
Ell-93-369 

D.P.Vasileva* 

NUMERICAL ANALYSIS 

OF THE ASYMPTOTIC BEHAVIOUR 

OF SOLUTIONS OF A BOUNDARY PROBLEM 

FOR A NONLINEAR PARABOLIC EQUATION 

•Institute of Mathematics, BAS, Sofia, Bulgaria 



\ 

_,J 

.. "'.\) \~\~-3\ ~ >- ~'~~:~ .- i ·: /. 

- VasileYa ''D~''P·.\ \ \ \ \ 
- ...... o,..\c.al Ana'ly'sis ·of · · 

.. -~ ,--------~--... ·--_,._-----·--·--~-.--·¥ ,.. . 
. I 

! 

' 

lllllelatloiA HHCTMtyr IIJlepHbiX MCCIIeA<_JBaHMA • .zly6Ha; 1993 

! 
! 

! 
I 

J 
-: 
I 

! 
·I . , -I 

I 

, I ~ 
I 

{ 
·'' ,_ 

,l 
lj 

l 
I 

I 
;r 

j 
I 

I \ 
; .~ 

't 

~ 
~i 
·J 
'I --l 
,l 

·! 
/': 

' I 
I 
I 
\ 

I 

., 

; . 

~. ' 

1 _ Introduction 

One of the simplest models of evolution of nonlinear ;eaction:diffusion systems but 
with great variety of solutions and many interesting features is the problem 

•; '' _. ' 

ui = ~uu+l+ ufl, t> 0, X En, . 
u(O;x) ~ uo(x) ~ 0, X En, 
u(t,x) = 0, t ~ 0, X E¥ an, 

(I) 
(2) 
(3) 

where n is a bounded domaiJl in JRN with smooth b6~ndary, (T > 0, /3 > 1' Uo E 
C(fi),u~+t e HJ(n): . ·· _ . __ . _. . . . . _ _ _ __ -

The solution ofthe Cauchy problem (1),1(2), n =: JRN is i!tvestigatedin detail from 
theoretical and numerical point of view (see for example [I-8]). When fJ.< u+ I +2/N 

·.and Uo ¢ Othis probl~m has blow-up solution. The asymptotic behaviour of an wide 
class of solutions. with .various i~itial data is described by the s(!lf-similar solution 
of _(I) .. ·But the presence of finite boundaries' changes essentially the properties· of 
the solution: Wlum fJ .<' ~· ~-n the problem' (I F-(3) is known to have a global tima 

·solution [9, 10, I]. There is a unique positive steady state sohition of (I), '(3) to which 
.all soh1tions of(I)-(3)tend as t 7 oo [I, I1]. - . _ , .. -_ ~! 
. . For fJ = u + I the behaviour of the solution of ( l )-(3) is determined from the first 
eigenvalue >.1 of the Dirichlet proh,lem 

~ ~U1 ;;·>.w, x E h, w ~ o,_ x E an. {4) 

Let us denote by w 1' the corresponding eigenfunction. Then if >.t > I the prob~ 
!em (I)-(3)has a global time solution which tends to zero as t -too [I, ll]:.For. 
>.t = I the probl~m has a global tim~ solution., which te11ds to a.w:l<u_+t), a. = 
(uo, Wt)Un w~o-+2)/(u+J)dx)-: 1 as_ t .-t 00 [11]. 'When >.t_ < r the results from [9, 10] 
show that a local time solution exists but (I)- (3) has no nontrivial positive solution 
which exists for all time. It is proved in [II] that there exists To > 0, To < oo such 
that(I)-(3)has soluti?pin [O,T0 ) and 

