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b. Introduction.. . 
: ,, \ 

The d~mrun d~~omposftiq~ technfqu~s ~esult in th~ efficient ~i~ 
liptic problem solvers with high ~erial and parallel perforn;~~~~ .. 
Efficiency of th~.iterative. ~~bstructuring algorithlns stro'ngly. 
depends .o~. the ~omplexity of the> residual computations for ~' 
chosen inte~face operator~ .In fact, the.t:YJlica.l.~ruie expense for 
the residual computations is.of the ~>.~der ofO(Ndf(d-i)logN).for 
d-dimensional problems, while the. costs or' th.e. pre~onditioners 
treatment a~eusua:lly ?£the order ofQ(.Nio!l-?'1) ~ith q ·<:~2~ 
see e.g. [4],. [8], [9], [11],: [12]. H~re. ]\T)s the~ dimension pfthe 
discrete interface pr.oblem.·. But ill.. the. special case of elliptic 
boundary valu~ problems (BVPs) with.piec~~ise. constalit co
~fficients the computati~~ expendit~ues tak~riover. th~ interface 
operators can;be essentially reduced. Such a decrease is essen-
tial t() , e~~ble ( f~t co~put'~tio~s \with the, ~l~sf~~~ I b~uJ1d~ry 
integral op~rator~ vi~ .dom~i~ decoiilpositi~Il.. [10]. · .· · . · · · · 

In,t4isp~p~r thenu1Ilerical algoritl!rn for f~t co~putations 
with. _the Poin~are -:-·. Steklov (PS) interfa~e :ope~a:tor~ .ass~ci~ 
ated. with ·the elliptic._BVP~ defi~ed,. 91l. s~ep~type domains,·i~ 
presented. It , is . based . O!l the asyrp.ptotically. almost optima}, 
techniques developed for. treatment of the ·discrete PS. operators 

. ' • • , " , . . , , . ., , , · , ·' ~ , . ~ . I . , •. ·, c • " · ,, • ··? 

on the· rectangle boundary as_socia,~ed with the finit~:-differe~~~ 
(FD) Laplacian ,onlthe uni,fo:rm grid:with,_a ".displacement)y 
h/2". The approa~h) can .be .regarded as an extEmsio~. of; the · 
method for, the parti~ sohit:ion of-the FDLapl~c~ equationpr~
posed in [3] to the cases of displaced grids and mixed;bo,u11dary 
conditions. It is' shown that the action· of the PS. op~~ator for 
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·the Dirichlet or mixed BVPs·can be comput~d with expense of 
the. order of O(Nlog2N) both for arithmetical operations. and 
computer memo~ needs, where N is the number .of unknowns 
ou the rectangle boundary. Note that the corresp'onding com:. 
puting compleXity for the panel clustering techniques in the 
boundar)r elemen~ method d~velop~d in [6] is. estimated. by. the 
quantity O(I;vlo!l+2N). The single;_. domain algorithm is .applied 
to solving the multi domain interface problems with' piecewise 
constant coeffideni~. The algorithm.proposed 'can be exten<I~d 
to the case of 3D elliptic'BVPs, hichiding the case of stretched 
geometries [11 ], [7), .ciS well as to the finite element· (FE) approx
imati~n of PS operator [1]. Note that the boundary element' 
Galer kin discretization of the PS operators have been developed 
in [14). · . 

The remainder of the paper is organized as follows. ·In Sec
tion 2 we descri~e the discrete PS operator defined ~fo}· the finite-· 
difference BVP'forthe Laplacian <m shifted g:ddshi.a rectanl: 
gular domain. ~In. Sectiori 3 the 'metho·d· for ·the fast matrix
vector multiplica:tions of t~e dis'crete' PS operator is developed. 
The extensions to the case of: rriixed • b'oundaiy condi ti6ns · a~e 
considered in· Section 4. In Section 5 we present 'the· numeri-, 
cal· results· chwacte~izing the''efficiency·of the·'algorithm for a 
single domain .. Finally, in Section 6 we outline the' results of 
numerical experiments when solving the interface problem aris
ing in the· iterative· substructuring techniques for. elliptic BVP.'c 
The numerical· experhnents ., confirm the ·almost linear growth 
of computatiomi.l costs with respect: to the dimension of the 
discrete· interface problem. 

Acknowledgments. The authors express their sincere grat
itude to Prof. Dr. W.L. Wendland and Dr. G. Schmidt for 
stimulating and helpful discussions of the problem under con
sideration, 
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2 The discretization of'the inverse ·Poincare~ 
Steklov operator~ . 1 : . 

,-,, 

Let n = [0, A] X [0, B) E JR2 be a rectangular domain with . 
a Lipschitz boundary an ·partitioned into two nonoverlappiiig 
parts tv' and:fN' an'= t vuf' N' where t D and t N are supposed ~ 
to be a·union of any edges fi, i = 1 + 4, of the rectaJ}gle·n, · 
see Figure 1. Consider the following· mixed boundary value : 
problem:. .· · ~' ' : . 
given.cp E Hi(~N )·and~ E H-:-i(f'v),:.find u E H.1(0) n C~(O) :. 
such that · '• · ' 

>- ~u . ·.o, x e.n, 
·.:You := u lr -:- cp, . 

. . D . -

.:Y1u :=.aujan lrN= tP: 

.. ; (1) 

(2) 

holds. In (2) n is the external yec~or with respect tp the bound; 
aryan normal.,:•'' ;< o,C, ;. •· '" ;'' "', ',•, :.· > • 

''" '; ~ ~ ' . 
~ ; · · I r ~ • ~ ..T 

! ; 

'. fll ; n r3: 

1-

r2 
'Figure 1: Displac~d recta~gular:grid 

For. the boundary value proplem (1), (2) witl~. cp -:: 0 we 
intr~ciuce the Poiil~are ~ st~kio~ opera.tor. s .. :. · . . ... 

