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INTRODUCTION 

Recently, in ref.[1] we have obtained the numerical solutions to the 
Schwin!!;er - Dyson (SD) and Bethe - Salpeter (BS) equations for the QCD 
quark potential model developed in refs.[2]. In accordance with this model 
the SD equation describes the constituent quarks and allows one to search 
the spontaneous chiral symmetry breakdown. The solutions of the BS equa
tion ( eigenvalues and eigenfunctions) describe the masses and the wave 
functions of the free mesons composed of the quarks. For the effective po
tential in these equations we have used the approximation of the Gauss 
1'1111ction. 

We have shown that there is a subtraction scheme for the SD equation 
that gives a self consistent description of the pion mass and its leptonic 
decay constant ( F,r ). How_ever, for .the mass of the pion radial excited 
states we have obtained the values that are significantly lower than the 
available data [3]. 

On the other hand, it is known that the number of the radial excited 
states of mesons was described in the model with oscillator potential (see, 
particularly, refs.[4]). 

In the present work we attempt to describe the spectra of pion and 
its radial excited states using the effective potential as the sum of the 
Gaussian and oscillator ones, and some subtraction schemes as in ref.[1 ]. 
This effective potential has the following form: 

V =Ve+ Vo, 2 2 Ve = vg exp ( - µ r ) + C, 

Here C is a· constant, Vg > 0, µ > 0 and v0 > 0 are parameters of the 
potential. Using the Fourier transformations, we obtain the potential in 
the momentum space 

V(lff- ql) ~ ( 0)3 R
3 exp (-R2 1ff - ql 2

) + C(21r )38(1.P- ql)

- v0 (21r)3~p"D(jp-ql), R = 1/(2µ). (2) 



The problem is to select such parameters for the potential and the 
subtraction schemes that lead to the numerical results for the system of SD 
and BS equations that are consistent with experimental data. 

In part 1 of this work the boundary value prohlem for SD equation 
is formulated and some ways for quark wave function renormalization an• 
suggested. In part 2 the boundary value problem for BS equation and thP 
normalization. condition for the eigenfunctions are formulated. In part ;3 
the numerical methods for the problem solution are discussed. The numer
ical results for Gaussian, oscillator and Gauss-plus-oscillator potentials are 
analyzed in part 4. · 

Note that for the different types of effective potentials the SD and HS 
equations are reduced to the different types of nonlinear functional equa
tions. The effective method of the numerical solution to thes<' Pquatio11s is 
the continuous analogue of the Newton's method [5]. Particularly, newto
nian iterative schemes are successfully used for numPrical investigation of 
SD and BS equations in refs.[1],[4],[6]. In our investigation the contimious 
analogue of the Newton's method is also used. 

1. SCHWINGER - DYSON EQUATION. 

The SD equation for an arbitrary potential V(lf- ql) can be written as 
the coupled equations [4]: 

{ 

E(p)cos(2v(p)) = m0 + !jdqV(lf- ql)cos(2v(q))/(21rY3 
2 (3) 

E(p)sin(2v(p)) = p + ~j dqV(lf- ql)~sin(2v(q))/(21r):l, 

where the integration over the three - dimensional vector space of ij is 
supposed, ~ = (p/ p, ij/ q) is the scalar product of _unique ve<,:tors, m 0 is 
the given constant ( the current quark mass). E(p) and v(p) are the quark 
energy and wave function, respectively, that should be founded. 