' : . , lim !l'u(t) IIL""(O)= oo, 
I-+T

0
- · ·' · 

For fJ > u + I (and fJ < (u + I)(N + 2)/(N- 2) for N ;:=:. 3) a local time 
solution of (I}-(3) exists but it may or,may not exist for all time- the existence 
of a global time solution depends on n and Uo [I, 11, I2]. In particular u = 0 is an 
asymptotically stable,equilibrium solution of (I)-(3) while any positive equilibrium 
solution is unstable. 

~~~ ............ ---~. _ _..,.... ...,...__,. 
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From now on we shall assume that n is 'a ball of radiusX around the origin and 
we are only interested in the radially-symmetric solutions of (1 )-(3), i.e 

. - 1 ( N-1 " ) {J 0 Ut - N-1 r u Ur r + u , t > 0,. < r < R, 
r 

.··.··. 

u(O, r) = u0(r) ~ 0, 0 ::5 r ::5 R, 
Ur(t,O)=O,- t~O, 

;u(t,ff):;=O,, ~,~0,, :. ,_, 
'" , " I ' i ... , , ' ; : '·' . · • • •' • ': ~ ; ' , • , · · , f • ; , < 

.:.i'(..::L:. "N '2)1/2 R :....:·(:.:.L)1f2x .· · · · .. _ 

.L? ·J:;:q' ~i 

':!' 

(5) 

(~) 
(i) 
(8) 

-i ; 'j ~ 

where r - u+I L...i=1 X; ' . - u+I . .;J 

Some numerical illustrations of the cases of explosive growth, decreasing evolution 
and of the limiting case of appro~ch the eq~ilib~ium solution for this problem may be 
found in [13]. __ ' ___ · __ . . , · _. · _ _ _. . 

In the presented work more detailed numerical analysis of the asymptotic be
haviour of the solutioJ,lsof (5)-(8) is . done, In· the case /3, = u, + 1 l:Jlow~~p and 
global· time self-similar solutions_ are sought. Some of them are obt~ined numeri~ally. 
It is_ shown that. they _describe .. the asymptotic. behaviour ,of ?-n -.wide class of)riitial 
perturbations. · . ' . . - - 1 

• , • • · • " · - ,' , • _ • _ • • ' • ·• . 

For f3 > u + 1 the behaviour of the nontriviaJ equilibrium solution is investigated. 
It see~s to be the limit· between the. blow-'up and the glob~l- ~olution~: . The res~its · 
fromthe n~·mericalexperiments don~ h~re ~nd ill so~e oth~r works [1, 4, '5, 6, 8] ~ho~ 
that on the ~y~ptoti~ ~tage an wide class of bl~w~~psolutio~s evolv~ in' consiste~cy 
with_ . the self-similar law for the Cauchy problem~ ,For the global time solutions 1m 

. • . :• ' '. - , •• ' . . ' ' ' • . • I, 

hypothesis is done that approximate self-simil~r sohttions describe their behaviour 
for large times. ,. , 

2 S~lf-similal" solutions for {J ,_ u + 1 

When n is a ball of radius X. around the origin, the first eigenvalue and•the first 
eigenfunction of the Dirichlet problem (4) a~e - ·.·, ,: --·-. -· , _: 

·l 

( 

(1) )·2···, 
. At =,- z(2-N)/2 ., 

.· X ' 
Wt =··z(2-N)/2 )(2-N}/2( ~ z) 

. . ' '. '.' ' ' . ' 

' 
where J(2-N)/2(z) is the Bessel function of the first kind of oi:der (2 _; iv)/2, ~(2~11);2 

( 
N )1/2 is the least positive root of J(2-N)/2(z), z "'== 2:;=1 xt • Then the problem (5)-(8) 

will have steady state solution if · · -

R R (1} ' ( 1)-1/2 = •I = .z(2-N}f2 q + • 

--2 ·~ ~.,.::,t: '" 
' ' ~ ;, " .... 

I 

I 

l 
1 

+ ,j 

I 
i 

I 

I 

l 
I 

I 
+ ,j 

2.1. Blo\V-up self-similar solutions 

If R>. R.t' theri ~1 < 1 and the problem (5}:-(8) has a solution which exists finite 
time~ If as for the Cauchy problem [1, 2, 3, 4] blow-up self-similar solutions of the 

-kind' · -
.. ~ •. R(t, r) = g(t)9,,R(r), g(O) = 1, 9~ R(O) = 0, 9,,1z(R) = 0 

: - ' . ,· . ' - ' , .. 
are sought, then 

g(t) = (1 - t/Tot1
'", To > 0, 

_ and 9,,R(r) satisfies 

_1_' (rN-19" 9' )' -· 9s,R ~ 9"+1- := 0 
-rN-1 •,R •,R Tou •• R ' 

~~ .1, ;, • 9~;~(0)= 0, 
9,,R(R) = 0. 

