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1.INTRODUCTION 

, , The problem of existence of spherically non-symmetrical polaron states is an ·actual · 
one in connection with tlie probiem of electron tra~sfer of excitations in different 
. condensed matters.I 1/ . . . , • · . 

)1nef;/2/ classification of possible solutions of th~ polaron equ~tio~ (the ·Pecar 
model) is developed and some of spherically non-symmetrical solutions are found. 

In this paper schemes of a numerical investigation of spherically.non-symmetrical 
polaron states (the Luttinger-Lu model) are proposed. A description of the iteration 
process in order to calculate them based on modifying the continuous analogue of 
Newton m'ethod /5/ is also given. in the work, and numerical results obtained with 
help of this method are presented. · · · 

2'.THE STATEMENT OF.THE PROBLEM 

The problem of finding' polaron states. according to the, Luttinger- Lu model is. 
· formulated as a non-linear eigerivalµe problem for. a system of equations: · 

Atf,(r) - >.tf,(r) + A(Vi(r) - V2(r))tf,(r) = 0 

llVi(r)+ I tf,(r) 12= 0 

A V2(r) - ~?V2(r)+I 1/J(r) 12= 0 

with the normalization condition 
Oil 

/ lt/l(r) 12 dr= 1, 
0 

(1) 

(2) 

where A - a three-dimensional Laplace operator, A and C - physical parameters of 
· the problem,>. - eigen-values, determining energy levels. . . 

. If the solution to the system (1) we present as an expansion in spherical functions 
Yim(0,ef,) . 

oa · I ( ) 
tf,(r) = L L 'Pim r Yim(0,¢). 

l=Om::-/ r · 

.V;(r) = f: E V;in;(r)Ytm(0,qi), 
l=Om=-1 . 

i = 1,2, (3) 



and substitute this expansion into system (1), multiplying from the left by Y(0, </>) 
and integrating with respect to dfl = sin 0d0d4>, then the system of equations for 
expansions coefficients tp1m(r), V;lm(r) will be as follows: 

II I( I + 1) A 00 . I l . 

'P1m(1·) -Aip1,n(r) - -r-2-tJ,1m(1·) +; L L Q1m11 m1 (1·)1/,1,m, (r) = 0 
l1=0m1=-11 

~ I : •~ ,! 'j ~ .\ • 

V{;m(r) - ,(/ +
2 

l) Vum(r) + S1m(r) = 0 ,. (4) 

, 11 ( ) /(/ + 1) ( 2 ( ) ( ) V21m r ---2 -Viim 1·)-C V21m r +Sim r =O. l=0,1,2, ... , ' ' ' r •. · ' · ·. ·I· 
.'m=-1, ... ,/ 

'with the normalization condition 

·,,,. ·.<•\· :.: 

, 00 I ·1 . OO • 

·L L :/iprm(r)dr = 1, 
l=O m=-1 o .!• . 1 , 

(5) 
,f ·: 

where 
00 ,. 

Q,m,,~,.-.=:= E ,, E ,w!Tf•'."-~!•"'>,(Y11,n;i,_(1·) -:-., ~21,m,(r)) 
-·-i ,.! ll=ci h1l='...;.12' .. ' ·' -~ ' 1. l • \ ',_ ., . • \ 

•.i h>·-·;t 'L· 1
_.·: ·1 1 .CX> .!J l11 :,-'.•·00 1 _··. ~12 ,,.~~--:_., ·' .,,,! ' ,-.- '. :1 : ~ 

S1m'=':'-•E···E. ·£' I:> W'1nil,mil,m,VJ1,m,'(1·)1/,1~m,(r) 
r 1,=om,=-11 l,=om,=-1, ... 

'· (6) 

,; -~~ i ·:,.,~-~,-:~.\:< ... , '._' :t: :-,. }··' ',; '- '\ ':'"/. 

W1ml1rJJ,1l2~{--:=:J 1~YJ::nJ'i,m, Yi,m2 .. t·➔ 

~. i .\ 

w,~;: .~: ;~~.: ~:/J~:~~·.;,; :. \;,~;,,,, 
The desired solutions of the system satisfy the bo·unda(y 'cb1iditions:r .: ,;[ I ,,,;.,, 

Ii)'. 

