucne · niiOXO, ~6ycnosneHHblX) MaTpHU. o6mc 
J,IHHeHHbiX ypaBHeHlJH CTaKHMH MaTpHUaMH. 

Pa6oTa BbinOnHeHa 8 na6opaTOpHH BbiYHCnHTem 
OIUII1. 

Emeryarienk~ G.A., Rakhmonov T.T., Dushanov E 
Critical-Component· Method for Solving Systems 
of Linear Equations with a Tridiagonal Matrix of tt 

New effective methods are proposed for the ir 
of the general form (including ill-posed ones) anc 
equations with those matrices. · 

' . 

The 'investig~tion has been . performed at t 
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