. It is known from' [i r that the problem ' . 
' ·,<,,· 'I I • 

' 

O<r<R, 

' 

-
1
-(rN-1191"9')1..:. ...!.:..9 + 191"9 = 0, 

rN-t -· · · uTo · · -

9(0) == p., 

9'(0)'= ?· 
has,unique solution 9"(r) for any ,p.; 0 which is po~itive in Jii+ for small p.. For 

- ' ' ' ~ ' • r 

Jl• := sup{p.0 l 9"(r) > 0 if! JR+ for 0< Jl < p.0 } < oo 

(9) 

(10) 

the S9lution. 9~.(r) isthe eigenfunction 9,(r) = 9.,ooH for the Cauchy/pro~lem (5)
, (7), R = cx:i. It vanishes at the point r., (l9.l"9~)(r.)= 0 and therefore it can be 
_extended as 9.(r) = 0 for.r >. r. [1]: But then_;9,(r) will be solution of (9) for any 
R ~ r. __:..,i.e. 9,,R(r) := 9.(r) when R ~~ r,. Let us note that for N = 1 the explicit 
form of 9. has been obtained in [2, 3, 1]. ForN > l numerical methods for finding 9. 

· are d~veloped in [4, 14, 15]. _ .· ·. ' 
To investigate the solutions of·the problem (10) it was transformed to a system of 

two o~di~ary differential equations (ODE) of.first order'for v ~ 0 and w = 191"0' 
; ••• , 'J. ,. ' • . . •· • • 

·' ·w ''-T::"((T, 

V;-lul . 1 . 1 ·v...:lvl"v, , .. N- w+UTo' w'=- r 

v(O) = p., 

w(O) = 0. 
(11) 

This system was solved numerically by a modification of an explicit Runge-Kutta 
method [16] V:.hich has second order of accuracy and an extended region of stability. 
The step .6.r is chosen automatically so as to guarantee relative stability and a desired 
accuracy f. at the end of the interval. In our calculations e = 10-7 and the solution 

_3 



was calculated untii v < w-7 or ~r < 10-16 •· Tl1e tiumeri~alexp~riments'done f~r· 
To= 1/u and.p ·? f1 8 . show that ,B,.(r) vanishes at/"~<< r,;,. (IO,.luO~)(r,.) =I 0 .. When 
we-increase p then r,. decreases and tends to R.t when p :-t oo. The obtained O,.(r) 
are solutions of (9} for R :::l r~ > R.t and T0 = 1/u. But.i£{9) 'h~ .a,~olU:tionfora 
given To,I > 0 then:it has soluti~.nfor arbitrary To,2·>: O.Jfby;B.,n(r.;To,;), i =·1;2 
the solutions, corresponding to the blow-up times T0 ,; are denoted, then (4, 6] · 

- · ~ .... ~ ·r ,~' f 
. . . . . I . 

· '' ·.· · (To~) 1 
u · · > · 

O&,R(r; To,2) = To:2 •. / O&,R(r; To,t)· .. (12) 
··;I ; .· ... ,_,;.-[• 

2.2 Global self-similar· soluticins 
< • .~ ' 

If R < R.t then ..\1 >I and the problem (S)-(8) has a glob!!-1 time solution. If the 
possible self-similar solutions are of the kind · · · . i .• ·.: :· •• : . 

u •. n(t, 1·) = g(t)f •. n(r),' g(O) = 1, J!,n(O) =.0, /&,R(R) = 0 .. . 
• · ·,,:,, ··'' " ,_., .. J 1 •• ·',', ii' .·ira 

then 
g(t)=:(I.'+ tfT)- 11",' T ::> o:. 

and 
1 . ' . .· ... . 

_··.·-(rN:-lfu J' )' . /s,R ··· · ·Ja.f.i _' . 
1.N-} , .. ·~R •,R + Tu + s,R -:- 0, . 0 <.7 < R, 
f!.n(O) ~ 0, . · · . ':. (13) 
J •. n(R) ~0. . , : .. \· 

The. problem: ... 1\ 

•· .. ~(7'+1 lfl;h/+ 'I.':;~· iii"!~ 0, 
rN-l . ., ...... uT • ': ij, 

. . f(O) .= p, ,: 
J'(O)= 0,. 

(14) . 
.'i 

has. unique ~olutici~ },.( r). for 'a~y p.' ~· 0. :~I:ii~h·· J~ni~h~s ·~t i~o'me 'poi;~t: ~~- < .• oo' and 
(1/,.1" /~)(r,.) =I 0(1]. The problem (14) was· s~lved numerically lly the samemeth~d 
as (10). The experiments show that when p increases then r,. increases also and tends 
to Rot when p--+ oo.' In this way we find solutions of (13) when R < R.to T = 1/u. ' 
The solution J.,R for arbitrary T may be found replacing o •. R in (12)by J.,R and To 
byT. . . . . . . . . . . 

~ ', 
• t 
' 

·;iii' ;. 

! ,· .. > 1 ' • : ~ •' • -~ : :-

4 

j• 

-~ 

il· 
i 

+ !1 . 
)I 

3 · Asymptotic and structural stability of the self~ 
si~ilar solut.ions . . . . 