Integrating over angle Qij in these equations, we arrive at 

where 

I 

{ 
E(p)cos(2v(p)) =mo+ Ii 
E(p)sin(2v(p)) = p + h, 

= 
Ii = j dqVi(P, q)cos(2v(q)), 

0 

: ~· ........ ~ 2 .. ,;'. ,j 
' ~ f 

·,,:'<.:--,~~.t ,; 

•• ' ~t i «:4 ,~~--... t 

( '1) 

(5) 

.• , 

-~ 

f• 

= 
h = j dqVz(p, q)sin(2v(q)), (6) 

0 

1 1 2 J -· Vi= 2 (:27r)3q dQV(lp- ql), (7) 

· 1 1 J · Vi = 2 (21r )3 q2 dQ~V(lf- ql). (8) 

Substituting the effective potential (2) into eqs.(3)-(5) and turning to 
the dimensionless values by relations 

E = E/o:,1ho = mo/&,p = p/o:,ij = q/o:,R = Ro:,C = C/o:, (9) 

where 

we obtain: 

Here 

. . 4 1 

& = [2v9 /(81r3~)]/,8, ,8 = (3va) 3 , · 

{ 
(~(p)- ~'/2)cos(2v(p)) = 1no-t_ i1 · 
(E(p) - C /2)sin(2v(p)) = p + I2. 

{ 

~ 2 ~ 
Ii= [(sin(</>(p)))" + -(sin(</>(p)))'] + Ji, . p 

i2 = [(cos(</>(p)))" + ~(cos(</>(p)))' -
2
2 cos(</>(p))] + 12, 

p p 

= 
11 = & j dqV1(P, ij)cos(2v(ij)), 

0 

= 
12 = o: j dqV2(f5,ij)sin(2v(ij)), 

0 

V1 = ili[exp (-R2(f52 + ij2))sh(2R2ftij)], 
p 

V2 = ~ R~2 {exp (-R2(f52 + ij2 ))[2R2pijch(2R2f5ij) - sh(2R2f5ij)]}, 

</>(p.) = -2v(p) + 1r /2, 

In future the symbol ~ will be omitted. 
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(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 



Taking into account the asymptotical conditions for the energy function 
E(p) and the mass function m(p) = E(p)cas(2v(p)): 

lim E(p) = P, 
p-+oo 

lim m(p) = mo, 
p-.oo 

lim E(p) = canst, 
p---.0 . 

lim m(p) = canst, 
p---.0 

( I~) 

( 19) 

using substraction schemes considered in ref.fl], we obtain the following 
modifications of the SD equation: 

where 

where 

1) { 
E(p)cas(2v(p)) = mo -J:: h 
E(p)sin(2v(p)) = P+ h 

f2 = [(cas(</>(p)))" + ~(cas(</>(p)))' -
2
2

cas(</>(p))]. 
p p 

2) { E(p)(cas(2v(p))- C*) = m0 + h 
E(p)(sin(2v(p)) - C*) = p + h, 

PM 

C* = - lim j dqVi(PM, q)sin(2v(q)). 
PM-.oo 

0 

(20) 

(21) 

The asymptotical behaviour of functions v(p) and </>(p) has the form: 

lim v(p) = b, lim v(p) = ,r/4,lim </>(p) = 1r/2, lim </>(p) = 0. 
p---.0 p-+oo p---.0 p-.oo 

(22) 

2. BETHE - SALPETER EQUATION 

The· BS equation for the pseudoscalar meson as the quark-antiquark 
bound state has been obtained in ref.[4], and can be written as following 
coupled equations: 

M Le)(p) = Et(P)Lm(p)- (23) 

1 dij vc·1- ;;1)[C'(+")c,(+") + Cu(+") u(+")]L ( ;;'I - (2,r)3 p - q, p g ,,,.-Jp ,Jg G) q;, 

where 

C~~) = cas(v1(P) ± v2(P)), S~~) = sin(v1(P) ± v2(p)), 
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"1. P2 a11d /:'1. /:'2 arP solutions of th<' SD <'<p1atio11 for quark and autiquark. 
J:'t(p) = /'.,' 1 (p) + /:'2 (p) is th<' total <'ll<'rgy of the• 11H•so11 .. \/ is thP PigenvahH' 
(mass of thP rnuplPd stat<'). LC) is thP waw function. ThP normalization 

rondition is: 
-I.Ye• J d<7 

.\/ ('2,rfl Li(ri)L2CrTl = I. ( '2-1) 

whc•rp :Yr· = :i is the• q11a11t 11111 11111nlH't 

llsi11g th<' solutions ofth<' systP111 ('2:l). WP ran ralrnlatP thP kpton ckray 
ron:-;ta.11t for thP psP11<losrala.r 111psons: 