,, :; • ·~ ; •• " : ;. ~ { : ; : : ' ' \ .j • •• • • ~: • 

· ·. --lc- ···) ·· .H-!c·r- ·) ··"· ... -:. S:H2fN1'---"+ 2 N·'''' 

It is known, see e. g. [1},[2), that th~ operatorS is a hound~d, 
symmetric in L2(f' N) .and pos_it.iveid~finite. operator. There also ... 
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exists the inverse operator.s_-:1· .. ."". ~ -.' ~ 
','" ·~; 

s-I = .il~(rN) ~ .fl;-~(rN): 

with the same properties. : . : . ... .. 
The. discretization of the inverse Poinc~tL:-:-, Steklov. opera

tor §-I is done in the. framework :of the finite-difference ap- . 
proach for an approximation of )he boundary· value problem · 
(1), (2). Here and below we suppose that .there exists a so-. 
lution of the problem (1), ·(2) which is sufficiently smooth to· 
usefinite-difference schemes for discretization of the problem, 
see [5]. Introduce a unifor~ rectangular grid nh on n ~ith a 
"displacement by h/2" ,<see e.g. [5],· [13],.[8]: 

!lh = {(xi, Yi) : Xi= (i...;. 0.5)ht, Yi -(j- 0.5)h2, 
i = O+M + 1, /=O+N+ 1}, 

where h1 = A/M ahd h~·' B/N 'are the grid>steps:· The s~t 
of nodes Oh ={(xi, Yi), i = 1 + M; j = 1 + N} is' a· set ofthe · 
internal nodes of the grid, and the set Wh = nh \!lh is a set of 
the external nodes. ·we·:~scHntroduce the discretization rh of 
the botindary an as .a s.et of the points lying in the middle of 
the corresponding boundary, nodes of the internal set nh and 
the nodes of the 'set Wh, see Figure 1. This ~et of nodes rh is 
repr~_sented as . ' 
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rh =Uri .. rvurN, .ri =fh nri, 
i=l 

where the sets rv andfN, rv,nfN = 0, aresubsets'ofrh where 
the Dirichlet or Neumrum conditions are giyen~ . . 

Next, define discrete;analogues ')'o, 'Yl of the boundary oper-
ators i'o and 1'1 as , . 

. · ··•· (uth~h/2·+ ur~i~12r 
'You:= 

2 
, 

·r 

l(3) 

'f 

•· 

. . _6.u 
1 
.. '. (ur,.+h/2-;--:- ur,.-h/2) 

/1U := _, rh= ; . 
6.n h · 

··(4} 

where h--:- hi orh ·. ·h2 depending on the point of the boundary 
i • . . ' • ' 

set rh where the values of 1-ou and :Y1u are calculated. ' 
Set grid functions <p and ,p·as the projections on rv ~d' 

r N correspondingly of the·· given data <P and ,;jJ from (2), and 
consider the finite-difference boundary value problem approxi
mating th~-problem (1), (2): find a discrete harinonic function 
u EX :such'that : · . ,: . 

--:: 6.hu = 0, in nh, 

'You=<p, 
')'lU = 1/J 

(5) 

(6) 

holds. Here X is a space of· discrete harmonic functions on 
Oh. Any element of X belongs' to the direCt product ofthe Eu
clidean spaces EM and.EN of'vectors of the .dimensions M and 
N correspomlingly, X.C EM®EN: 6.h is a·standard five-point 
centered finite-difference analoglie of th~·Lapla~e.ope~ator." · 

Remark 1. Under the condition <P, {; E 'C(80) 'kd' ii' E 
C 4(0) the fip.ite-differencepro)lJem (5), (6) approximates the 
boundary valU:e problem (1), (2) to the accuracy O(h~ + h~), 
see e.g. [5]. · '· · 

First, consider _for simplic!ty the case of_ the l)irich.let b,o~d:
ary value pr~blem (5), (6), withr~ .· rv,r~'= 0. ~ow'the 
trace 'You . <p can be represent~das · · . ''' · ·· · ' 

<p = [~p~, <p2, 1p3, <p4] E Y, cpi = <p lri cp~, cp3 E EN, cp2, cp4 E EM, 
It ' ' · , , .. 

where we introduce according to [8] the boriridary trace space 
Y of discrete harmonic fullctions from X . as. the direct sum 
of, the spaces EM and EN: Y~~ ,. EM, ffi EN$ ~M ffi ,EN. I~ 
this .case th~ matrix s-1 ·appr~Ximatmg the invers~ :Poinca±&-
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Steklov operator §..:.1 is defined:a.S foll~ws';~_see_ e.g. [8]: 

-- ( ~u/~nt·J·~ ---. (··Pn. P12 Pta·-·pt~:). ( <pt··J· . 
= ~uf ~n2-- -~ . P21 P22 .P2a· P24 · _· cp2 = s-t 

f'tU- ·. ~u/ ~na · -:-. Pat Pa2 Paa Pa4. . ·cpa · - . cp. 
~u/ ~n4 . P41 P42 P4a · P44 . . cp4 · · · 

. (7) 
The matrices Psr, s = 1 + 4, r_,; 1 + 4, where Pn, Paa · E 
L(EN, EN), P22, P44 E L(EM, EM), have the follo!Ving form: 

Pu = Paa = F"N1DtFN, 
Pta = Pat . F'N1 DaFN, 
Pt2 = ZvTMDsFM, 
P2t = ZpTND6FN, 
Pa2 = ZvTMD1FM, 
P41 = ZpTN DsFN, 

P22 = P44 = Fi/D2FM, 
P24 = P24 = Fi/ D4FM, 
Pt4 = ZvDsFM, 
P2a = Z 11 D6PN, 
Pa4:=.ZvD1FM, 
P4a =.Z11 DsFN. 