· 1+1 ff'!mJ r ),:~p \,7;,,1-11,t,r 
. . , l 

.,. ( ) A , -..fir 
'Pim r r-oo -+ 2/me 

,),, ... ,~, ,,1 :,, ... ,, .:>1 ''•,:::,t,,rilg\f,a;:7}!j(~f~,:. 
!,:,;:·:',:(,u ,,i .. ,,1 . .:,,, -: c·, V11m(r)r-00•.0 ,B:i1~l'.:-; • · 

V21m(r)r-o-+ Cumr1+I 

. V21,n(r.l~-oo _:._.c21mr-cr, 

.. ,,/. ~ 

' . ' ~ ' ·,; ' "· " i . ,. . .• ; 

where A11m,A21m, Bum/.821,/6;1,;.,'c;,:.i ar~ co1istarit~: ·' 

·,.J.l ;· ·1,J,; 

... ,., • > '(7) 
.,,J '•i ,·, 

:,•:••: e••_•t,••;.( ·,: 
.-,. .,. 

The numerical solving of the problem (4r(6) with boundary conditions (7) is 
performed on the finite interval O < r < Rm with a limitation of a number of members ·, 
in expansion (3) by the number L-;,, f~r,iJ,(r)and_L., ~:2L,,. for V;(r),i = 1,2. 

.:t:~ ·~' ! • • { • •~ ~.,\'/~.-,,t" • >•\-'•••"•e- •~ ~> •, ... • .. •r• •:•1• •, 

2 

J 
'' ;l 
·1 jl! 
'\ 
' 

The case of spherically symmetrical solutions ip(r; 0, </>) \,} ip( r ), corre~ponding to 
Lm = 0, has received the most study. In this case the problem (4)-(6) is reduced to 
the solving of the system of three ·non-linear differential equations. This probiem was 
studied by a number of authors (see, for instance, ref.141). 

In this paper a more complicate case ip(r,0,</>) => tJ,(r,0) is considered. Here in 

expansion (3) the function Yim(O, </>) must _be replaced-by Yio = ~P1(cos B), where 
P,- Legendre polinoms, I= 0,1, ... ,Lm. 

Using more suitable designations and taking into account the states above limita
tions, the system (4)-(6) can be written in the form 

. ' 
· Lm 

,, . . · I(/+ 1) ( . A L Q ( ( ) 1/J, (1·) - >.1/J,(1·) - --2 -1/J, 1·).+ - 11, r)1/J1, r = 0 
r r 11=0 

"( ' /( I + 1) V11 r) - --2 -Vu(r) + S,(r) = 0 
1· 

II •· /(/ + 1) 2 . , 
V2,(r) - --2 -V21(r) - C Vi,(r) + S,(r) = 0 

r 

with the normalization condition 

L,,.,. R," . 

L j 1/Jf(r)dr = 1, 
l=O o 

where 
L. 

,I.= O,l~···•Lm,: 

(9) 

,/=0,1, ... ,L.,, 

(10) 

Q111(r) = L W11112(V112(r)- V212(r)) . (11) 

1,=0 

L.,.,. Lm 

S1(1·) = I: E W11,1,tJ,1,(1·)t/i1,(1·) (12) 
l1=012=0 

. +1 
fi/+T fi/;+l ✓212 + 1 J W11 112 (r) = 27fv ~V ~ ~ P1(x)P1, (x)P1 2 (x)dx. (13) 

-1 

Taking into account asymptotic properties of solutions (7), the boundary condi-
tion; for the finite interval O :5 r :5 R,,, can be written as follows: · · 

'PlA(O)ii,HO) - 'P~A(O)tJ,,(O) = 0 

'P2A(ftm)ipf(Rm) :_ it,;~(ll,,..)tJ,i(Rm) = 0 

V;lA(O)V;~(O) - V;'lA(O)V;,(0) = 0 
. . 

¼2A(Rm)V;HRn,) - V;~A(Rm)V;,.(Rm) = 0, 

3 

(14) 

(15) 



where 
"PlA = A11r1+1, "P2A = A21e-v'Xr, 

V11A = Bur'H, Vi2A = B2/I'._,, 

Vii~= C11r1+1, V22A = C21e-Cr, 

Ail, Bil, C;, are constants, i = 1, 2. 
I • 

3.A DESCRIPTION OF THE ITERATION METHOD. 

