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1 . Introduction 

The most universal and developed algorithmic method for analysis and solution 
of nonlinear algebraic equation systems is that based on the Grobner basis con
struction [1]. This method allows in a completely algqrjthmic way to obtain the 
following information on the algebraic system: 

• To verify its compatibility, i.e. the exist~nce ofcoi~mon roots; 
'. / . 

• To find the dimension of the solution space (algebraic variety) or, in other 
weirds, the dimension of the polynomial ideal generated by the algebraic 
system. 

• To detect whether the system has finitely or infinitely many solutions .. 

• In the case of the finitely many ·soluttons (a z~ro-dimensional ideal) to 
transform the system into an equivalent "triangular" form and therefore 
to reduce the initial inultivariate probl~m to ~u~cessive soiving univariate 
equations. 

• In the case of the infinitely many solutions (a positive dimensional ideal) to 
find all the maxinial sets of (algebraically)independent variables modulo 
polynomial ideal. These variables can be considered as free parameters 
providing the parametrization ofthe solution space.· . 

Earlier the first version. (ASYSl) of a program package ASYS (Algebraic SY s
tet~ Simplifier) 
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for analysis. of nonlinear· algebraic equations, based on Grobner 
basis technique, has been developed [2]. The package was especially designed to 
investigate and solve polynomial algebraic equations with infinitely many solu
tions. It was written in the symbolic mode language Rlisp of computer algebra 
systern Reduce1. The ASYS package provides a user 'with all the facilities listed 
above. · · 

The' ASYSl package has been used in integrability analysis of polynomial
rionlinear'evolution equations with arbitrary parameters [5] and in isomorphism 
verification of finite-dinierisional Lie algebras [4]. 

In this paper we describe the general structure ofASYS2, its data structure 
and some implementation details. We also present the results of computation 
of a complete set of solutions for a large system of polynomial equation which 
comes from the bifurcation analysis of dynamical system. A number of examples 
are considered, and results.ofcomrarison, for these examples between ASYSl, 
ASYS2, standard Reduce package GROEBNER and a new package CALI for 
commutative algebra computation, are given. , 

1Actually ASYSl was written in and used with Reduce 3.4. In this paper the latest version, 
Reduce 3.5 [3], is used 



. •1 
2 Basic notations 

Throughout this pi:i,per we use the following notations: 

K- integral domain; 
a,b,c,d-'- elements of K; 
i,j,k,l,m,n - natural.numbers; 
K[x1, ... ,xn]- polynomial ring over K; 
f,g,h,p,q- polynomials from K[x1, ... ,xn]i 
F, G- finite subsets in K [x 1, ..• , Xn] j 

s, t, u, w. - power products in the form xi{, ... , x~n; 
lt(f) ~. leading power product of j (~'.r.t. chosen admissible ordering); 
le(!) - leading coefficient off; · · 
cf (f,u)- coefficient of u inf; 
lcm(u,w)- least common multiple of.u and w; 
SP(f;,f;) - Buchberger S- polynomial of f;,f; 

SP(fi, f;) = lc(Jj )(lcm(f;, Jj)/lt(f;))J; - lc(f;)(lcm(f;, Ji )/lt(fj))fi; 
Ideal(F)- ideal generated by F, i.e. the set· '{E; hd; I h; E K[xr, ... ,xnl, 
f; E F}. 

3 Data structure 

3.1 Representation of polynomials 

As the basic recursive polynomial representation _used in Reduce does not pro
vide reasonable efficiency of constructing the Grobner basis, the ASYS package 
as well as the Reduce standard package GROEBNER [3], [9] uses the distribut\ve 
representation. 

,Let a polynon~ial be given in the·f~rm f = E?!c1 c;u; =. E'.n, where Ui are 
power products x;1, ... ,x~n ,· and c; are their coefficients.· Then, in the distribu
tive· representation used in the package, that polynomial is presented in the form 
((T1)(T2), ... (Tm)), where '.n = (Di-Ci) is a do~ pair: D; = (i1i2 .. . in) is a list of 
exponents of power product u;, c; =< s.q. > is.the coefficientat power product 
u; presented in the form ~f the Reduce ~tandard quotient. . · · : 

We illustrate basic facilities of ASYS2 at a following ;imple example 
. . 

{
-2w2 +y2 =0,. 
yw + lO(x - l)z2 = 0. 

The distributive form of polynomials for this example is 

((((0200) 1.1) ((0002) -2.1)) (((1020) 10.1) ((0101) 1.1)((0020)-10.1))) 
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3.2 Coefficient domain' mode 

By contrast to the previous version of ASYS, all manipulations are done, by 
default, over the coefficient ring D [x1, ... , Xn] rather than over the coefficient 
field, where Dis considered to be· an integral domain: ASYS2 has two internal 
modes: a field mode and a ring one .. One should note, that computations over 
the ring are often faster than over the field. · · 

4 · Description of the ASYS package 

4.1 General structure 

The ASYS package is written in the symbolic mode language Rlisp of the com
puter algebra system Reduce. It consists of a number of modules providing· a 
user with the following facil~ties: 

• Grabner basis co~struction by Buchberger 's algorithm (1, 10]; 

• determination of the dimension of a variety for a given polynomial system, 
c·omputation of all sets of independent variables [11] and reduction by these 

·sets [2]; 

• verification of homogeneity properties and homogeneity reduction (2]; . . . 

• polynomial decomposition (12]. 

4 .2 Special' switches 

The package contains various switches lexord, setord, setdim, setgb, scale, 
scaletest, sugar, ringz for control over the reduction process and the Grobner 
basis construction: · 

lexord Selects a term ordering (pure lexicographical one if the switch is on and 
degree reverse lexicographical ordering, otherwise). 

setord Generates an heuristically optimai ordering [13]. 

setdim Computes the dimension of a polynomial ideal and the maximal inde
pendent sets of variables. 

setgb Performs reduction by maximal independent sets with the Grobner basis 
construction for each subsystem has been computed over the reduction 
process. 

scale Performs the homogeneity reduction. 
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scaletest Verifies of homogeneity properties without doing the homogeneity 
reduction. · 

sugar Determines a selection strategy, na~nely, the "sugar" one [8] if the switch 
is on and the "normal" selection strategy [1], otherwise. 

ringz Computes a·Grobner basis over the ring of integers Z. Use of this switch 
for that particular case of a coefficient ring speeds up th~ computation. 