(8) 

The matrices FN and FM are matrices of the discrete sine 
Fouri~r tran~forin 

. fp '. 7rk(2l- 1). : . ', 
Fp = {fkl = Pk -sill 2 _ , k,l =1::- p}, (9) '. . p r. ' p . : .. _., 
Pk = 1, k = 1 +p-1, Pp = 0.5, p.= M,N; 

whii~"the matri~es TN E L(EN,.:Ef.v)~ TM E L(EM,EM) are 
permutati~n matrices of the form 

0 0 ... 1 
0 0 1' 0 

Tp = I . . : I ' p = M, N. 
1 • . 

1 0 ... 0 

The-~atrices D;, i . 1 +8 are diagon~tl ones with the following 
. ' ' '". , . .); 
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'( 

'• 

·i 

elements ' 

; '. ·' . M ,: M . · . · 

{ 
-tPk- 1 Pk + Jik" .k.. . .. ,N} ' 

Dt = dk-:- h1 '' M -M, =);7 . ' 
J.lk -t 1 j.tfv - J.l_!N. 

D ...:.. {d .:..c. ·h·-t Vk - 1 vk + vk .• k -.1·..:.. M}· 
2 - . k - 2 N -N' - • ' Vk + 1 vk - vk 

·. · · : _ -tPk-1 1 .,. . 
Da={d~;=2h1 _ M -M' k=1-:-N}, 

· ·J.tk + 1•Pk ·- Pk:· " 
- { - -1 Vk - 1 1 : ...:.. : . M} . D4 - dk - 2h2 N . -N, k - 1 -;- , . 

Vk + 1 vk - vk 

Ds = {dt = -p•hl1 sin;;, k = 1 + M}, 

D6 = {dk = -pkh21 sin;N' k= 1 +N}, 
_ 1 • 1rk(2M _,... 1) . 

D1 = {dk = -pkh1 Sill . ' 2M '., k = 1:7 1\1}, 
_ 1 • 1rk(2N- l)i · · ·. . . • · 

D 8 = {dk = -pkh2 . sill ?.N , k = 1-:- N}, 
' '. 

., 

·, 

{10). 

where Pk are defined in (9)·. The matrices Z11 ; Z11 are dense 
rectangular•matrices with the entries 

': 
'i •. 1-i ' ... ' ! .• '··> 

·z .. { 2 .· Pk - Pk · ···' · . . 1· · M k. 1 · N} 
I' . Zik = (1 ( M . -M ' Z = -:-· ' ,, ~. = -:- ' . · . + J.t~) Pk 77 Pk . ) ·· . . ·. . . . 

' ' ' • . • j • vi: - ll ~ -_z •.. ·. . . . . : . . . . . . ' 
Zv={z;k=2( N -N ,,z=1-:-N, k=1-:-M} .. _· 

1 + vk)(vk - vk ) ·. , . . . 
. ' .. ' .. ·.. ; ' ' .... (11) 

In th.e rep~es~~tations (10) and (ll))he quruihtie~. /Lk ap.d Vk 
are given by the f91lowingformulae · · · ·. . · ' . ·.' 

~, ; 

J.tk = 1 + 2ai + 2ak.J1+ ai; a~= ~1 ~iu;~,:k·; '1+
1

N; 
. 2 

Vk == 1 + 2(3~ + '2(3;;Jl + (3~, fJk- "~~ sin·;!,··k ~ 1 + M. 

' ; ' . . . ' . . . ' . " ' ' ... (12) 
... Rem.ark .2. The discrete inverse:Poincare:-Steklov operator 
s-1 defined by formulae (7)- (1'2) ~ith'the dom'ain'of deflriition 
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Y\KerS-1, where KerS- 1 =.{It' E Y :. IP = const on rh}, .is 
a symmetric and positive-definite one. This follows from the 
discrete Green formula · .. ·. ,·''' ' 

(S- 1')'oU,/o~)L2(rh) = D(u, w) 1-!, ~(~tU;')'lW)L2(rh)' 
which holds for all u E X.and fo~ any w, see e.g. [13], [8]. ,The. 
form D(·, ·)generates the discrete Dirichlet sum corresponding 
tO the internal nodeS nh• ;, I 

3 The fast method to compute the product 
s-Icp 

First, we consider a method offast multiplication by a vector 
for the matrices of the form' · 

P=ZDF, (13) 
., 

constituting the block representation (7) o£, the 5fiscr«:t~. coun
terpart of the inverse Poincare - Steklov operator s-1

• We 
assume ~ the matrix Z in the expression (13) has one of the 
forms indicated in the representation (11),. F is the matrix of 
the discrete sine Fourier transform (9), and the ,matrix D is a 
diagonal one. .. ' ·· 1 , .. 

Here we follow the idea of special truncation of the matrix 
i presented in1 [J} which is ba8ed on' the exponential decay of 
the matrix entries. . 

Let for definiteness z = zl-" F = FN anq 
'· 

D ={d. = .. 7rk(2jo -1) 'k =.1..:.. N .. } 
' ' k ' Sill 2N· ,' ' ' ', ~ .·· ' . ' (14) 

Not~ that by virtue of t~e fact that index j 0 in (14) is chosen 
arbitrarily, all 'the below 'arguliients and conclusions'are1 Yalld 

.i ' ' ' >' .: ' ~ ' t ' ' '.( • •l ' - ~ ,: : -1 ~· • • • 1 ~ ' 

8 

-~ 

·I 
I 

:L 
~ 

i) 

~! 

- ' ' " "• . . . ' .·' 
-- ., ' : ' : ~ '· s t ; . ~ ·. ', . ~ . - . :-: '·.; ; ' '.{ : • 

for: 'any matrix of the'forin ( 3) in the block representation (7), (s).' . . . . . . . .. , .. ; . . · .. ; . ; .. .·: ::, 

'Multiplication of the matrix P·with the chosen matrices Z, 
D, F, by a vector~·¢. , {lt'j}_f=;1 .gives the.;eJ5a~t:~?luti?n u . 
{ Uij} on the set'of the grid points {(xi~·Yj), i = 1 : M; j ) io} . 
for the. discret~ ~!lplace -~qU:~tt~n: ·; . ~ . . . . . . 