The problem (8)-(15) can be numerically solved by means of the continuous ana- · 
logue of the Newton method / 5/. In this case the system- of (Lm + 2Lv + ·3) non
linear differential equations should be solved. However, in this paper a· more simple 
·rriethod for solving ·this problem is proposed. A similar approach was applied in / 4/ 

for calculating spherically symmetrical solutions. The solving of the system of the 
(Lm + 2Lv + 3) nonlinear differential equations is reduced to the sequential solving of 
the eigenvalue problem for (Lm + 1) linear differential equations and to the solving of 
2(Lv + D boundary problems for linear differential equations. 

An algorithm of this iteration process is as follows. 
By taking some set {.,\(O), ,p\0\r), I = 0, 1, .. , Lm} (the initial approach), using for

mula (12) we calculate coefficients S1(r) for the system (9). Solving (9) with boundary 
conditions (15), v,<,0>(r) and Vi,0)(r) are found. Then, using (11), effective potentials 

Q)t(r) are calculated. Later, if solving the eigenvalue problem for the system (8) 
with boundary conditions (14), normalization condition (10) and the obtained poten
tials Q~?/(r), new set {,\Cl), ,pl1>(1·),l = 0, 1, ... Lm} can be obtained. These functions, 

in their turn, are used for calculating vi\1>(r), vH>(r) and effective potentials QU/(r) 
during the next iteration. This process must be continued until eigen-values and eigen
functions pc.1:), ,p}.1:>(r); I =·o, 1, •.. £ 111 }1 functions v;\.1:'{r), i = 1, 2, I= 0, 1, ... , Lv, ob
tained after two sequential iterations, would coincided with each other with given 
accuracy t:, that is, until the condition 6 $ t:-will be performed, where 

6 = max{I .,\(.l:+l) - .,\(k) I, rriax { max . I V;~.l:+l)(1·;) - V;~k)(r;) I, 
r;E(0,R-J IE[0,l,::.,L,),1:;=1,2 

max , .,.(k+l)( ) .1.(k) 
. IE(0,~, .. :,L~] '1-'I r; - 'I'/ ( l"j) I}} (16) 

The eigenvalue problem (8),(10),(14) for the system of differential linear equations 
is solved by means of the continuous analogue of the Newton method. Solutions of 
boundary problems (9),(15) are:cali:ulated by •~~ii•; For approximation of equations 
(8)-(9) difference schemes of th~ accuracy order O(h2 ) areused. In most cases the 
calculations are performed for ·.R,;. = 50 a1id WO. . . 

A nu.iuber of the iterations depends on a quality of initial approximations. Having 
su,fficiently good initial appro~imation~ {..\<0>,,p}0>(r),l = 0,1, .. ,Ln,}, ~hen a initial 

. '. . ', " . .. " 

4 

;) 
'1 :1 
i 

(~ ·•. 

l. 

,_)) 
j'f 

1h tV 
! 

residuai" ul0 ) ~ 101 - 11P,where 

.(\(O) = m!),Xili·, 
I 

• 
·1.m 

· u (0) _ 
1

.,.11(0)( ) .,\(o).,.(o)( ) l(l + 1) .,.<o)( )+A ""' . I - mrx 'I' I r - 'I'/ r __ r_2 _'I'/ r -;:- L 
Q, 1, . (r)"P~~) (r) I 

· l1=0 

A~O) = mrx I V" II (1·)l0) - l(l; l) v,<,0> (r) +S, (1·) = 0 I 

A~0> = mr-x I V"21 (1·)<0) - l(l; l) v2<il (1·) - c2V21 (r) + S1 (r) :c: 0 I 

the acc.uracy may be 6 ~ 10-4 - 10-5 in 8 - 10 iterations in the average. In doing 
so A(.1:) ~ 10-7 - 10-10 • The calculations were sequentially performed for Lm = 
0,1;2,3,4,5. The results obtained for the each mean of Lm, were used as an initial 
approach for Lm + I.When constructing the initial approximations tP}

0
l, Lm = 1 ~ 

· device of the ''.mouse" type (Genius Driver Mouse) was used. · 
The constants A and G' are selected in accordance with the existing· spherically 

symmetrical solutions, obtained in / 4
/. · 

. .,/2µ 17: 
c = ~,Jt = 0.45858,A = 8v2rru,u = 2. 

y1 -µ 

For the eigen-values and the eigen-functions of the (8),( 10),(14) to be received, the 
program packet SLIPH4 /G/ for ·Lm = 0,the program packet SLIPS2 /

7 
I for Lm = 1 

: and the program packet START for Lm = 1,2, ... ,5 (the description is prepared for 
· publication by Yu.S.Smirnov) are used . 