By default, switches Iexord and sugar are on and the others are off. In this case 
the call to the main procedure of ASYS, which has the same syntax as standard 
Reduce package GROEBNER, provides nothing more than computation of the 
lexicographical Gr6bner basis for· the system under consideration. 

4.3 The structure of the package 

In this subsection we consider general structure of the ASYS2 package. The 
package consists of a number of modules. The most important ones are described 
below. 

The algorithms implemented in the current version of the package allow one 
to compute a Grcibner basis in different term ordering, nan1ely, in lexicographical 
and degree reverse lexicographical (DegRevLex) ones. Besides, using.properly 
different switches one can find the dimension of the polynomial ideal generated 
by the algebraic sy;tem, to find all the maximal sets of independent variables and 
perform the reduction by these sets, verify whether the original system possesses 
non-trivial homogeneity properties and, if yes, then perform the homogeneity 
reduction. One can also combine different switches in order to control over the 
form of the final result. Eventually, such reductions generate a finite number of 
"triangular" subsystems. Each of them has, typically, the form 

f 91(x1,x2,•••,Xn) =0 
g2(x2, ... ,xn) = 0 

{ ·························· 

l 9n-1(Xn-l,Xn) = 0 
9n(Xn) = 0 . 

For our illustrative example calling to the main procedure 

Groebner({-2w2 + y2 ,yw + lO(x - l)z2}, {x,y,z,w} ); 

with the switches scale, setgb are on, produces the output 
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variables = (x y z) % list of variables 
parameters = (w) % list of non-zero homogeneous variables 
zeros = NIL . % list of zero-assigned homogeneous variables 

{l0x2 z + y·w - l0z2 ,y2 - 2w2
} 

D i m e n s i o n % [11] 
M = ( (x) (z)) % set of niaximal independent sets 
S = (x) % the first among the i~dependent sets of maximal length 
D = l % dimension of the polynomial ideal 

·Subsystem for set (x) % here xis a·free parameter 

{ilw+ l0z2 x - l0z2 ,50z4 x 2 - l00z4x.+50z4 -w
4

} 

% "triangular" system in (y,z) · · 

S ~ b sys t em for s et (z) % here z is a free parameter 

{10xz2 + yw - l0z2 ,y2 - 2ui} 
% "triangular" system in (x;y) 

variables = (x) % list of variables 
parameters = (z) % list of non-zero homogeneous variables 
zeros = (w y) % list of zero-assigned homogeneous variables 

{x - 1} 
D i m e n s i o_ 11 % [11] 

M = NIL % set of maximal independent sets 
S = NIL % the first among the independent sets of maximal length 
D = O % dimension of the polynomial ideal 

variables = (x) % list of variables 
parameters = NIL % list of non~zero homogeneous variables 
z~~os = (w y z) · % list of zero-assigned homogeneous variables · 

{O} 

D i m e n s i o n % [11] 
M = ( (x)) % set of maximal independent sets 
S = (x) % the first among the independent sets of maximal length· 
D = 1 % dimension of the polynomial ideal 
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Two different versions of Buchberger's algorithni have been implemented in 
the ASYS2 package 

1. the "classical" version 111, 

. 2. that based on the ideas of papers [10],[9]. 

The previous version (ASYSl) of .the package has the only selection strategy. 
Namely, thenormal one [1], ~h.en the pair.(J;,/j) with the minimal least com-· 
mon multiple of the leading terms is selected for computation of S-polynomia1. 
In the present version we have als~ implemented a sugar selection strategy [8]. 
In accordance with this strategy,a "sugar" weight s; = deg(!;) is assigned to 
each polynomial f;. Here degree deg (J) means a degree of polynomial f. Let 
a critical pai_r be presented as ( (J;, !J), s;1 , lcm (f;, /j)), where lcm (J;, !J is the 
least common multiple of f;, /j, s;1 is the sugar of the pair ·· 

' 
s;1 = max(s; - deg (lt(J;)), s1 .:.. deg(lt(J1))) + deg (lcm(f;, !J )) ) . 

In actual practice, the sugar strategy, i.e. a strategy when a pair with the 
minimal sugar is selected, is often the best one, especially for the lexicographical 
m&ri~. · 

So, a user of the ASYS2 package has an opportunity to chose different 
strategies for Grabner basis computation. In addition, ASYS2 applies the new 
form [10] of criteria for detecting superfluous reductions rather than Buchberger's 
form of crit.eria [1] used in the previous version . 

The basic algorithmic structure of A.SYS2 can be presented as follows 

ASYS2: 

Input: List of polynomials polys = U1, ... , f m} and list of variabies va~; = 
{x1, ... , Xn} ordered according to their· arrangement in the list. By con-· 
trast to the ~tandard package GROEBNER,- some ~f f; may be 'zeros. · 

Output: Depends on the switch combination; a Grabner basis by default. 

F := pftodf(polys,vars) 
if setord is on then vars := orderv (F ,vars) 
else if scale is on then gblscale(F ,vars) 

else gb21dist (F ,vars) 

The program modules of ASYS2 have the following functional destination: 

pftodf Converts a list of polynomials in the prefix form into the list in 
the distributive form. 

orderv Returns a heuristically optimal order of variables [13]. 
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gblscale Provides the homogeneity reduction. This module has been improved 
to avoid generating the superfluous subsystems. As a result, one gets a · 
number of subsystems which contains thecomplete set of solutions. If one 
applies switches scale and setgb simultaneously,·then both procedure~ . 
for computation of independent sets and for reduction by each of them 
will be performed. 

gb21dist Selects either module gbldist or gb2dist dependendingon the switch 
sugar is on or off, respectively. 

gbldist Performs a Grabner basis computation by Buchberger's algorithm with 
the nornial selection strategy·. 

gb2dist Computes a Grabner basis by Buchberger's algorithm with the sugar 
selection strategy. 

5 Examples 

In this section a number of polynomial systems are considered and the complet·e 
set of solutions for one of them is given. 

5.1 List of examples 

Example 1 [5] 
Ordering - >-1 > >.5 > >-s > At > A3 > >-2 > >.{. 
Dimension ot polynomial ideal - 3. 
Homogeneity degree - 1. 