- dhU -0, in nh, 
1. • -". 

(15) 

with the boundary conditions 
~ ' ' 

UiQ + Ui1 . 0- UiN + UiN+l . ··o'· . · 1 ·M. · · 
c = ' ' , ' ·= '\ "· :- . "+ . ; .. ~ ' 

uoj ~ u~/ _ 
0 

UMj~UM~lJ :._ .. _·
1

..:.. N: (16) 
~---=- - ' , -. IPJd - • . 

2 ' ·.. ' 2 ',, 

We denote this partialsol~tioii·~·v-: {uib ll'· 1+M, j = j 0}, 
and so · ·: ;; 

. v -,·ZDF1p. · · .. · ·. (17) 

Now introduce a vector l . { i( i} }i'~L with inte~er components · 
l ( i) : 1·· < l ( i) < ·N, i = 1 + M ;·a:nd deJi~te as Zz the rectangular 
matrix 

J • • ' -

z = i. ' ,. i = { Zik ' k '1+ l(i} '. . i .. ·1..:.. M: 
1 .· Lak},_ .. 1~· • · 0 ,:k....:.l(i)+l+'N"'·: · ,• ' 

(18)' 
withthe.elements Zik coinciding with the entries of the matrix 
Zw ;Co~sid~r~,~ppJ:o;clinatesolutfoit=~1 · {u~i'::i ' 1+M;t·j = 

, j 0} of the probJ~m .(15), (16}<>n:~~~.gri~ line{(~i, Yi), i = 1 + 
M, j = j 0}, which kdefined siinilarly to (17) by the expression 

• • l • : \. - • ·• • . ·; . < • -\ t. : ~:·· '! ~ ,' : ;· ' ~ . 

v1 .• ZzDFcp.' : . _, · ' ' '(19) 

Note·thatif.\Ve setJ(i) = N_-in.(18)•fm:'all i -.·Y+.M, then 
Z Z d 

l . ..·;... .; 
1 = an v = v. . -: .·· ,_ . , · .. 

The esti~ate for: the approximation error II v ~ .v111 oo is estab:-
lished in the following .tlieo'r~iti: :~::.·· · ··.· ·.~-~ .' __ .:. · ·:. . · 

9;. 



THEOREM 1': 1. For anyc >.0 and for any indexjo, io ~ 1+: 
N,. th·~;e exist~ the. vector (with· the.· c(ii/iponents l ( i) satisfyini. 
the estimate 

•· l(z) ;:::·~z0_g 8 11'PIIoo~, 
. ... . .7rc ·, 

where a= ln(1 + 2TJ2 + 2TJV1 +TJ2), .. TJ = htfh2;' such·th.at · 
. ' ..J ' .· 

ll,v- viii~~- c 

holds. 
c- ~ I,. J .-

.2. For any c > 0 ,and for any.indexjo, io = 1 + N, ther,eexists 
the· vector l with the components l ( i) satisfying the inequality 

N 

II 'Pili L k-aexp( -;2k/~). <. c\. 
k=l(i)+l 

where II'PII! = Ekaci, a > o; {ci}f=l = .FNcp, such that 

llv ~,v1 lloo.~ c · ~-' 

-holds. 

To prove this theorem w~ fi~st establish some auxiliary state-
~ . ., . 

ments~ 

·. LEMMA~· For any1J > 0 and ~ny x E [O;n]the.ii?;equality. 
• ' .• : ' . •· ., '··. t . 

1 + 2x2 + 2x v' 1 + _x2 -~ eip( ax/1)) 

holds, where a = ln(1 + 2TJ~·+ 2TJ:J1 + TJ2). 

·Proof. •-:After the substitution y = .x/TJ, Lemma l.follows. 
from the inequality ::~ ·, · ,· 

. . 
·Zn(I+ 2TJ2y2 + 2TJyJ1 +TJ2y2) :. · .. : ·' · 
. , , , ... >a;.-

y 

10 

l 

,(. 
I 

,'I( 

,...,, 

'1 

~,; 

. ' 

taking into account .the monotonicity of the .left-hand side for 
all yE:[O; 1)'

1 
•· _ • . . -c . 

LEMMA 2. 'For all k = 1 +_Nand q-:- ht/h2 'the inequality··. 

Jl.k .?. exp( akf N) · ... · e' 

holds,' where Ilk are give~ by (12). The yalue of a is given' iu 
Lemma 1. 

Proof. From the asser~iori of Lenima 1 and the' expressions 
(12) it follows that , 

: ~ • ' < • ) 

Jl.k > exp(aak/TJf= exp(a sin;~) 
holds. Taking into account that 

. 7r k k . f II k . . N .. 
sm 2N ~.N; or·a = 1+ , 

we obtain the assertion of Lemma 2 1 . 

Proof of Theorem 1. According t~'(17); (19) we have 

·• 

z . .· N dkJI.~-~(JI.k"l. _:.:Jlk"2i) .. 7rk(2jo·~·1) 
I Uijo - uiio I . ·2l. ~· (1 :_ -2M)(l+ ' -1) Sill •' n 1\T • I ' ' . 

k=l(a)+l , · ··Ilk , " . . Ilk .· 

where { ck}f=t .. : FN<P· It is obvious that: 
' ,". . ' ~ ' . . ' ~ . 

l,f / 

a) I sin 7rk(2io-l) I< 1 for all k ~ 1l. N; 
. _2N' - ' . - ' .• ' . I . 

b) ... 1;i-M<IJi 1 ~1't 2;) ·< .lli-M-i for:. all k J._!_N.:: 
(l::-J.I%2 )(l+p;l) _ r-k • . • 

From inequalities a), b) and Leliillia' 2 we oht.Jn:. 

.. ··"·. ··N 

·1·uij~ :_ u~io I< 2 '2: .1 Ckexp(:_.k/~) I~· 
• . '. k=l(i)+.l :: . 