I~ (1] self-similar representation O(t, r) of the solution u(t, r) with blow-up time To> 
0, T0 < oo for the Cauchy .problem is introduced 

. . . :o(t,r)=(1 . ...:t/~o)Y"~(~;r),' tE(O,To).. .· (15) 

. It is proved for N = 1 that if uo( r) has a finite support and 1I~onin~teases fo~ r > 0 
then · · 

O(t,r)-+ O.(r); . t .-+ T0-. · 

where B.(r) coi:~esponds to the same' blow-up time T0 , i.e: the self-similar solution. 
u.(t, r) =·u. o6(t, r) is asymptotically 'stable;· '',_ 

Usually the exaCt blow-u'p time is not known. In' the nu~erical experiments the 
blow-uptime cari bJfound approximately, but a sn1all chimge of T0 produces a great 
change of 8( t, r) for t near T0 • Th';;.t 'is why in (4, 6] the ~elf-similar representation 
tlui.t .does not use expii~itly To is intr~duced for the Cauchy pr~blem · 

.. :·. n~axO.(r·) ·. 

O(t,_r_) = r ( . )u(t;1'),- < ··. (16) 
... maxut,r · .,. 

r . 

an'd u.( t,r) is calle~ structurally" stable if there exists a cl~s of initial perturbations 
u0 (r)·=f O.(r) whose self-similar representationsO(t, r) defined by (16) tend to O.(r) · 
~hen t _::.· T0: These definition~ may be ext~nded for'the boundaryproblenir~placi~g 
(}

b(} • .·,· ... ,.,,.,, 
& Y s,R· 

. The numerical experiments (see for example (2, 3, 6, 8]) show structural stability 
of u.(t,1·) for N = 1,2,3 and arbitr~ry initial data. In (7] some kind of self-similar 
representation is not used but it is ·also asserted' that the numerical solutions with 
various initial data approach the self-similar solution asymptotically in.the case N = 1. . . ·, ' ' '• . ' .· .. • • I ... ' 

For N = 1 the localization of the solution of(l ), (2}, n = IR with an arbitrary 
initial condition. with a finite connected support is proved in (1]. Moreover if by 
L. the so called fundamental length JL. depends ·o~ly on the mediuln parameters
L. = 27r(u + l)u:-1 for N = 1, L. = m'essuppO.(x) for N > 1), by u.(t,x;x0 ;T0 ) 

i the self-similar solution symmetric about Xo with blow-up time To, and by To(uo) the 
blow-up time of the solution with initial data u0 ( x) are denoted, then 

1. if-the initial conditior{ u~(x), u0(-x) = u0 (x), i.s nonincreasing for x > 0; if 
m~ssuppuo < L8 j if there existsT0 such that u.(O,x;O;T0 );::: u0 (x) in lR and 
u(,( X) intersects u$(0, Xj o; T) for all T :> To in two point~ then 

me_ssuppu(t!x) :5 L. fort. E (O,To(uo)). 

In this case th~ Cauchy problem (1), (2) wit~ n; JR and the boundary problem 
(1 )-(3) with n - symmetric about the origin, mes n ;::: L. are equivalent. 

5 



,; . 

2. if suppu(t,x) =:(h-(t),h+(t)), x0 . =h+(O) 7 L./2; ifmessuppu0 > L.; if 
there exists To such that u.(O,x;xo;To) $ uo{x) in lR and.uo(x) intersects 
uAO, x; x0 ; T) for all 0 < T < To i1i one point then ·-. ·· 

h+(t) = h+(O) fort E {0, To(uo)). 

The conditions for inmobility or' the left fi~~t p~int: ar~ 'an~logous and. hence in 
this case the Cauchy problem {1), {2) with n = 1R and the boundary problem 
.{1)-{3) \\'ith,n::) suppu0 (x)are equivalenL .. _ .. _· 

The numerical experiments done ~ith various initial d~t~ confirm these ~se;~ions in 
. .. . . . ..J . 

the radially-symmetric case for N = 2, 3. . · ·---- · ' ' 
Therefore for the boundary problem with mes !1 :2: L. the self-similar. solution 

u.,n(t,r) = u.(t,r)will be asymptotically, and structurally stable forwide.cla.ss of 
initial perturbations. That is why in this .work the case when mes !1 < L. is considered 
- then we may expect a different behaviour of the s<?lution on the asymptotic stage. 