T.he computations were perforine~ on VAX 8350 and.PC/ AT 286/386 c~mp~ters. 

4.NUMERICAL RESULTS 

By calculations,performed with the help of the method described in sec.3 the set of 
solutions t,b =. { ,p/, I= 0, 1, 2, .::Lm} of probleiu (8)-(15) are fomid.' The singular°ity of 
this s_olutions _is that some of components 1P1 = 0. Obtafoed solutions can be separated 
into the next groups: . . . . . . · · • · . 

L Splierically symmetrical solutions,in which only function 1/.•o =/= 0. The solutions 
of this group coincide with the results of / 4

/. · • • 

2: No11~zero functi61is are "Pl for even means of I (I = 0, 2, 4): 
· ' 3: Non-zero functions are "Pl for odd means of ,, ( I = I, 3, 5). 

5 
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nz: 
N, 

, : Table . . . 

LM=O ___ LM=l _ _J ·-_ LM=2 ____ j_ ;: _ LM=3 _____ · _i . _ . _ LM=4 .. · . _____ . __ _. __ LM=5 _________ _ 

fO ?i 

0 1.42110 ·-~ 1.42110 
1. 1.:. 1. 

fO fl ?. fO fl f2 ?. ifO ·fl f2 f3 'ii ifO fl f2 f3. f4 ';\ lfO fl f2 f3 f4 f5 
-------------.---------------- ----------- _---------. . . I 

- 1.421 o - - - 1.421 o - - ~ ~ 1.421
1
o 

1. 1. . 1. 

;\ 

0 .791 
1. 

1 
• 79 

0 
1. 

0 
;21 

.791 0 
.97 

.45511 ·
_79 

0 
.21 

0 :816 
.03 

0 
.97 

0 
.-.03 

.45511 - 0 
.789 .206 

.816 0 
;970 

0 
.028 

- 0 .81 
.002 

.45 0 .45511 - 0 -· 0 
.003 . 789 .206 .003 . 

1 .443 
1. j ] 

. ] . ·-· 7 . . t·-___ 443 i._-__ ~ ___ 443 i._-__ - __ - ___ 443 i. "'-----~------4~3,i. __________________ _ 

1 
1; 

.303 1 
1. 

.303 1 
.78 

1 
.22 

.362 1 
.78 

1, 
.22 

.362 1 
.73 

1 
.21 

1 
.06 

.38 

-------➔------~-------------~----------------~-------------------~---------------------
2 
.76 

1 
.24 

.20612 
.76 

1 
.24 

.20612 
.64 

1 
.32 

1 
·_ .04 

.20812 
.64 

1 
.32 

1 
.04' ·:. 

.20 

--------!----- ~--------1---------------- ------------------
2 .. 19412 
1. 1. 

.19412 
1. 

.19412 
1. ' 

.19412 
1. 

.19412 
1._ -- .19 

------- ------------
2 .156 
1. 

--------!----
(*) 3 

.36 

3 
.68 

2 
1. 

2 
.64 

2 
.32 

.156 2 
.68 

:13613 
.36 

.11413 
.68 

2 
.64 

2 
.32 

- I 2 .193 
.32 

2 - 2 - .193--· 2 - 2 - 2 .21 
.68 .. 32 j ,55 · .32 .13 

.136 
- ... ------ ·_.:_ ~ __ . -] ____ · ----------------

.11413 
.66 

2 
.31 

2 
.05 

.11613 
.66 

2 
.31 

2 
.03 

.11 

nzl 3 
N 1. 

.10613 
l; 

.10613 
1. 

.10613 
1. 

.10613 
1 .. 

.10613 
1. 

.10 

nz 
N 

3 .081 
1.-

3 
1.. 

.081 

---------------- ' 1- ", -----------------------------------------
' \,-' t 
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In the table the spectrum of eigen-values,and number of zeros N, and norms of 
'. Rm .· · . . 
functions N = f 1/J?dr are represented for Lm = 0, 1,2,3,1,5, Functions with N = 0 

0 
are denoted by minus. · 

As it is obvious from the table, at increasing the mean of I the norm of non~zero 
components t/J1 decreases for the most solutions. This allows to suppose, that using 
valid selected means of Lm, the approximation of solutions of the problem (4)-(7) 
with a high acc'uracy can be obtained. · · 

. In addition,for Lm = 2, 3 the solution noted by (*) in. which the norm of i/.•o less 
than the norm of t/)2 , is calculated. 