(20} 

11 



1. 'Taking into account that I ~k 1:::; ~lfcpll 00 , k . 1_;:, lV.hold~;··, 
from inequality {20) and the sum of the geometrical progression 

N-- . '· . c. ··• , , , .. , .. -. • . -, 

"' exp[_;k/f.] = exp[-l(i)/f.](1- ~xp[(l(i)- N)/f.]) 
'L...J · 1 - exp[-1/C] 

k=l( i)+l ' ' <, 

it follows that 
..J 

I Uij0 -,u~io 1:::; Bll:lloof.exp[:-l{i)/f.] ~ c, 

which completes t~e proof of item 1. 
2. Assertion 2 foll<?ws from the estimate {20) and Holder 

inequality · 

. ( N )~ ( N -_ -· )~ . 
I Uij0 - U~io 1:::; 2. E . kcxc~ · . E k-cxexp[-2k/f.] < 

- k=l( i)+ 1 ' k=l( i)+l 
. ' - 1. - ' 

... :5 2llv>ll~. (.eo~+! k-"exp[-2k/(])'::; e , ·. . .. · 

Ren1:ark 3. Note -_that the strengthened assertion 2 of the 
Theorem enables • one to use . · a priori information about 
the smoothness of theincoming data'to reduce the number 

, of nonzero elements of the_ truncated matrix Z 1• 

The. following lemma is a consequence ~f th~ Theorem 

LEMMA 3. To compute the product .(17) with a given ~c
curacy c > 0 using the approximate formulae {19), {18), o~e 
-n~~ - . . . - . 

O(NlogM(logN + logM.+ logc-1
)) . 

both arithmetical operations and computer memory. 
,;< 

· Proof. The calculation. of the product(/> = DFNcp needs 
O(NlogN) operations. According to [3], the calculation of each ' 

/ 

12 

~J 
;~ 

! 

\} 
~-. ,' ,, . 
·-r 

eleni~nt zik o! the mat~ix _z{needs 9(l~g¥foper~ti?ns: The' 
number of rionzero elements zi~ and the number ofarithmeti
cal operations to calculate. the product v1 = Z1¢ with a given 
accuracy c, due to Theorem 1,is estimated by the quantity 

0 (t l( i)) ~ a(f_:M -0 '- il~g (M +~- i)e) ' 
i=l z=l 

Lemma is proved • 

Taking into account that the multiplication. by a vector of 
the diagomi.l blocks Pii, i = 1 + 4 and of the blocks P13, P31, 

P 24, P42 in the block represe11tation (7:), (~):i~ do11e by the fast , 
Fourier tra11sform.and:all tge other_.bloc~s:~f~.l?-~-f?rm,{14) are_ 
multiplied usingt~e approxiii1a~efo~ul(1e{19) 7 {18).we obtain 

' - ' ', ' ' ' • • ~ • '' :- • ' - F ~ ' ~ 

•, -·.J ' ~ •.. ~ ~ "' ~ 

THEOREM 2. To compute the product 'ljJ _ S-:-1cp with a given 
accuracy~:> o,_:wher(} the matrix·S~1)s.given by fo~mul(Le (7) --
- {12), one,needs. · :•;, , . ;. _ . ;.-, : 

O(NlogN:.fMZogM+(NlogM + MlogN·) {lr>gM +zogN +logc~1)) ·-
- '. I ' , . -

both. arithmetical operations and computer mem'ory . . · 
· , .. ~ '. : •. ·, l, ·,. · "'". .: : I ; .: · ,_ t: ; _: ·-"' .-' . -i' ~- · "· ._:... .' -. • · 

~ ... 

4 · The mixedcproblem··,; · , . ·· 
' ~" ' . ",, ~ _.,. ; 

In the previous. section we. have. cO~sidered the~ fa.s.t method to · 
co~pute co~ormal'derivatives ofthe discreteharm~riic function . 
when its tr~ce on the boundary is-given~ Consid~r'anio;re ge:r;_"': :· 
eral. pr~blem;c;how to comput~ effE_:!ctively. the complementary" 
Cauchy data provided that s~me mix~d:Dirichlet _:_Neumann 
bou.ndary ,conditions.~e given. ~n the .edges.Ti, i . 1 + 4 of 
the rectangle n. For example, .if we have a mixed boundary 
value p~oblem for the .di~crete L~place equation {15) with N~u
mann boundary conditions tPl~ 'I/J2 on the edges r~, r2 and with 

'. :{ 

1a' 



' 

DiriChletbounda,ry: conc.lit,hms<pa,}P4 ontlie ~dges ra, r4 then, t 
there .exists a matrix s~iz which. defin~s t4eniappil1g . 

Smiz: 

• 0 • ~ ' 

j 

( 

~1 \ '( <;?1 )' . 
::r~, .. ·.~· . 

where <pt, .<;?2 are unknown. traces' on the;edges rb·r2; and 1/Ja; . 
. ~4·- conormal derivati~es' on· the edge~ ra-, r 4: This matrix 
sm;z can be repre~entedin;the 'same block form (7) - (11) as 
the matrix s-1' but the representation of the elements of the 
factor matrices Z, D, F will' depend on the t:YPe of boundary 
coliditioris on'th.e edges ri, i . :r+ 4.< Considering that fact; in 
order not to clutter up the presentation with new designations, 
w~·keepthe.previous or{es (P;';~,··D, F)for tl~e blocks forming· 
the matrix S~iz. . . · . . 

We consider. the m~tlio(f'for faSt multiplication' 'of the ma.;. ; 
trix · Smiz by a vector assuming that homogeneous Dirichlet 
or Neumann boundary conditions are given on :the edges ri, :. 
i = 2, 3,.4, and on the edge r 1 nonhomogeneous ones are given. 
This ca.Se;'describes' the multiplication·of the first'block;column .: 
(!'it, i .: .... :h": 4)in the representation (7) by a given on.F1 vector. 
We indicate the· cases~ofDliiChlet or Neumaim boul1dary con
ditions on the edgeri·a:s 'D{or:M,~'correspondingly. 'Depending 
on t~etype of.these conditions on the'edgesr2.andlr4, the'' 
ele~ents !l:i, k, l l. : :iv, the F~urier transform· matrix F are • 

> - ' ~ • • • • ' ' • • • 

,.._..__: 

.. 
' " ~. :,:: . . 