Below we show numericalJy the.structural stability of the self-simil<i.~.solutions when 
mes!1 < L •. Also ifthe;initial pe~turbation u0(r).isthesoluti~n o •. n(r;T0 )of {9), 
corresponding to the blow-up time T0 , the numerical solution blows-up for t :::::: T0 , 'i.e. 
the blow-up time is restored in. the calculations. . . . . • 

For global tim~ solutions the self-silnilar ~ep;eseritation may be defined as . 

f(t, r) = (1 + tfTW"u(t,r), t > 0 ,· {17) 

and th~n tl~eself-similarsolu.tion ~~rrespo~ding to j •. n(r) will b~ called ~y~ptotically 
stable iffor some class. of initial perturbatio~s uo(r) ¢ J •. 'n(r·) .. ·. ' ... 

i' 

· lim IIJ(t,r) -J •. n(r) II= 0, 
· t-+oo - · 

In this case the choice of T is not essential -;- if 

f(t);'T1) =' (1+ tfTt)''"~(t, rfi J •. ~(r; TI); t ~ oo 
then 

I(t,r·;T2) ~ (l.+t/T2)tfdu(t,r)=. · _ . . _. 

(

1 + T2/t)1fu (Tl).l/u. . .· ...... · __ . . 
, 1 + TJ/t . . T2 . (1 +t/T1)l/"u{t, r):....,. 

(

T )1/u ., ·. •; . ·· •> 

.. T: · ... J •. n(r:; Tt) = fs.r(r; 7'2),: _ t -:-t oo. 
The num~rical experim~~Its show the asympt~tical stability of the global time 

self-similar solutions. If T i~ chosen iii an appropriate way sugge~t~d fn [4] 

in ~nax u(tn, r·)"- t;,+l rna~ u{tn+t. r)" 
T = Tn =· r r." 

.max u(tn+t. r)"- max u(tn, r)" ' 
. r .·· , I 1"' . - -

(18) 

6 

j 

l 
,lt_ 

•ti 

1 
J.~ 

I 

I 
~ 

.,· 

where 0 < t1 < t2 < ... < tn. < ... <: t~~k, n is chosen so that Tn :::::: T,,+;, i = 
1,2, ... ,k, then f(t,r) is close to J •. n(r) fort~ oo. 

The problem {5)-{8) was solved numerically by the method described in [8]. For 
discretization in space we use the lumped mass finite element method [17] with in
terpolation [18, 19] of the nonlinear tenns G(u) = f0uw"dw = u"+lf(u + 1) and 
J( u) = uf1 on the same basis, as for the solution: Linear finite elements (in the cal
culations their number. was b'etween 30 and 60) on;uniform and nonuniform grids are 
used. The obtai~ed system of ODE was solved numerically in' time by the modifica
tion of Runge-Kutta method [16] described in Section 2. The prescribed accuracy for 
solving the system was c: = I0-3 and the stop criterion was r < 10-16, r beeing the 
time step. - · . · ' . 

Example 1,- The evolution in timeofOs,R = Ol'(r) foru = 1.5, N = 3, p. = 3, R = 
r~< = 2.359628 isillustrated on Fig.l.a. The blow-up time obtained in calculations 
was T0 = 0.664230, the blow-up time of the exact .self-similar solution is. T0 = 1/u = 
0.666667. Taking into account the approximations.made when solving the problems 
(11) and (5}:-(8) we think that this is a good restoration of the blow-up time. As it 
is seen on Fig.l.b the all of the self-similar representations (16) coincide within the 
plotting resolution. This allows us to think that the self-similar solution is structurally 
stable. 

Example 2. Fig.2.a shows the evolution of the non-self-similar initial data 

{
1-r, r$1 

uo(r) ~ 0, r > 1 

for u = 2, N =:= 2, R = 1.713262 = r~<, p. ~ 2. The corresponding self-similar 
representations O(t, r) are shown on Fig.2.b. As it is seen they tendto o •. n(r) = Ol'{r) 
which is also drawn and signed with X on Fig.2.a, i.e. the self-similar solution Us,R is 
structurally stable.· . . . · : 

Example 3. The evolution of the global time s~lf-similar initial dat~ u0 (r) = 
J •• R.(r) = Jl'(r) for u = 3, N = 3, p. = 1, R = ~~' = 0.988611 is shown on Fig.3.a. 
The corresponding self-similar representations f(t, r; T), T = 1/u = 0.(3) are shown 