>-1 (>.4 - >-s/2 + >.5) = (2/7>.i - >.4)(-l0>.1 + 5>.2 - >.3) = 0, 

(2/7>.i - >..t)(3>.4 - >-s + >.5) = 0, 
a1 (-3>.1 + 2>.2) + 21a2 = a1 (2>..t - 2.Xs) + a2 (-45>.1+ 15>.2 - 3>.3) = 0, 

2a1>-1 + a2(12.X4 - 3>.s + 2>.5) = b1 (2>.2 - >-1) + 7b2 = b1>.3 + 7b2 = 0, 

bi(-2>..t - 2>.s) + b2(2>.2 -8>.1) + 84b3 = 0, 

bi (8/3>.s + 6>.5) + b2(1l>.1 - 17 /3>.2 + 5/3>.3) - l68b3 = 0, 

l5b1>-1 + b2 (5,¼ - 2>.s) + ~ (-120>.1 + 30>.2 - 6>.3) = 0, 

-3b1>-1 + ~ (->..t/2 + >-s/4 - >.5/2) + b3 (24>.1 - 6>.2) = 0, 

3~>.1 + b3 (40>..t - 8>.s + 4>.5) = 0, 

where 

2 2 · / 3 a1 = -2>.1 + >-1>-2 +2>.1>.3 ->.2 -7>.s +21>.5, a2 = 7>.1 -2A1At +3 7>.1, 

bi= >-1 (5>.1 - 3>.2 + >.3), b2 = >-1 (2>.5 - 4A4), b3 = >-1>.r/2, 
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Example 2 [5] 
Ordering - 16 > ls > l4 > l3 > l2 > ti. 
Dimensi9~ of polynomial ideal.: 0. 

· a1 = -12/7h + 3/7l,j- 6/49li, a2 = 3/7ls - 6/49l~, b1 = 5/7l2, 

~ = 30/49lil2 - 10/491113 - 5/7l4 + 15/343l~, 

bj = -30/7ls -30/49l1l4 -10/491213 +45/343lil2 +80/4!Jl~, 

b4 = -l0/49l2l5 +5/7l6 + l5/343l~, 

12/7l2 +3/7l3 - 6/49lf = 3/7ls - 6/49l~ = 5/7l2 = 0, 

. 30/49l1l2 - 10/49l1l3 -:- 5/714 :-f- 15/3431~ = 0, 

-30/7ls - 30/49l1l4 - l0/49l2l3 + 45/343lil2 + 80/491~ = 0, 

-10/49l2l5 + 5/7l6 + 15/343l~ = a1l1_ =;== a1l2 + 14a2 = a1l4 = 0, 

a1 (6l2 + 2l3 + 3l4) + l68a2 = a1l5 + 5a2l2 = 5b1l1 + 2lb2 = 0, 

l0b1l2 + 14bj = 105b4 - 5b1ls - b3l2 = 5b1l4 + 2b2l2 == 0. 

Example 3 [5] 
Ordering- t > x > y > z. 
Dimension of polynomial ideal - 2. 
Homogeneity degree - I. 

-2z3t + (3z2t - 2z2 - 6zyt + 6zy + 6y2t - 6y2)x - ztx2 = 0, 

18z3t2 - 9z3t - 18z2yt2 + 18z2yt + i8zy2t2 - 18zy2t + 

(-27z2t 2 + 24z2t - 5z2 + 63zyt2 - 78zyt + 15zy - 63y2t 2 + 

,78y2t - 15y2)x + 9zt2x 2 = 0, 

-8z4t + (6z3t - 6z3 - l2z2yt + 12z2y + 12zy2t - 12zy2)x + 

(5z2t - 4z2 
- 18zyt + 18zy + 18y2t - 18y2)x2 - 3ztx3 = 0, _ 

(3t - 5)z2y - 15{t - l)zy2 + lO(t - l)y3 + 
(zy + 3y2t - 3y2)x -ytx2 = 0. 

Example 4 [7] 

Ordering- a2 >b2.>a4 >b4 >a1 >b1 >a3 >b3 >ao >bo. 
Dimension of polynomial ideal - 6. 
Homogeneity degree - 3. 

ek = ek = 0, (k = 1 + 6), 

where ek = ek la;#b; and 

e1 = a1 · (a3 - a4) :_ a4 (b3 - b4) , 
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e2 = (2a3 - a,i) Y1 - b2y2 , Yl = 6aoa3b2 + (ao - bo) (aI + a4b2) , 

e3 = a2y1 - (2b3 - b4) Y2 , Y2 = 6aoa2b3+ (ao-::- bo) _(aia2 + a4b1) 

e4 = 3ao (a2.b2 + a3b3) + (ao - bo) (a1 + b3) li4 , 
' 2 2 · .-

e5 = 2 (2a0 + 8aobo ;-- b0 ) a3b-J + 2 (ao - bo) (4ao - bo) a3b4 -
. . . 2 . 

6ao (ao + 2bo) a2b2 + (ao - bo) · (5a1a3 -.5aia4 + a4b.1) -

(ao - bo) (7ao - bo) a,1b3 , 

e6 = 3ao [ (ao - bo)3 - 3ao (ao + 2bo)2 ] (a2b2 + a3b3) + 
3 · · 2 

(ao - bo) [ 3aoa1a3 - 2 (2ao + bo)a1a-1 ]+. !Ja0 (ao - bo) 
. . ., 3 . 2 3 

[ (ao - bo) a4 - (ao + 2bo) a3 ] b1 - (ao - bo) (2a0 - 30a0 bo + b0 ) a4b3. 

Example 5 [6, 8] 
Ordering - x1. > x2 > X3 > X4 > X5. 
Dimension of polynomial id~al - 0 (number of sol}ltions ~ 'JO). 

Xt + Xz + X3 + X-t + X5 = 0, 

XtX2 + X2X3 + X3X4 + X.1X5 + X5XJ = 0, 

X1X2X3 + X2X3X4 + X3X,1X5 + X4X5XJ + X5X1X2 = 0,. 

XJX2X3X4 + X2X3X4X5 + X3X4X5X1 -t X4X5X JX2 + X5X1X2X3_ =0, 

X1X2X3X4X5 - 1 = 0. 