. . . ,-·t. ;_ -~ . 
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defined by the following expressions· 
~ r:' - ·.·.· .. :~- .· .:' '·"; ,..... -~. ,. •; " .-~--

/ 

. ;,('D2'D4) : fkl-:- sin 1rk(2l- 1) 
. .... . ·• 2N •. ' ··, 

(V2N4): !kt · sin 7r(2k:__,1)(21,-1) . 

(N
2
V

4
) :. f.,= s;n 1r(2k ~'\'5(2(N ~ ;) _: l) 

.( ~ r .... ·,. ; . k(21 .·· 4N . '. 
JV2N4) : · !kt =COS 7r - 1) ,·· . 

_, ~ .· ... '~- --- . 

(21) 

The repr~~~ntation ofthe.elemeri.ts ~fth~ niairix i d~pends on 
the type of boundary conditions .. oit tl~e·eag~srt, r3::. . 

' .. .. . . . -\· .• --\- : . . -

. . 2 '( i ·' . . ..:.i ')" . . . . Ilk . . Ilk ' . 
('Dt'Da) : Zjk = M -M .. 1 +. '• ~ .1·.+· -1 ' Ilk - p. . . Ilk . . Ilk' . . 

. . .. h k ( . ' . ·:...1)• i ( · ...... ) -i 
·. . . • . . 1 ' • 1 + Ilk Ilk - 1 + Ilk Ilk . 

·. '('Dt./';13) : Zik. . 'M .;· -'-M . • , -1 • . ' ' . 
. . . . Ilk . - Ilk ·. •' Ilk_- Ilk '· . ·'.. (22. ) 

..... ,.2 ·- (1 .. - 1)''l (1' · .. ) -J:: .. . - .. -Ilk Ilk~ . ·-~P.k Ilk . (N1 'Da) · Zik - M · M · ·· ··· · - - 1 ·· 
. '• Ilk :+p.J; . Jlk- P,J; 

(N1Na): Zik=. ~h1 ~M( ... P.t 1 = !:'ii•1)·. 
Ilk - Ilk. Ilk.- Ilk -

' ' . ' ··' ., '• 

Her~ ~k are the roots of the eq~atio~· . , . . .. . 
• _, 0 • • :," ' ~- • '· ' '· •• '"' • ' : .. ·' ., ,,'. :· • • • ·" ' '. ' 

P.Z + ·.·(· ·. ,: 2 .. 2. hh~. * .hh!J.,+l; f.,-''). ! Jl~ + 1. ; ·a~ 
. 2 2. kl . . . 

• ' '• ~ • • . I 'I 'f ,· ' -,' ~ ' - ·' .~ ": • • • ·~·-.. •. :·,: ' ) 

Multiplic(l.tioll of the blocks Pu; P31 b:r a vec~or can. be done by 
the fast ·Fourier transform. For multiplication of the blocks P21·, 
P41.o.{.the fot:~(13)~el~~e theappro.ximate.!orm~lae (19),(18). 
9<?~paring tl!e expression (11) and (22) for t~e matrix elements. 
one can easilY obtainthe assertion of Theorem 1. So, the partial 
solu.tio~.of the Il!ix~d.problem with a gi~e~acc~mcy •. ~is done 
with the same asymptotical expenditures as the· solution of the 
~iri~hlet.:p~~bl~m(Theore~ 2). ~ · · . . .· • ;; : .· 
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5 ... Numerical exp~riinei:its ·(single· do'ntain)' 

- The numerical experiments;presentE:id in this secti-~n ·demon
strate the computatiqn3l: .charitcteristics of the i· algorithm to. 
comp1;1te the matrix .- veCtor .product of the. discrete Poincare 
.:__ Steklov operator . (7) using the. Ba.khvalov ~ · Oiekhov (BO) 
method from (3] adapted for .d1splaced grids.. All the below 
numerical experiments ·a.re· 49ne with the Poincare - Steklov 
operator defined for ,th~ discr~te ~apla~ian in th~ unit ~quare 
on the uniform.mesh with steps h1- ~ h2 ', h and the mirii
ber of.unknowns N = ii; · im ·aJ.oiig~~~h edg~,· p~ovid~d th~t 
the approximate multiplication s-1<p is done to an accuracy. 
~=cox h2 , 0 <,e0 (s,eeTheorem 1). · , · · . 

Tables 1' 2. show exP.enditures and accuracy of the BO .algo-. . 
rithm to. compute th~ product S-~'lj; ;conipar~d with the exact · 

·one without. optimization .. As a test funCtion <p we take the 
projection. of the trace .ofthe' harmonic function ' . ' 

-(·'' ) 2: .. 2 ' 
< U X, y =X ... ~ y ; 0~< X, y < 1 . 
t,. ' ; •.' . .fo. - ' .:; 

on the mesh bound~~ rh, .and ;denote as :,P, 1/J* the computed 
. and exact values of the cohrirmalderivative~ 01i' rh~ Indice~ 

"BO" and "P" ·in. Tables 1~ 2. de~ote the q~antities character- · 
izing the•approximate·fast·.metlio'd,and the exact one without 
optimization correspondingly. Col~~-N BO·, Npf N B~ of Table 

f 1 show the numbe~ of nonzero elelrients of the truncated: matrix 
. Z 1 from (18).and.its ratio to the total:number Np ., 2m::cifZ1 

matrix· elements·~ . ·Columns Tffo, · Tf!' present' the' total· ti~e ~n 
seconds to compute' tlie elements of 'all .the matrices constituting 
the repre~eritatibn (S)>'fhe la.St three c~luriills show the··' time 
cha~acteristics to compute the·product s~1 1fiti>rovided .that':all 
the need~d · ~atrix elt~mentk 'have· ali~a.dy· been fourid. , These 
computations were performed. on. IBM- PC :.:_:·486/25 .... Table 
2 presents the accuracy of the fast ·approximate computation 

/ ' 
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Table 1: Expenditures for computation of the product .,P =S-:1cp. 
• , '. " '. • • ' ' ... ~ • • , • I 

. ' 

eo x h2 m 'NBo NpfNBo Tf!o 
-

~:; Tf ''·T$~ ~p~~b 
( ,_.,; 1 '• ,. 