on Fig.3.b and as itis.seen they coincide for all time, i.e. the self-similar solution is 
asymptotically stable.· . - · . . • ~ . 

Example 4. Fig.4.a shows t"he evolution ofthe na'n-self-similar initial data 

- /{ 2r, ; r $ 1/2 
uo(r) = 2- 2r; 1/2 < r $ 1 

0 r > 1 

for u = 2, N = 3, R = 1.547856 = rl', p. = 2. Fig.4.b illustrates the asymptotical 
stability of the self-similar solution corresponding to J •. n(r; T), T ;, Tn = 17.6712. 
The finction f 8 ,n(r;T) is signed with x. -

Example 5. An illustration of the case_.A1 = 1 for u = 2, N = 2, is given on 

.7 



0 

I.S-
(l 

;:>.;, 
tJ 
:1 

o· 

-Fig.l.a,b 

-, 

!On~-----

to'·-

0 

2,0 

JO'~- -~ 
10°, 1;;L_~F" ~ 

' 0.0 :: 0.5 

.fl 
3.0 

N 
2. 

Fig.2.a;b - _ 

8 

l 

· · x o.'oooooo 
" 0.531'o90 

; 13 0.637569 
x O.G58882 , 
N 0.663163 

',. 0.66'·015 
... 0.664187 
.. 0.664221 

' • '0. 664229 
-.. 0.664230 

1!11 0.664230 -
Ill 0.664230 

' • 0.664230 
Ill 0.664230 

'. 0.664230 
" 0.664230 
13 0.664230 
X 0.664230 

- .. 0.664230 

l 

.. o.oooooo 
13 5.631515 
X 16.79620 
~~ 20.77499 
.. ?1.53147 
1- 21. 673tol 
+ 21. 69_9q7 
• 21~70'•9'•" 
-t 21.70586 ~-

- ~ 21.70605 
'lft 21. 70609 
•' 21.70609 
111-.21.70609 
• -21: 70(o09 
.. 21.70609 
13 21.70609 
X 21.70609 
M 21. 70609' 

·r •- 21.70609 
... 21.70609 
.. '21. 70609 

) 
;j \,1 

J 
\) 

" :1.0 

u 

10° J 

(l N 

'•.0 ] 

1.0 ---..... r '• 
O.B-

I 

x'o:oooooo 
·• O.GOI253 
[~ 2.261o795 
·x G.071990 
M 19.61ol37 
,. 55. 19356 
... 153.9037 
.. 429.9206 

1195.631 

10~1 
o;6.!-- \ -o 3312.834 

--
.~~-:" .____ ' -::: 

10'2 ----

: ==--~> r 

:1-r'r-.-t~~h--
0.0' 0.2- 0.4 0.6 0.8 1.0 

o.o~T,-,-1-ro-~h-ro-l n ;-1 rr;IO r· 
o.o 0.2 o.r. o.6 o.e 1.0 

Fig.:l.a,b 

10-'
11

-
.j...;.. •'•--1--i- ~~1-·-

0.0 0.'!' 0.8 

0 

2.0 
fl N 

'.3;0 3 

1.0 

' o.n 

0.6 

~2\- ,_ 

0 O.f. -- --'': ' - ' 
. o.ir·-~o1.4''iil.a.\ ... 1, D.c .2 1.6 

. FigA.a,b 

'.: fi 

9 

1!11 9242.436 ' 
nt 25679.76 
+ 7131£l,lo2 
Ill 198146.4 
• 551821., I 
.. 1000000 

" 0.000000 
~~ I. 0.27053 
X 1,3; ;>t, 720 
~~ I 02. 'JG60 
,. ?21. 17!)2 
.,. 1t5'i.012l 
.. 'J21. 500~ 
4 101o3. 316 
-t 3668.616 

_to! 0232.5Jio 
nt 18500. 7 r, 
+ 4161o7.23 
Ill 93481.99 

' • 210252.6 
.. '·71863.0 
1.'1 1000000 

! 



Fig.5. The initial perturbation 

uo(r) ~ { 
1 -r, r ::::; 1 
0, · · 1 < r ::::; 1.388427 _ 

tends to the steady state solution 

(1)/VJ : -:. . . 
rzo u (r)J, (vJ r)r dr - · · 

a.w!/(u+I) = Jo <1> 
0 0 

, Jo(v'3r)1
/
3 = 0.381228Jo(v'3r)1

/
3 

J;o /VJ Jo(..J3r)4/3rdr • 
: .·_.J· 

that is also drawn on the figure {signed with X). , 

4 Asymptotic behaviour 
for •(3 ~ u + 1 

4.1 The case {3 < a+ 1 

of the solutions 

As it was noted in Section 1 when f3 < a+ 1 the problem {1)-(3) ha.S global time 
solution which tends to the unique positive steady state solution of (1 ), (3) as t --+ oo. 
An illustration of this case. is given on Fig.6. The evolution in time of the initial 
perturbation ' . 

{ 

2r, . • r:::; 1/2 
u0 (r) = 2- 2r, ·.: 1/2 < r :::;·1 • 

· 0 •' · : 1 < r:::; 2;344663 

is shown there·for a= 2, f3 = 2, N =}. The equilibrium solution U(r) 

: ;_
1 
(rN-1U"U'Y + UIJ =_ 0, U'(O).= 0, U(R) = 0 : 

r ... . . . .. 

is also drawn ori' the figure au'd'signed with X. It. was calculated nu~erically in the 
same way as 01k) in Section' 2 (instead' of U(R):= 0 the condition U(9) = 1 is put 
on and then U vanishesatR = 2.344663);; 

Let us note that for f3 =/= a + 1 ·. 

U(r;R2 ) = aU(a;"1·;Rt) ... '•' ·-