Example 6 {6] 

Ordering - X4 > x1 > X2 > x5-> X3. ~ 
Dimension of polynomial ideal - 0 (number of solut_ions - 64). 

XJ +xz +x3 +x4 +xs = 0,' 
XtX2 + X2X3 + X3X4 + X4X5 + X5X1 = OJ 

X1X2X3 + X2X3X4 + X3X4X5 + X,1X5X1+ X5X1X2 = 0, 

X2X3X4 + X2X3X4X5 + X3X4X5XJ + X,1X5XJX2 + X5X1X2X3 = 0, 

X1X2X3X4X5 - 1 = 0. 

Example 7 [6] · 
Ordering-·a > b > e. 
Dimension of polynomial ideal - · 0. 

a2be+ ab2e + abe2 +abe + ab+ ae +be= 0, 

a2b2e + ab2e2 + a2be + abc + be +·a+ e = o', 
a2b2e2 + a2b2e + ab2e + abc + ae + e + 1 ~ 0. 
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Example 8 [~31 
Ordering - ·uo > u 1 > u2 > 1i3. 
Di!llension of polynoinial ideal - 0. 

u5 -uo + 2ui+ 2u~ + 2u5= 2uoul + 2u1u2 +2u2u3 -u1 = 0, 

2uou2 + Ui + 2UtUJ - U2 = U() + 2u1 + 2u2 + 2u3 - 1 = 0 .• 

Example 9 [8, 131 

Ordering - U4 > uo > U3 > u2 > u1. 
Dimension of polynomial ideal - o: 

2 2·2 22 22 22-0 Uo - UQ + 1L 1 + U2 + U3 + U4 - _, 

2uou1 + 2u1u2 + 2u2u3 + 2u3u4 - ·u1 = 0, 
. 2 

2uo1t2 + u 1 + 2·u1u3 + 2·u2u4 - u2 = 0, 

2uou3 + 2u1u2 + 2u1u4 - u3' = 0, 

uo + 2u1 + 2u2 + 2u3 + 2u4 - _1 = 0. 

Example 10 [13] 

Ordering - U5 > u3 >u4 > u2 >-u1 >uo·. 
Dimension of polynomial ideal - 0. 

u5 - uo + 2ui + 2u~ + 2u5 + 2u~ + 2ug = 0, 

2uou1 + 2u1u2 + 2u2u3 + 2u3u4 + 2·u4u5 - u1 = 0, 

· 2uou2 + ui + 2u1u3 + 2u2u4 + 2u3u5 -u2 = 0, 

2uou3 + 2u1u2 + 2u1u4+ 2u2u5 :_ u3 = 0, 

2uou4 + 2u1u3 + 2u1u5 + u~ -u4 = 0, 

uo + 2u1 + 2u2_+ 2u3 + 2u4 + 2u_s - 1 = 0. 

Example 11 {13] 

Ordering·- w >p > z > t > s > b, 
Dimension of polynomial ideal - 0. 

45p +.35s - 165b - 36 = 35p + 40z + 25t - 27s = 0, 

15w + 25ps + 30z - 18t - 165b2 = _:9w + 15pt + 20zs = 0,. 

wp + 2zt - llb3 = 99w - llsb + 3b2 = 0. 

Example 12 Communicated by H.-G.Grabe 

Ordering- x > y > z. 
Dimension of polynomial ideal - 0. 

10 

--~ i' 
IJ 

i, 
i 

I 
! 

-~ 

1J'.: ., 
J" 

I 

x3 + y
2 + z ,-: 3 = y3 + z 2 + x - 3 = z3 + x 2 + y - 3 = 0. 

Example 13 Communicated by J .Apel and U .Klaus 

Ordering - l > s > z > y > x. 
Dimension of polynomiaUdeal - 0. 

x - sl2 - 1 = ~ :_ l2 - 4sl + l =\ - 61s2 + s = 0. . . ,._ 

Example· 14 [61 
Ordering- x > y > z > t. 
Dimension of polynomial ideal - 0. 

y2~+2xyt:-2x-z=0, - . ___ . . 

:-x3z + 4xy2z +4x2yt +2y3t+4x2 -10y2 +4xz '....: lOyt +2 := O;''-· -:-. 

2yzt +xt2 ;_j; -2z = 0, 

-xz3 + 4yz2t + 4xzt2 + 2yt3 + 4xi + 4z2 - lOyt ·_ lOt~ + 2 = o: 

Exa~pl~ 15 [13] 
Ordering - b1 > a21 > a31 > a32 <"-· b2 > hJ > C3 > c2. 
Dimensioniof polynomial ideal - 0. · : 

-. <': ~ ', -- ,. ~' - : ~·: t; , '., . . ,.:. 

c2.-:.a21 = c3 -a31 -_a32 = b1 + b2 + b3 -1 = 0, 
.. · . :,. . . - 2 2· ·,,. .. 

~c2 t b3c3 - 1/2 = b2~ + b3~ - 1/3 = b3a32c2 -:- 1/6 = 0. 
/ 

Example16 tsl 
Ordering·- x > y > z > t. . 
Dimension of polynomial ideal- 0. 

x31 .'..... x6 ;_ x--y = x8 ..,... z = x 10_ .,- t ~ 0. 

Example .17 {14] 
. ( I •. . 

Ordering~ x > y > z. · 
Dimension of polynomial ideal - 0. 
Homogeneity degree - L 

x
2 + 4x + 2y

2 + lly + 17z2 + rnz + 2 = 0, 
xy + 17x +5y2 +yz +4y + 10z2 +6z +4 = 0, . 

xz + isx + 18y2 +yz + 2y + 18z2 + 18.i-'+ 14,;; 0. 
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Example 18 Communicated by N.G.Lloyd, J.M.Pearson 

Ordering - a4 > a5 > a5 > a1 > a2 > a3. 
Dimension of polynomial ideal - 3. 
114 = a5 + a3a2 + a2a1 = 0, 

J 

116 = 15a5a5+23a5a3a2+19a5a2a1 -3a5a4 -112as4-46a5a3a1+tisa~-l0a5aj+ 
l3a4a3a2+l7a4a2a1 -l24a~a2-l90a5a2a1 +a3a~ -76a3a2a1+a~a1 -l0a2ai = 0, 