-1 ·Y(' ;· d<7 
1-'rr = ---- -.--:

5 
L2( i{)co.s( 1'1 ( (J) + 1·2( (J) ). 

:\I . (:hr) 

LPt us look for a sol11tim1 of th<' systPIII ('2:l) in thP form: 

I 
L(i)(jT) = - ~ l"(2)1 (p)}im(H.o). 

I /J~ I 711 
l,111 

whPr<' l/ 11,(fl.~1>) arc• sph<'riral functions. 

( '25) 

( '2.{i) 

L<'t us substitnt<' (:2G) in Pqs.('2:{).('2-1) for l.111 = 0 (thP sphPrirally 
symrnPtriral ras<'). ThPn for th<' potPntial (2) with('= 0 WP obtain: 

where' 

:\/l'm(JJ) + '·'[~i(JJ) + wci(JJH\~)(JJ) =· 
•XJ ·• f 1 [C'(+")c,(+li·· ( ) '-.(:;:) cl+li·· ( l]l' ( l = -L,. cq p •q ·1 JJ,<J + .,,. ,1q -~ p.q (~) q. 

0 

-IN(' I •X• 

M ('2.JTP J dqUi(q)fi-i(q) = I. 
ll 

, ( t t '2 '}_ •) </>1 + <;?2 } iVi = -U~i + -( </> 1 + ~o,.) + 2 ,·08~( . l • 
.J p 2 

11 • { , I , t 1 )'2 '2 · '2 </> I - </>2 ) } 
t't

1
'2 = - ,~t + -(<1>1 - </>2 + 2'~111 ( . • 

-I p 2 

</>;=-'2.u;+JT/2. i= l.'2. 

l\~)oo = l\~)' 
• JJ 
Vi(p,q) = -Vi(p,q). 

q 
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•. p . 
\,.(p.q) = -\:2(7>.q). 

(J 

(2,) 

( '2~) 

(29) 

( :JO) 

(:n l 

( :J2) 

p:n 



\.i(p.q) and F2(JJ.q) an' c1Ptermi1wd h.v relations ( J.'j) and ( Hi). 
For PXJJression ( 2-1) WP havP: 

, cl.Ye l r.-=j•x. 
I,,= JI (21rrl V47r dqqF2(q)co8( Pi(q) + l'2(q)). (:3-1) 

0 

The sol11 tion oft hP systP111 ( 2,) must satisfy th<' asymptotic conditions: 

Jim U(1 )(p) = 0, r~o 2 
Jim U(1)(p) = 0. 

p~'X, 2 
( :35) 

Thus, we have an eigenvahw problem for th<' system of two equations 
(27) with normalization ro11ditio11 (2k) and boundary ronditions (:35). It 
should IH' notPd again that in th<' BS prohlP111 thP solutions ( v 1, E1) and 
(v2 • f;2 ) for the SD system for two quarks with nonzero massPs mo1 and 
m 02 were included. 