where U(r; R;) is the equilibrium solution corresponding to boundary condition U(R;) = 
0, i = 1,2, m = ({3-a-1)/2, a= (RtfR2 ) 1fm [1]. 

4.2 The case {3 > a + 1 

For f3 > a + 1 also a unique positive equilibrium solution of (5), {8) exists (see 
[1, 11, 12] and the references cited therein). It was calculated in the same way as for 
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[J < u + 1. The evolution of the equilibrium solution U(r:) for u = 2, {J = ~' N = 
3, U(O) = 2, R = 1.4I52I9 is shown on Fig.7.a~ Fort < 0.998489 u(t, r:) ~ u(O, r) 
but after that it starts increasing and blows-up for T0 = 1.220638 instead of existing 
for all time. As it was noted in Section I the equilibrium solution is unstable: But. 
if as initial data u0 (r) = 0.99U(r) is taken the solution u(t, r) exists for all time and· 
tends to zero as t -too, i.e. U(r) see~s to bethe limit between the blow-up and the 
global solutions of the problem (5)-(8). . . . 

It is known from [I] that the Cauchy problem (5)-(7), R = oo has blow-up self-
similar solutions of the kind· ' . 

(t . . ) - (I t/T.. )-1/(fJ-1)9 (t):,.; .. T.. 0 u. , r - - o . . • ., , o > , 
r , ·' . {J- u .--:-I. 

{ ;= (I- t/To)ml' ~1 ,= · 2({J- I) ' 

_I_. (tN-19"9')'- m1 tfJ'- . 9. . + 9{3 = 0 
{N-:1 . ., . , • • To., • T0 ({J -I). • . ' 

9:(o) = o, ~.( oo) = o. 

. 0 < (< oo, 

They are not self-similar solutions for the boundary problein because 9.({) > 0, 0 < 
{ < oo but in the numerical experiments [I; 4, 5, 6, .8] it is 'observed that on the 
asymptotic st~ge th~ self-similar representation 

9(t,e) =' u(t,')'(t)-m{)/t(t), 
maxu(t,r·) 

1(t) = O:ax 9.({) , . m = ({J -.u- I)/2, 
{ ., 

of the solution of the boundary problem (5)-(8) with various initial :data tends to 
the first eigen function on any finite' interval for {. An example is~ also shown on 
Fig.7.b. As it is seen the self~siniilar represe~tations of the solution 'with initial data 
uo(r) = U(r), tend to the first eigen fu.nction of tlie Cauchy problem. when t -t T0 

(the last one is also drawn on the figure and signed with x). 
To calculate the single-point blow-up solution for t i1ear To we use a special mesh 

refinement consistent with the space~ time structure of the self-similar solution [8]. · 
If the boundary problem (5}:-(8) had global time self-silllilar solutions'of the kind 

u.,n(t,r) =g(t)J •. n(e), g(O) =I, e = rcp(t), <p(O) =I, u •. n(R) = 0, 

the functions g(t) and cp(t) should be 

g(t) = {1 + t/T)-11(f3-:1l, '!' > 0, 
{J-u-I 

cp(t) = (1 + t/T)-m 1
, ffit = 

2
({J _ 

1
) . 

ButifJ.,n(eo) > Oforsome{0 > o,eo < Rthen thevalueofu.,n(t0 ,R) = g(to)J.(eo) > 
0 for to= T((R/e0 )

11m1 -I)> Owould not satisfy the boundary condition (8). Hence 

the boundary problem has not self-similar solutions of this type. Because of the 
boundary condition (8) and the numerical experiments done it may be assumed that 
for large times the solutions of the boundary problem will evolve in consistency with 
some approximate self-similar solution of the kind. 

u:(t;r};=g(t)fa(r), g(O) = 1,·, f~(O) = 0, .fa(R) = 0. 

Assuming that 
· I ( N-l u .') {3 · 

, ' Ua,l- N-1 r .. UaUa,r 1' 7:" Ua ·,:-:-+ 0, 
r ... ,.. ·'· ., .. ;.,, 

t~ 00 

we get I 

1 '. 
g'fa- g"H[rN-1 crr-l I:!~)'+ 9{3-u- 1 !~]-t 0, t ~ 00. (I9) 

When {J > u+ 1 andlim1_.00 g(t) = 0 the last term,in (19) rnaybe ignored. But then 
ua(t, r) might be the self-simila~ solut\~m ~f the equation without. source · · 

I ( N-l u ) Vt = -N 1 r V v,. ,., 
7' -

v,.(t,O)~O,' t~O, 