118 = 62la~a5 + i365a~a3a2+ 993a~a2a1 - 738a5a5a4 - 28372a5a5a5 -
17284a5a5a3a1 - 54a5a5_a~ - 4024a5a5ai + 1062a5a4a3a2 + 1134a5a4a2a1 -
36144a5a~a2 - 56408a5a5a2a1 - 254a5a3a~ - 26360a5a3a2a1 - 154a5a~ci1 -
4544a5a2ai + Sla~ - 4597aga3a2 - 1529aga2a1 - 675a5a~ -

2 · 2 2 4' 5844a5a4a3 - 11388a5a4a3a1 - 6l0a5a4a2 - 4800a5a4a1 + 77258asa3 + 
64304a5a~a1 - 9949a5a5a~ + 20168a5a5a1 - l0526a5a3a~a1 - l9,60a5a3a1 + 
lla5a~ - 2881asa~ai - 1850asai + 909a~a3a2 + 1305a~a2a1 - . ·· 
19720a4a~a2 - 43440a4a5a2a1 - l0l0a4a3a~ - 27888a4a3a2al;_ lll0a4a~a1 -
5720a4a2a1 + 86378a3a2 + 171186a3a2a1 - 497la~a~ + ll4176a~a2aL-
8709ci5a~a1 + 28328a5a2a1 + lfo3a~ - 5009a3a~ai - 2890a3a2ai + · 
lla~a1 - 127la~ai - l850a2ai = 0, · ' ·· · 

1110 = 8505a~a5 + 3248la~a3a2 + 20493a~a2a1 -35685a~a5a4 - :H91143a~a5a5-:-
1846200a~ a5 a3a 1 +5202a~ a5 a~ -392013a~ a5a i + 2033 la~ a4 a3a2+ 19215a~ a4 ti2a 1 -
3651435al a~ ar-5823699al a5 a:ia 1-13158a~ cia a~ -2905209a~ a3a2a j -3978a~ a~al -
490737ala2a1 + 22635a5a~ -92325la5aga3a2 _.:_ l09487a~aga2·a1.:.... 88245a5a5af-
1148694a5a5a4a5 ~ 2084784a5a5a4a3a1 + 35712a5a5a4a~ - 856050a5a5a4a1 + 
27375497a5asa3 + 29749976a5a5a~a'1.:.... l67525lai,a5a5a~ + 12941638a5a5a5a1 -
1898806a5a5a3a~a1 + 2013176a5a5a3a1 + 5118a5a5a~ - 139343afia5a~aI -
77647a5a5aj - 566la5a~a3a2 + 567a5a~a2a1 - 4039134a5a4a~a2 -
8624022a5a4a5a2a1 - 28296a5a4a3a~ - 5779482a5a4a3a2ai - 17928a5a4a~a1 - . 
1337922a5a4a2a1 + 3295646la5a3a2 + 69451805a5a3a2a1 - 355785a5a~a~ + 
53340790a5a~a2a3 - 959559a5a5a~a1 + 18868838a5a5a2a1 + l3654a5a3a~ -: 

.528319a5a3a~ai + 242366la5a3a2ai + 9386a5a~ci1 + 35119a5'a~ar....: . 
95987a5a2ai - 6345a~a4 + 171030a~a5 + 7606a~a3a1 + 34363a~a~ - _ 
24s92a~al- 263691aga4a3a2 :... rnos61aga4a2a1 + s14o46saga~a2 + 
5952428aga5a2a1 + 10649aga3a~ + 1622916aga3a2ai + 150019aga~a1 + _ 
98116aga2ai - 46575a5a~ - 23345la5a~a5 - l304640a5a~a3a1 - 59238as'a~a~ - : 
735345a5a~ai + 7599099a5a4a3 + l5008640a5a4a~a1 - 735755a5a4a5a~ + · 
8949810a5a4a5a1 - 769598a5a4a3a~a1 + 781536a5a4a3a1 + 47372a5a4a~ - ; 
306087a5a4a~aI - 511005a5a4aj - 51490240a5ag - 65210418asa3a1 + , -
15852909asa3a~ - 33688314asa3ai + 24816406a5a~a~a1 - 4238684a5a~a1 -
31316a5a5a~ + 12960556a5a5a~aI + 2667284a5a5aj .- 4188a5a3a~a1 + 
3265586a5a3a~a1,+ 738990a5a3ol- 409a5a~ + l78444a5a~a3 + 273183asa~ai -
33530a5a~ + 3852~ala3a2 + 59805a~a2a1 - 2189439a~a~a2 - 5788647a~a5a2a1 -
153174a~a3a~...:. 4644549a~a3a2ai - l76658a~a~a1 - 1177245a~a2a1 + 
16481807a4uga2 + 45298967a4a3a2a1 + 258539a4a5a~ + 43349882a4a5a2aI + 
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802485a4a5a~a1 + 16307434a4a5a2a1 + 64444a4a3a~ +494565a4a3a~aI + 
62199la4a3a2a1 + 68712a4a~a1 -9045a4a~a1 - 656465a4a2a1 -56836444aia2 -
137004890aga2a1 + 7399835a3a~ - 125995776a3a2aI ;t- 17206823.a3a~a1 c-: . 

53659078a~ a2a1-20406a~ a~+ 14509150a~ a~aj -5092364a~ a2a{- l37876a5 a~a 1+ -
6062318a5a~a1 + 3623834a5a2ai - 409a3a~ - 54682a3a~ai + 151063la3a~ai + 
850920a3a24- 409a1a1 + 62788a~a1 + 150475a~4- 33530a2aI = 0,. 