Another conformity reflected in the table is a correlation between the norm of t/!1 
and its number. of zeros. 'Dumping' of norms of t/J1 is slowing if the number of zeros 
in solutions is increasing. ' •--· -· -~>'.·· 

At. the figures 1,2,3,4,5,6 the graphs of non-zero components t/!1 of the spherically 
non-symmetrical solutions for ·Lm = 6 are represented. At the each figures the number·, 

. I of function t/!1 and the eigen-value A are indic<1-ted. 
Authors are grateful to Yu.S.Smirnov for the program START . 
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l11Tepau,noHHbltt MCTO.A BblllHCJICHHSI ' 
Cq>CpHtJCCKH-HCCHMMeTpHllHhlX pemeHUH " -in ,, ... 
nOJISlpoHHOH npoo.nCMbl (MO,ACJlh JlaTT·IIH>Kepa - Jly) . 

PaCCMaTpHBaCTCSI HTepaU,HOHH~H MeTO,A BblllHCJICHHSI Cq>epnlleCKH.:_HeCHM
M~TpHtJHblX COCTOSIHHH nOJISlpoHa B paMKax MO,ACJlH JlaTTHH)Kepa--:-Jly. Hcxo,A
HOe . ypaaHenue Il()JISlpoHa B llaCTHblX npoH3BO,AHhlX npu . pa3JIO)KeHHH 
pemeuu.si no ccj>eputteCKHM q>yHKU.HSIM Ytm(0, ip), m = 0, l = 0, I, 2, .. :cao
.AHTCSI K aa~alle Ha co6cTBCHHble 3HatJeHHS1.AJIS1 cucTeMhl ua 3(/ + I) HCJiuHeii
:HhlX o6blKHOBeHHhlX .AHcfi<Pepe~U,HaJihHblX ypaaHeHHH. Ee peweHue, cor~aCHO 
npe,AJiaraeMOMY MeTO'AY' aaMeHSleTCSI nOCJie,AOBaTCJlhHhlM peweHHeM aa,Aall Ha 
co6cTaeuuwe aHalleHHSI ,AJISI cncTeMhl ( l + I) JIHHeHHhlX ,AHcp<pepeuu,uaJihHhlx 

ypaBHeHHH, ocy~eCTBJISICMblM Ha ocnoae nenpephlBHOro anaJiora MeTo,Aa Hi.10-
TOHa, u pewemteM 2( l + I) K paeawx aa,Aall ,AJISI Jiuueuuhlx ,AHcp<pepem~uaJihHhlX 
ypaBH,eHuii. Tipe,AcTaBJICHbl peayJihTaThl clleTa ,AJISI CJiyllaea l = 0, I; 2, 3, 4, 5 . 

. .. Pa6oTa BhlnOJIHeHa B Jia6opaTopuu BblllHCJIHTeJihHOH TeXHHKH H aBTOMa-
TH3aU,HH 011.sJ:11. . . . ; . 

' ' 

• • ' • ' I • ' 

, . npeopm1r 06,,e,111111e1111oro 1111crmyrn 11,11epliblx 11ccneiloea1111ii. ,ny~11a 1991 

TiepeBO'A Apucyapxoaou M.B • 

. Amirkhanov I.Y. et al.• El 1-92-205 
Iteration.Method for Solving the Spherical . 
Non-Symmetric Polaron_ Equation (the Luitinger - Lu Model) 

/ 
. · An iteration method for calculating the spherically non-symmetric polaron 

.states in the framework of the Luttinger- Lu.model is considered. The initial 
poiaron partialdifferential equation by expansion of•the solution in spherical 
functions Yt111(0, r,), (l = 0, I, 2, ... ; m = 0) is reduced. to the.eigenvalue . '--- . . . ' 

problem-for a system of 3(1.+ I) ·rionlinear ordinary equations. The method 
proposed reduces the solving of the problem to the sequential solving of 
•eigenvalue problems fof the syste!}l of l + I linear differential eq~ations being 
performed on· the base of. the continuous analog of Newton's· method arid to the 
solvini;-the ({ + l) .. pair'of boundary problems for linear differential equations.· 

' . '. ' ' ,' ' . 
The results of the calculations for l =· 0, I, 2, 3, 4; Sare presented. , · 

' . 

' . The investigation' has· been' performed at·. the Laboratory_ of Computing I 

Tcchniques·and Automation, JINR. . . . . 
. , . . . 
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