3. THE NUMERICAL SOLUTIONS 

3.1 The SD equation 

Let us rewrite the system ( 11 )-( 17) in the form: 

F1 + F2 = 0, (36) 

where 

F1 = q/'(p) + ~</>'(p) + ~8in(2¢(p)) + '2mo<:os(<f>(p)) - 2psin(</>(JJ)), (:H) 
p p2 

F2 = .Ji co.s( </>(p)) - .h,sin( </>(p) ), (38) 

./1 and ./2 are defined by" Pqs.(l ::3 ),( 14 ), respectively. 
The energy function in this case can he determined from the following 

formulas: 

where 

E(p) = E1 (p) + E:l(p) = 0, 

J:)1(JJ) = rno.sin(</>(p)) + pcos(</>(p)) - ~(¢'(p))2 
- ;

2
cos2 (<f>(p)), 

E:l(p) = ~[./1.sin(</>(JJ)) + ,hco8(</>(p))]. 
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(39) 

j 

J 

J 

N q.( 3~-( 38) is the nonlinear integro-differential equation. The modified 
newtonian iterative scheme is developed for its numerical solving. The 
modification proposed in ref.(7] is used. 

For v9 = 0 we have a nonlinear differential equation. The program 
complex developed in refs.(4] is applied in this case. 

For Va = 0 the SD equation reduces to th~ system of two nonlinear 
integral equations that is solved with the help of the algorithm described 
in ref.(1]. 

3.2 The BS equation 

The system (27) is the eigenvalue problem for two linear integro
differential equations with the normalized condition (28). Numerical so
lution of this problem is performed by using th~ modified algorithm based 
on the continuous analogue of Newton's method, suggested in ref.(8]. 

For Va = 0 the program complex SYSINT(SYSINTM) (9] is applied. 
For v9 = 0 we obtain the eigenvalue problem for two linear differential 

equations. For its numerical solving the program complex developed in 
refs.(4] is used and the program SLIPS2 (10] as well. 

. 3.3 Common program realization 

For the numerical investigation of the meson spectra and the decay 
constant on the base of the equations from part 1 and 2 the unique packaged 
programs on FORTRAN-77 were developed . 

The solutions of SD equation for two masses mo1 and mo2 are calculated 
in accordance with one of two modifications described in part 1. 

For the given solutions of SD problem ( v1 , E1 ) and ( v2, E2), correspond
ing to the masses m 01 and m02 , the BS problem (27)-(33) is solved. Using 
eq.(34), the decay constant F1r is calculated and the relation~= M1r/ F1r is 
determined. The dimensional values can be calculated using eqs.(9)-(10). 

The aim of the present investigation is to find parameters for each po
tential that lead to the numerical results consistent with experimental data 
for the pion given in refs.(3]: 

M1r = 137MeV,F1r = 132MeV,M1r, = 1300MeV,M1r" = l770MeV. 

At first, the param'eters for the description of the ground state of pion 
(M1r and F1r) are determined. Then for these values of parameters the pion 
radially excited states (M1r,, F1r, and M1r, F1r") are defined. 
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The calculations were performed on VAX-83.50, CONVEX Cl:W, P(' 
AT-386/486. 

The precision of the numerical solution of the SD and HS Pquatio11s 
depends on the parameter PM when we replace the _semiaxis [0, 00) of a11 
integration on the finite interval [0, PM] as well as a step h of the disrrete 
mesh on this interval. The precision of the obtained results was rnntrollPd 
by the numerical calculations for a sequence of the twice compressihk grids 
h, h/2, h/4 and increasing intervals [0,JJM]-

4. NUMERICAL RESULTS 

In this part the results of the calculations for the masses and leptouic 
decay constants of pion and its radial excitations are presented for thf' 
oscillator potential, the Gauss potential and the sum of these potPntials. 

Note that for all cases the parameters of the model are fixed by using 
the following relation 

137 M1r ~ 1.04, ~ = F1r ~ 132 - ( 40) 

corresponding to the experimental data for the pion ground state. 
It should be pointed out that the including of the oscillator potel1tial 

allowed to find the solutions with the node number N ;:::: 0 whereas in the 
case of a pure G_aussian potential' only finite number of solutions has been 
obtained [1]. 

In Table 1 the mass spectra and leptonic decay constants of the ground 
and radially excited states of pion are estimated by using the first modifi
cation of the S-D equation with the Gauss potential calculated in ref.[ 1 ]. 