1.6e-02 3 35 1.8 9.0e-03. 9.3e-03 7.le-03 7.7e-03 1.08" 
3.9e-03 4 126 2.03 2.4e-02 5.0e-02 1.4e-02 1.6e-02 0 1.14 

9.8e-04 5 401 2.55 5.5e:-tl2 .;·o.23 · 2.8e-02 4.2e-02· .1.5 .. 0 

2.4e-04 6 116l . 3.53 0.13 '1.17 . 6:1e-02 0.13 ; 2:t3 
6.1e-05. 7 3192 5.27 0~32 0 3.9 0.14,· '' 0.41 ' 2.93 . 
L5e-05 8 84i9. .• 7.78 0.76 16.2 .Q.32 . '1.47 4.59 
3.8e-06 9 21522 12:18 2.02 69.8 0.71 ., 5.6 7.89 
~:5~07 10 53679 19.53 5.8 300.2' ··1.59 ,: ,· 22.2 13;96. ' 

1j;. = s-t <p in differerit' norms, provided 
/' 1 

.1.·..:... (·'·1 .1.2 . • 1,3· .!,4) .!,i. _ {·'·i }N 
'{/ - '{/ ' '{/ ' '{/ ' '{/ ' '{/ . -. 'f/1: 1:=1' 
111/JIIoo . · maxi,k 11/JL I, . 

4 N 
l11/JIIi2 = (1/J, 1/J)L2 =hE E 1/JL1/Jl, 

•. ' i=1 1:=1 . . 
.. ': ' • . • • J . • . <p 

.llt/:lls-t ,(~-1~,v)L;~; V:: ··ll<o?IIL.; •. 

The struct~eofthe ciatrices Z 1 from.(lS)i~'show~ on' :Fig
ure 2._.Dotsand blarik,spac~int~i~:~i~er,~p~esent th~1~~l~tive · 
ratio of nonzero and zero matFix_ ~~eme~ts.: : . . , : . .. . .· 

In Tables 1, 2 and in Figure 2 we assunie that co = 1. It 
is also interesting to know how the smoothness of the bound
ary function influences the computational characteristics 'of the 
method. , · .. , , , .. ,., .·.· , . .·. .. .

1
, • , , . , 

Let cp bethetroc,e ofthe following test function· · 
. .. ~ ·- ·~~ ' 

'. : .•. ~dz;~ ~::li'~Z •. · :: . .: '·. . · .... 

u(x,y)....:.. ." · :_ k siri.1rky,. ,·o ~ x,y<·L 
· ell' --e. ll' .. . .. ·. 

• ! • • . • . ,' • ' ~ ~' ' • ' ·j 0 ; : J ! 

The data of Table 3 show the dependence of tlie accuracy 6 = 
II ip'..:..: 1j; p II 00 and of the; computational characteristics N BO' T BO 

on'the chosen c _;_· co:x h2 and on the smoothness·ofthe trace' 
' • ·-~ •< ·~··• A~··<'~" '" "•' -•-• •,, 0 "-" """ ~-· •• ,. ''<''-•'~ ""':_ 
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Table 2: Accuracy of the computations of the product t/J ::' s-1<p 

.. 
co X h2 m lltp - 1/J* lloo 111/J :- 1/J* II ~., 111/J - 1/J* lis-t ·111/J-1/JPIIoo 

·. 

1.6e-02 3' 6.3e:-D2 : 7.2e-Q2 1.4e-02 ' . 5.3e-03. 
3~9cr03 4 ·3.2e:-D2 2.6e-02 3.4e-03 1.4e-03 
9.8e-:-04 5 1.'6e:-<l2 ' 9.2~03 9.le-04 3.2e-04. 
2.4e-04 .. 6 7.8e:-Q3 ' . . . 3.3e-03 2.3e-04 l.Oe-04 
6.1e-05 7 3.9e:-D3 . 1.2e-03 6.0e-05 2.8~05 

1.5e-05 8 1.9e-03 4.1e-04 l.Se-05 ' 7.4e-06 
3.8e-06 9 9.7e:-D4 1.4e-04 3.8e-06. 1.9e-06 
9.5e-07 10 4.9e:-D4 5.1e-05. 9.2e-07 5.5e-07 

. 

cp. Columns k = 1, 5, 10, 20, 30 present .data for the accuracy 
6. Columns NBo and TBo show the growth of:the number of 
nonzero elements of the matrix Z1 fro~ {18) and of the total 
time· (T~0' = T:h +Tg!J) to, compute' the product S;:-1cp to a 
given accutacy c. This· computational experiment was done for 
N = 128 on IBM PC- 386/25. · ·~ 

Table 3: Dependence of NBo, TBo and o, on eo and on k f~r N=128 

co k=1 k=5 k=lO k= 20 k =30 Nv Tv 
100 1.4e-13 4.8e-05 L1e-04 1.7e-04 .1.9e-04 2179 0.77 
10 1.4e-13 1.9e-14 2.1e-06 3.7e-06 5.5e-06 2699 0.82 
1 1.4e;.13 '1.9e-14 3.4e-08 .7.9e-08 1.6e-07.. 3192 0.83 

. 0.1' 1.4e-13 1.9e..;14 5.3e-10 1.7e-09 2.4e-09 3657 0.87 
0.01 1.4e-13 1.9e-14 6.5e-12 2.2e-11 :.6.9e-11 4100 0.93 

-
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Figure 2: The structure of Z1 matrices for N = 2m, m = 3 + 10 

'{ 

6 · Numerical experiments (multidomab:i,case) 

Here we present numerical experinients· demons·t~·~·ting · tl;e ef~ 
fectiveness of using the· fast metho~ to compute the product 
s-1cp for sol~i~g elliptic problems via domain deconipositiOil. 
The interface problem arising in the substructuring methods is 
formulated via.the local Poincare - Steklo:v. operatqrs Si:1: de':. 
fined;for each substructure. The; computation of the r~sidual in 
the iterative soh1tion of the interface problem needs local mul
tiplications s;1

<pk for. all k. 'The ai)plication of the fast met~od 
• < ' ~ 

to computation of.this·product.JhiallyJeads.to effectiveness of 
the .whole domain decomposit.i~n algorithm. , . · . 