1112 = -4359825aias + 11288295aia3a2 + 3464235aia2a1 - 50940900a~a5a4 -
6945562548a~ a5a5 -5 752062648a~asa3a 1 +53186760a~ a5a~ -1198505412a~ a5a1-
51965820a~ a4a3a2 - 40312620a~a,ia2a1.- 11936254248a~a~a2 -
19272843756a~ a5a2a1 +56 l 71520a~ a3a~ -9928850400a~ a3a2a1+54679140a~ a~a 1 -
1663915212a~a2ai +42421725a~a~ -34 767_7604 lal aga3a2 ..:.307568637alaga2a1 .. :.: 
211648950a~a5a~ - 5050453356ala5a4d5 - 8971009848a~a5a4a3a1+ 
17s475664alasa4a~ - 34262oi66oaaasa1aI + 232769672430aaasa~ + 
3002614119s4al asa~a1 - 64443o3o33al asa5a~ +-. 1so9007 412s2a~ asa5a1 -
6070706994al a5a3a~a 1 + 33378826800al a5a3a1 - 30021660ag a5af + · 
39l94943aaasa~aI + 2290962030agasai - 269868510a~a~a3a2 -
24sgs4310aaa~aza1 - 20274so9376ala-1a5a2...:.. 42737231s44ala4a5a2a1 + 
216460944a~a4a3a~ - 28812545928ala-1a3a2a1+ 217574244a~a4a~a1 -
6523875540a~a4a2ai + 305733906990a~a3a2 + 680273558454a~a~a2a1 + 
951543993a~a~a~ + 571817691516a~a~a2aI + 385382427a~a5a~a1 + 
231205732812aia5a2a1 + 3316620aia3a~ + 942010539aia3a~ai + 
43447141590aia3a2a{ ,- 13352520aia~a1 + 878524905aga~ai + 
2557552830aia2a1-17564850a5a~a-1 +4968312318a5a~a5 + 
2538582192a5a~a3a1 + 170584740a5a~a~ + 286506882a5a~ai -
1132415550a5aga4a3a2 - 21065526a5aga-1a2a1 + 157615216462a5aga~a2 + 
126771659130a5aga5a2a1 + 1654454668a5aga3a~ + 39470327658a5aga3a2a1 + 
684935024a5aga~a1 + 4374858830a5aga2a1 - 202054500a5a5a~ + 
1032864372a5a5a~a5 - 7972386120a5a5a~a3a1 -'-, l70035560a5a5a~a~ -
4984887420a5a5a~aj + 1585040309i6a5a5a4a! + 315749523072a5a5a4a~a1 -
10689551286a5.a5a4a5a~ + 220802905080a5 a5a-1a5aj -3755220204a5 a5a,1a3a~a 1 + 
57606778560a5a5a4a3a1 - 142789920a5a5a4a~ + 1056135258a5a5a4a~ai + 
3012280260a5a5a4ai ~-1532611028400~5a5ag -2377200210392a5asa3a1.+ 
26.5487895254a5asa!a~ - 1562329857704a5asa3ai + 459546704908a5a5a~a~a1 -
484075509680a5a5a~a1 + 1766848280a5a5a54+ 244149470784a5a5a5a~4-
38687873920a5a5a5ai + 2597401120a5a5a3a~a1 + 60734280628a5a5a3a~al+ 
12165125000a5a5a3a1 -15148140a5a5a~ + 353791416a5a5aJa1 + 
6176427434a5a5a~ai + 1838576600a5a5a~ - 196592940a5aiaaa2 -
212570460a5a~a2a1 - 18261988488a5a~ci~a2 - 49933734228a5a~a5a2a1 - · 
320371920a5a~a3a~ - 42477685200a5a~a3a2a1 - 238117860a5a~a~a1 -
11647594260aaa~a2a1 + 336302396676a5a.1a3a2 + 928808576148a5a.1a~a2a1 + 
1332847134a5a4a5a~ + 952713443592a5a4a~a2a1 + 9639030906a5a.1a5a~a1 + 
449499505320a5a-1a5a2a1 + 28122600a6a-1a3a~ + 11744615706a5a,1a3a~aj + 
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• 
87423651060a5a4a3a2a1 - 25763280a5a4a~a1 + 3796681854a5a4a~a1 + 
2950523460a5a4a2a1 -177935902040005 aXa2 - 4628943498312a5 a3a2a1 + 
82489756870a5aga~ - 4808931336496a5aga2a1 + 225722736454a5a3a~ai-
2571224760504a5a3a2a1 - 1195108748a5a~a~ + 204398709564a5a~a~ai :_ 
677481143440a5a~a2a1 _:_.1489665700a5a5a~a1 + 76797599756a5a5a~a1 -
41204100920ci5a5a2a1 -41605700a5a3a~ - 779036740a6a3a~ai + 
16230261662a6a3a~a1 + 15600225200a6a3a2a~ - 28376920a6a~a1 -
351216668a6a~a1 + 1860729486a6a~a1 + 1972713400a6a2aI + 
2903850a~ + 754559226aia~a2 + 299936034a!a2a1 - 24549075a~a~ + 
3965660874a~a4a5 + 3036111408a~a4a3a1 + 410561892a~a1a~ + 
367837110a~a4aj -·29130986708a~a3 - 18106696108a~a5a1 + 
8180222598a~a5a~ - 90359328a~a5aj + 6166457100a~a3a~a1 + 
2504507828a~a3a1-.14244882la~a~ + 1640958102a~a~al+. 
423147148a~a1 - 173310705aga~a3a2 - 87186213aga~a2a1 + 
55961159306aga4a3a2 + 78410692974aga4a5a2a1 + 1895532836aga4a3a~ + 
36874292766aga4a3a2a1 + 2148151936aga4a~ai + 5334698794aga4a2a1 -
666834432740agaga2 - 792778940104aga3a2a1 + 17668981886agaJa~ -
382093729740aga3a2aj + 17143847670aga5a~a1 - 71261387484aga5a2a1 ~ 
118672559aga3a~ +6305266362aga~a~ai +3449452304aga3a2a1 -
587596055aga~a1 + 1756826786ag~~a1 + 1931197444aga2a1 -
121323825a5al _: 288232020a5a~a5 - 5764416840a5a~a3a1 -
274204656a5a~a~ - 4056714900a5a~a1 + 38504898126a5afll3+ 
131107975920a5aia5a1 +1542506103a5a~a5a~ + 112371891300a5aia5af + 
3837349518a5aia3a~a1 +'25934141520a5a~a3a1 + 282911412a5a!4+ · 
1160977935a5a!a~aj - 2340320850a5aia1.:... 461642336592a5a4a3 -
1063324269672a5a4aga1 + 151157718498a5a4aial- 903483925560a5a4a34+ 
261810527876a5a4a3a~a1 ..:.. 279336508560a5a1a3a1 - 16038616a5a4a5a~ + 
189853992288a5a4a5a~ai + 22332382080a5 a4a5a1 + 2649932272a5a4a3a~a1 + .. 
70310486844a5a4a3a~aj + 23688516600a5a4a3a1 - 179787196a5a4a~ + 
2q66117560a5 a4a~aj +102467 48158a5 a4a~a1 + 1302491400a5 a4a~ + 
2376871863232a5a~ + 404l123600672asaXa1 _;_ 1229061396268d5a~a~ + 
2984695617496a5a3aj - 2529842153540a5aga~al+ 982050494000a5aga1 + 
10721745246a5aia~ '- 1973424168172a5aia~ai - 26214495880a5a3a1+ 
24510969928a5a3a~a1 - 794735738616a5d3a~a1 -109714908800a5a5a1 -
26267783a5a5a~ + 5050624836a5a5a~ai - 155487802852a5a5a~a1 -
19402097400a5a5a~ - 134836446a5a3a~ai - 2398618968a5a3a~al- · 
5279995076a5a3a~a1 + 2125102000a5a3aI+ 1302065a5a~ -
685129647a5a~ar +1023502a5a~a1+ 1893822844a5a~a~-+ 
409431400a:;a~ + 58437855ala3a2 + 103378275ala2a1 ._ 
11651227920a~a~a2 - 34206028380a~a5a2a1 - 779204736a~a3a~ -
31191781320a~a3a2a1 - 905454756ala~a1 - 8988669900ala2a1 + 
146268657486aiaga2 + 484451482806a~aia2a1 + 12167472033a~a~a~ + 
566648845020a~aJa2a1 + 30395208819a~a5a~ci1 + 274747102380a~a5a2a1 + 