t > 0, 0 < r < R, 

v( t, R) = 0, . t ~ 0. 

which is known [2o; 1].to have asymptotically stable self-similar solutions of the kind 
. . . . . ' , . . . 

u~(t, r·) = g(t)fa(r·)·, 

where 
g(t) =(I + tfT)-11", T > 0, 

and 

' I ( N-i~.·;.·J., ')/'. I ~~J, 0 ' 
. rN-l 7';., ... a a + uT a = ' : 
J~(o)\,,; o,. · (20) 

.fa(R} = 0: 
Two examples, confirming that forlarge times the evolution of the global time solu
tions of the boundary problem (5)-(8), {J > u+I, is in consistency with the self-similar 
law for the corresponding problem without source, are given below. Let us note this 
assumption was prompted by the factthat for the Cauchy problem (5)-(7), R = oo, 
{J. > u + I+ 2/ N, the asymptotic behaviour.of an wide class of global time solutions 
is <!~scribed. by th~ self-similar ~~lution (i~ this cas~. with a ~onstant energy). of the 
corresponding problem without source. [1). . . . . .. · · . . 

·Example 1. The evolution in time of the initial data' 

'' 
· ·.· { (1.-:--:r)/2, r :51: 

· . uo(~) ~ . 0 , .. 1 .< r. :5 1.226252 · · 
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... 114670:5 
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.. 0.000000 
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+ 9626.864 
+ 33654. BS 
... 121777.6 
+ 442048. I 
181-1000000 \ 
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~ :· . , ~ 

for u ·~ 2, {3 = 3.5, 'N = 2, R = .1.226252 is ~hown' ori' Fig.8:a~ On Fig.8.b the· 
corresponding self-similar representations • ; : . . ' . 

J(t,r)='= (I+t/T)11"u(t,r), t->'0.·. ·' ,· . . {21) 

with T = 13.6 (determined froni {18)) are drawn and as it is, seen they tend to the 
solution fa(r;T) of (20) that~is also drawn on the figure and-signed with x ... 

14 

Example 2. Fig.9.a.illustratest~e.evolution in time, of the initial data:· 
. : ~ (1 : 

··_··"·_.{·.~/2,. ··_._.·. ~::5.1····-;,.; '"_;·;~·:·; ·: ... ; 
-uo(r)= (1-r)/2; i<:'r:52 ,., ''':' .,, ., 

, .. · ::·., ... ··, . 0< .. .'., l<,r :5 3.052734: 
: , ' ; : • . '' ' ; ·, . : ! ·: " ·,_ I _ . . ! I ->. • ". f . . : . · ~ ' • • 

for u = 2, {3 = 4, N = 3, R ;;,· 3.052734. The corn!sponding self-similar representao 
tions {2p,T =:=_53.~ ,dra,wn on,Fig.9.bt.end to.fa{r; T) (signed with x). 
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BacHJieBa .n.n. · 
qBcneiiiiJd 8118.11B3 3CJIMIITO'I'II1eCICOI'O, DOJteAeJIBJ[ 

pememd OAHOi: xpaeaoi: aiwl101 _AIUl aemmei:Boro 
napa6oml'leaoro ypuae1001 

· ITonyqeHY aeorpaiiJI1leHIIHe B rno&uu,1011e no •! 
peme1001 xpaeaoi: aaJUllDI A1Ul aemmei:aoro ypuae11 
cnyqae p .~ C1 + 1. DOIC838HO, 'ITO ORB ODBCHBaiOT ac 
HBe mBpoxoro ICJI8CCa Ha118JD»HIIIX pacn~enemd • .l(n 
;Aeao 1DIC11e&Hoe BCCJie;AOBaHBe pememd • .l(enaera n 
BeAeHBe rno&uu,HIIIX pemeHBi: A1Ul 6om.IIIIIX apeMeJ 
AC.IIh~ pemeiiiiDOI ypaaae10016ea HCI'O'DIJIU. 

. Pa6ora BIIIIIOJIHeHa B JlaoopaTOpHB BIII'IIICJIJITeJ 

TB38~ OIDIH. 

Coo&Qetute ~1111010 IOICTH'I')'Ta QePHWX ~ 

Vasileva D.P • 
Niunerical Analysis of the Asymptotic Behaviour of Sa 
of a Boundary Problem for a Nonlinear Parabolic Equ1 

Blow-up and global time self-similar solutions of a 
~onlinear equation "t = A u a+ 1 + u fl are found. in 1 

shown that they describe tlie asymptotic behaviour c 
perturbations. A: numerical investigation of the solutiCI 
is also made. A hypothesis is done that the behaviour 
time solutions is described by the self-similar Solution: 
source. 

The investigation has been performed at the u 
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