' " • J 

Let IT be a/steji:"-type:domain .with a boU.!l~lary an consisting 
of linear segments lying at 'right·angl<:is;, ~;\/e consider a -d~com
positiori of n into nonove~lapping subdom~ins' nk,; k = '1:' J(' 

SUCh that each .substruct~n~e '.0~, i~ ~ r~ct~flgl~ a~~~vle Coillll1011 . 

boundary of any two intersecting subdomains n; ' n is their one 
t").i·x;· 

'· j <" ~ 

19 



common edge. The ~micin .of these common boundaries forms 
the internal' 'vith respect to. an boundary q = uL(=l ahk\an 
(skeleton). Int~o~uce in each subdomain Ok_the unifo~m :~ect
angular grid 0~ as described ;in section 1, and consider: ~he 
following finite-difference problem: find uh = { uk, k ~ 1+ J(} 
such that 

. A k 0 · · nk k · 1 T. • -J-LkUhU = , _.,~zn Hh, • = -7 .t\., 

[lou] = 0, [wnu] = ·1/J on Gh~ (23) 

/OU = 0 On 80h, 

holds. In (23) [·]defines a jump of the function or its conormal 
derivatives on the skeleton G; Jlb 0 < Jlk < oo, k = 1 -;- K, are 
given constants. 

The finite-difference problem (23) is reduced to the following 
interface problem; see e.g; [8], with resp_ect to the trace <p = /ott 

of the unknown function on the skeleton G h 
I ,' • • • 

.. . . K . . . 

(Acp, v)L 2 (Gh) . 2:::: J-Lk(Si; 1 <p~:,yA:}£2(r~) -- (¢, ~~~2(Gh)~· (24) 
k=l. 0 • 

where: the matrices s;1 are defined by·(7) ._ (12}.·. 
' ' Due to the properties of: the local operators S-:1 , see Re
~ark 2,· the interface matrix A is a symmetric and positive
definite one, so the solution of the interface problem (24) ,is 
done by' the preconditioned conjugate gradient (PCG) method. 
The preconditioners ;B for the interface matrix. A: constructed 

·for' example in [8], need for·their inversion O(KNlogN) arith
~etical operations, and' the condition number ·"' of the oper
ator B-tA is defined bythe quantity ~(B- 1 A) = O(ldg?N), 
where N is the maximal number of unknowns on the eoge, 

N = maxk=l+K(Nk, Mk)· 
The mainlaborious stage in the PCG method for solving the 

interface problem {24) is to compute the residual A<p11 on each 
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iterative step n,which in generalneedsO(K N 2 )arithmetical op
erations ~d computer. memory. The use of the f~t algorithm 
for the computatio~ ofthe local produCts SJ:1cpl: essentially re
duces the computcitional costs.(to the oder·of O(I<Nlog2N)), 
see Table 4. Table 4' presents the results of numerical exper-: 

Table 4: Times and iterations for the decompositio~ 4 x 4 

1 2 . 

N IT T IT T 
.t: 

16 6 15.7 4 15.0 
32 6 22.6 6 45.3 
64 7 44.8' 7 135.0 
128 7 87.8. 7 505.0 
256 7" 179.2 - - ,.t 

iments to solve the interface problem\ (24) arising. from ,the 
Diri~hlet bound~ry: value problem for the Laplace equation~in' 
the unit· square decompcisea into 16 identical sub domains: c~l
umn 1 of 'the table demonstrates the application of the fast 
algorithm to computation of the residual, c~lumn 2 presents· 
data for the algorithm without optimization. In this table N is 
the ~umber of unk~owns on each edge of the subdoinains, IT is' 
the number of iterations of the PCG method .and T is time in 
seconds for IBM PC 386/25 to reduce the initial,p~sidu~ 10-5 

times. 
·Table 5 presents the results of numerical experiments for the 

solution ofthe iiiterfaceproblem (24),aris!ng fro~ 'the Dirichlet 
boundary value problem.f6r the Laplace equation in·th~ step
type domains shown on f'igure 3 ' which are "cut" ·from the 
unit square. dec<?~p9sed into100 identical ~ubdomains. <The 
c~lumns, ~~ked . 13, E, M c~rre~p?n~I to the geometries of the 
domains shown on Figure 3, the column marked 0 corresponds 
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Table 5: Times iL"nd iterations for the st~p-type domains · 
' . ' •· ;. ' 

0 ·.· 
., ,B , E ,· ~: ,·,·M·· 

N IT ·:T, IT T IT ·T:: IT T 
16 4 65. ·4 ·45' 4 39; . 4. 33 
32 4 108 4 81 4 66 4 57 
64 4. 197 t! 15~ 4 .126 4 110 

~-

...J 

to the problem in the .whole unit square. The other notations 
are as in Table 4. 

. . . . . . . . 
.. : ... ~ .. [ill· .. · .. : ... · .. . . . . . . 
::~::t:··~···~··:::tt :: 
·························· ....... . . . . . . . 

~~l~I~~ti±B~~~l::1:: 
··~· ·+·· ;--~ ... ;. ·;·· ~-·+··j 

--boun4ary of .the. domain . 
decomposition 

Figure 3: Step-type domains 
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