14 

614296932a~a3a~ + 22250068899a1a3a~ar + 38934333270a1a3a2a1 + 
697143312a1a~a1 + 4429039473a~a~a1 - 4569084450a1a2ai -
825535101712a4aXa2 - 2682208744184a4a3a2a1 + 44826001186a4aga~ -
3368788658352a4aga2ai + 75409404898a4a!a~a1 ·-:-: 1993616767720a4aia2a1 -
4525814220a4a5a~ + 51591640980a4aJa~ar - 447320678960a4a~a2a1-
9035897156a4a5a~a1 + 38874549380a4a5a~a1 +55374298680a4a5a2ai :..:_ 
232702316a4a3a~ - 4286482500a4a3a~ar + 24261695786a4a3a~a1 + 
33375532400a4a3a2a~ - 245931096a4a~a1 + 90337316a4a~a1 + 
5133046074a4a~a1 + 1410677800a4a2aI + 2585019162112a~a2 + · 
1321ss1s331s4aga2a1 - ss115s9s25s5aXa~ + ss219293s392saXa2ar -
1593379498376a3a~a1 + 5184009078696a3a2a1 + 25.12827862aga~ ~ .. 
1778280508640aga~ai + 1444847897160aga2af + 17683197138ai~~~l-:-: 
1044078708108a3a~a1 - 80052078280a3a2a1 - 10357705a5a}+ · · 
19717 40390005 a~ar - 3 7 4284078284a~ a~a1 - 15140533 lO00a~ a;a~ + . 
342320721a5a~a1 + 2630134084a5a~aj - 80038365296a5a~a1 -

. 23406805800a5a2aI + 13020Cl5a3a~ + 112696013a3a~al:.:: 
2328777906a3a~a1 - 6777229752a3a~a~ + 2426347000a3a2a~ + 
1302065a~a1 - 239982413a~aj - 411877366a~a1 + 385772548a~aI + 
409431400a2a1 =.0, 

5.2 · The comp!ete set of solutions of Example :18 

This ~xampl~ comes from the bifurcation analysi; of the :f~ll~wing dynami~:i:t 
syste~ with cub~c u"on-linearity. (15]~'[16] . .· . . ...• 

{. r: ~x+ a1x2 + .a2xy + a3y2 +. a4x3 + a5x2y + a5xy2 

The problem is to estimate a maximal number of the limit cycles which can 
be bifurcate out the critical point of a center type. located in the origin. The 
interest,,to this particular problem derives from the investigation of Hilbert's 
sixteenth one, still unsolved. A part of the latter is estimation of the maximum 
possible number (Hilbert's number) Hn of limit cycles for polynomial-nonlinear 
dynamical systems of degree n 

{ x = P(x,y), d (P) d (Q-) .· _ Q( ) · eg , eg ~ n. Y- x,y' 

General approach to the above problem (15]- (16] is based on the construction 
of Liapunov's function V(x,y) such that V > 0 near the origin and 

V = 112r2 + 174r4 + . . . (r2 = q:2 + y2)' 

where the focal values112k are polynomials in the coefficients inp,q. 
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The origin is 

• a fine focus of order k if 112 = 1]4 = · · · = 1J2k = 0 but 7J2k+2 =t 0 

• a nonlinear center if 112 = 7]4 = · · • = 0 

The algorithmic procedure implemented in Reduce [15] consists of the following 
successive computational steps· ' 

1. The calculation of the. focal values 7]2i. 

2. The reduction of 7J2k modulo 112 = 174 - = · · · = 7J2k-2 = 0. Then the 
construction of Liapunov :S quantities Lo, Li, . .. _which are sequential non-

zero reduced 7]2k· 

3. Verification of the maximum possible order kmax of the fine focus. 

4. Introduction of appropriate perturbations to generate the small amplitude 
of the limiting cycles, and in doing so at most k limit cycles can bifurcate 
out of a fine focus of order k-. 