Table 1.( modification 1) 
mo= 0.1, m 0 (M eV) = 31M eV, R 2 = 8.2, 137 / M1r = :311. 

M F MMeV FMeV MMev/FMeV 
7f 0.441 0.438 137 132 1.04 
1r' 0.988 0.0.58 307 18 18.1 
1r" 1.404 0.063 437 20 22.2 

Numerical results calculated for the case of oscillator potential are pre
sented in Table 2. 

8 

Tab!(' :2. 
mo= o.ooo;x 111.,(Mc\'J = L\fr\'. 11., = 1. u,/.\/,,. = 11-19. 

.\I F .\/.,1 ( \. FHr1· .\/_\/,,.I FHr1 

7i .118 0.1:2-1 I :1, 1 :1:2 1.0-1 
Tt' :) ,;)-1 0.00-1 (i-1:20 !U l.(j · IO 1 

Tt" 8.11 0.00:2 9-10-1 • 0.:2 :Ul · 10 1 

l11 Tahlc•s :1--1 1111111<'rical r<'stilts ohtai11Pd for th<' s11111 of th(' oscillator 
and Gauss pot<'11tials ar<' givP11 for both varia11ts ronsidPrPd in part 1. In 
all thP casps t'0 = I. 

TablP :1(a.); (111odiliratio11 I) 
111 0 = 0.1. m. 0 (1\l<\-') = l:U/, \·. n = 1.9:"). /{2 = :L l:!,j:\l,,. = 13-L 

M F :\/,\/,·\" r:\/, ,. .\/.11, ,. I f~\J, ,. 

7i 1.0:2-t 0.999 I :1, I :1:2 1.0--1 
Tt' 3. i'!J--1 0.05, !)0,. 8 (i(i.-11 
1r" (i. I -10 0.0!)!) 8:28 8 10-1.,9 

Ta.hi(' :1( h ). ( 111odilicatio11 I) 
mo= 0.05, m 0 (Mc\-') = 8Mr\', n = I.,. 1{2 = :i.. 1:1,/.\/,,. = l.'iO. 

1\1 F 1\li\1,1· VH,\' M.H, \' I 1-:\/c\' 
7f 0.91-1 0.888 I :1, I :1:2 1.0-1 
1r' ;1,9 l(j 0.050 081 8 ,:l.8-1 
1r" 6.:.n8 0.0:1-1 948 !i 188.-Hl 

Ta.hie 11(a). (111odifira.tio11 :2) 
//lo= 0.l. 1/1.o(Mr-\') = l8McV. II= o.:rn. !{2 = :L. l:fi/1'1:r = 181. 

Al [,' 1\1111.-1· F111ci· M /\fr\" I J,~\J,\' 

7f o.,fl, 0.,:i:I I :1, 1:12 1.0-1 
·1r' 5. I ;JI 0 .020 9:28 -I :258.1 X 
1r" 7.(i94 0.040 1:rn2 ' 19-1. ,:2 
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TablP -l{b). (modification 2) 

mo= 0.05. 111"(;\/cV) = 9.\/d··. n = 0.IG. /{2 = :L. J:37IMrr = ISi. 

J/ F .\/.\/ ,i• l'.\lc1· .\/,,1,v I l'.u,v 
7f 0.7-1-i 0.700 1:37 1:12 1.0-1 
r.' .'j_:37.J 0.012 9S9 2 .J:HU:3 
1r" 7.9:17 0.020 1460 2 :322.02 

From the Tables one can see that thP PstimatPd valuPs of the pion ra

dial excitations presentPd in Tables :3-4. consistPnt h<'ttPr with Pxperimental 

data than the rPstilts of Tablrs 1-2. llowPV<'r. thPs<' Psti111ations are smaller 

than the available data. i.P. thP contribution of th<' oscillator potential 

can11ot providP a self-consistPnt dPscriptio11 of the gro1111d and radial PX

cited states of pion. Another issue of this article is that ,thP subtraction 

scheme strongly depends on the form of thP potential and, therefore, can 

be considered together with one as some nPW pffoctivP potential. 