For the above cubic dynamical system one obtains non-zero· focal values 172k 

given in Example 18. This example is too large to be solved by constructing 
the Grobner basis. Fortunately, it_ reveals,non-trivial.homogeneity properties, 
and, hence, allows effective homogeneity reduction to a set of small subsystems. 
Each of them can be easily sol\'ed. The complete set" of solutions is listed in 
Table 1. There a{e three different solution subsets coinciding with those found 
in [16] by another method. Each of them is parametrized by one of the maximal 
independent sets modulo ideal generated by the initial polynomial expressions 

for 7J2i· 

Table 1 

Parameters Solutions 

a1, a3,a4, a5 a2 = a5 = 0 

a2, a4, a5 a1 = a3 = a5 = 0 

a4 = a3(a1 + a3) 
a1,a2,a3 a5 = -a2 (a1 + a3) 

a5 = -aHa1 + a3)/(a1 + 2a3) 
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6 Comparison with other packages 

In this section we present results of the comparison in efficiency between the 
current version ASYS2 of the ASYS package and t~o other packages GROEB
NER and CALI, both based on the Grobner basis technique and included in 
Reduce 3.5. In the case of a lexicographical order we give also the timings for 
the previous version ASYSl of the ASYS package: All the computations have 
been performed on the SPARC- station /PX.with the 32 Mb memory. As a 
collection of the polyriomial systems that"one presented inSect.5 was selected. 
¥any from those examples have been used [2], [6], [8], [10] ,[13], [14] as benchmarks 
for the Grobner basis software. 

6.1 Lexicographical order 

Table 2 contains the timings for the Grobner bases construction in a lexico- , 
graphical order, which is the most informative one for solving the polynomial 

' ' . 
systems. 

Table 2 

ASYSl ASYS2 GROEBNER CALI 
Example 1 43.3" 7.2" 2.6" 5.T' 
Example 2 _ 0.3" 0.19" 0.14" 0.1" 
Example 5 >600"_ 5.0" 24.0" - >14550" 
Example 8 3.3" - 0.35'' 3.1" 1.0" 
Example 9 >600" 11.3" 1908.3" >8615" 
Example 12 >600" 100.3" 16.5" >7336" 
Exa111ple 13 >600" 1.5" 37.0" 1.0" 
Example 15 0.7" • 0.3" 0.2'' 0.3" 
Example 16 >600" 10.8" 21.3" 2.9" 
Exan1ple 17 30.1" 0.T' 1.5" 1.3" 

6.2 · Degree-reverse-lexicographical order . 

The timings for results of comparison between ASYS2, GROEBNER and CALI 
for a degree-reverse-lexicogTaphical term ordering, being the best one from the 
complexity point of view [6], are presented in Table 3. 
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Table 3 

ASYS2 GROEBNER CALI 
Example 5 5.1" 2.6" 3.8" 
Example 6 141.7" 75.3" 157.T' 
Example 7 5.3" 9.4" 6.3" 
Example 8 0.3" 0.2" 0:3" 
Example 9 2.1" 1.5" 2.9" 
Example 10 57.3" 50.9" 27.6" 
Example 11 2.7" 2.T' 3.5" 
Example 14 3.0" 1.4" 2.7" 
Example 15 0.2" 0.2" 0.3" 
Example 16 0.3" 0.2" 0.2" 

6.3 · Examples with non-trivial homogeneity properties 

In Table 4 all the examples of Sect .5 possessing non-trivial homogeneity proper
ties are selected. In these examples all the packages were used as solvers rather· 
than the Grobner basis constructors. Doing the computations with GROEB
NER we applied the solve instruction of Reduce 3.5 which exploits the internal 
facilities of the GROEBNER package. Using CALI we .called its procedure 
groebfactor which splits the initial problem into ii reduced list of smaller ones. 
As for ASYS2,the timings of Table 4 are given for the complete computational 
process which is accomplished by construction of "triangular" output subsys
tems when the switches scale and setgb are on. 

Table 4 

ASYS2 GROEBNER CALI 
Example 1 6.9" 4.9" 3.2'' 
Example 3 0.2" lA" 0.54" 
Example 4 36.T' 91.6" 170.3" 
Example 18 20.3". 25.5" · 25.T' 

One should note the following. 

(i) The systems of Table 4 have infinitely many solutions. Hence, their lexi
cographical Grobner bases have no "triangular" form which could reduce 
the multivariate problem to a chain of univariate ones. 

(ii) The Grobner bases for examples 4 and 18 are rather large to be used for 
direct analysis of solutions. So, the lexicographical basis for Example 4 
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occupies about 3 Mb of the output space [2]. That is why the splitting 
into smaller subsystems is most useful for practical solving such systems. 
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fep~T B.II., XyropHoii H.B., )KapKOB A.IO. 
ASYS2: HoBa.SI Bepcn.SI naKeTa nporpaMM ASYS 
~JI.SI aHaJIH3a H ynpom,eHH.SI IlOJIHHOMHaJil>HhlX CHCTeM 

EU-93-468 

B HaCTo.Sim,eii pa6oTe onncaHa HOBa.SI Bepcn.SI naKeTa nporpaMM ASYS, 6a-
3npyrom,a.Sic.SI Ha TexHnKe 6a3HCOB fpe6Hepa n npeAHa3aa11enna.S1 ~JI.SI anann3a 
noJIHHOMHaJil>HhlX cnCTeM. B ~onOJIHettne K nepBoii Bepcnn naKeTa ASYS. no
CJie~H.SI.SI BepCH.SI CHa6)KeHa P.SIAOM HOBl>IX B03MO)KHOCTeii, 06ecne1IHBaIOllJ,HX ee 
BhlCOKyro scpcpeKTHBHOCTh. PacCMOTpeHhl HeKOTOphle npHMephl H pe3yJihTaThl 
cpaBHeHH.SI naKeTa ASYS c naKeTaMH GROEBNER n CALI B cnCTeMe 
REDUCE3.S. 

Pa6oTa Bl>InOJIHeHa B Jia6opaTopnn Bhl'IHCJIHTeJil>Hoii TeXHHKH n aBTOMa-
TH3au,nn 0115111. · 

TipenpuHT 06be,11111e1rnoro HHCTHT)'Ta S1]1ep11bIX HCCJICJ:10BaHHH. )fy611a, 1993 

Gerdt V.P., Khutornoy N.V., Zharkov A.Yu. 
ASYS2: a New Version of Computer Algebra Package ASYS 
for Analysis and Simplification of Polynomial Systems 

Ell-93-468 

In this paper a new version of a package ASYS for analysis of nonlinear 
algebraic equations based on the Grobner basis technique is described. In 
addition to the first version ASYS I of the package, the current one has a number 
of new facilities which provide its higher efficiency. Some examples and results 
of comparison between ASYS2, ASYS l and two other Reduce packages 
GROEBNER and CALI included in REDUCE 3.5, are given. 

The investigation has been performed at the, Laboratory of Computing 
Techniques and Automation, JINR. 
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