Thus, the numf\rical investigation shows that the addition of the oscil

lator potential to thP Gauss potential iu the subtraction schemes applied 

in the case of a pure Gaussian potential cannot solve the problem of self

cousisteut description of the mass spectra and thP decay constants of the 

pion and its radial excitations. 
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A1rnpxaHoB H.B. H AP·.' . .. 
11HCJieHHOe HCCJieAOBaHHe ypaBHeHHH illBHHrepa ..;;._ .D:aii:coiia 
H BeTe.:...: ConnHTepa c rayccoBCKHM.H oca;HJIJI.sfropHhIM 
ITOTeHu;nanaMH B paMKax MOAeJI_H KBapKOHH.sI 

El 1-94-509. 

PaccMaTpHBaeTC.sI noTeH~HaJibHa.s1 MOAe.iih KBap~oH~.sI Ha ocHoBe ypaB
Heairn IllBHHrepa - .n:ancoHa•AJI.sI MaCCOBOH. <pyHKD;HH KBapKOB H BeTe -
ConnHTepa AJI.sI CB.sI3aHHhlx cocTO.sIHHii KBapKoB. Pa3pa66TaHo anrqpHTMHtiec- _ 
Koe nnporpaMMHOe o6ecneti:eHHe AJI.sI qnCJieHHOI'O HCCJieAOBaHH51°3TOH MOAMH 

~ - - ' 

H nonyqeHbl perneHH.sI yKa3aHHhIX ypaBHeHHH C OCD;HJIJI.sITOpHhIM H rayccoBCKHM 
'noTeHD;HaJiaMH AJI.sI ITHOHa. PaCCMaTpHBclIOTC.sI . MOAH<pHKaD;HH ypaBHeHH.sI 
lllBHHrepa - .n:ancoHa. IToKa3aHo, qTo .. MOAeJib . B paccMaTpHBaeMOM 

. npHOJIH:>KeHHrt oriHChIBaeT Macchi ll KOHCTaHThl JieITTOH~Oro pacnaAa OCHOBHOm 
COCTO.sIHH.sI IlHOHa-: 0AHaKO AJI.sI paAHaJibHO B030y~eHHhIX COCT05IHHH ITHOHa 
' , '' . ~. . . ,_ . - .. .. - ,.,_ - -- . , . ' 

nonyqeHbl oa;eHKH cy~eCTBeHHO HH)Ke HMeIO~HXC.sI 3KCnepHMeHTaJibHhIX AaH-. - . . ,--• .. . . -

HhIX, 
·.. ; · · Pa6oTa BblITOJIHeH~· · B .ITa6opa-ropHH . BblqlfCJIHTeJihHOH TeXHHKH n . aBTO-
MaTH3aD;HH OM.s:IM. . · · · · · · 
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and Bethe ~ Salpeter Equations with Gauss and OsciHator 
Potentials in the Framework of the Quarkonium Model .. 
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. ' 
'The potential model of quarkonium ·is considered on the basis of the 

Schwinger - Dyson equation for thequark.massfuriction and the B~the....,.. 
Sal peter equaticiri for the bound states. The software for numerical investigation 
of the model is constructed .. Solutions to these eq~ations for the effective 
potential as the sum of the Gauss and oscillator potentials for pion are obtained. 
Some m5)<lifications for the Schwinger - Dyson equation are ·considered. As 
shown, tti~ considered approximation describes t.he mass and the leptonic decay 

. constant of the pion ground state. How·ever,for'the masses of the pion radial 
exdted states this scheme gives the estimations that are ·smaller than .the 
available experimental data. : . . . . . 

. The investigation has . bee~ ,performed at the. Laboratory. of. Computing. 
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