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l.INTRODUCTION 

Numerical functional · integration is one of the 

perspective 

contemporary 

physics [l]. 

functional 

means of computation in many branches of 

science, especially in quantum and statistic:=tl 

One of the important areas of application of 

integrals [2] is the computation of various 

characteristics of physical systems which consist of many 

particles ~nteracting with each other. The basis for the 

computations is the Green' function Z(x,x
0
,t) which in 

Euclidean metrics (t=i-c) is the solution of the, following. 

problem 
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where V(x) is a given function. The Green function method is 

an effective means of solution of multidime1;1siorial problems 

in , statistical mechanics, nuclear_ physics, · quantum optics 

etc. The solution of (1) without_ any simplifying assumptions 

(mean field approximation, collective excitations) is a 

rath~r complicated computational problem. In the case of high 
' • • • 1 

dimensions (n>3) the traditional methods (finite element, 

finite difference) lose their efficiency because of. the 

presence of singularities and of the necessity of solvi~g-the 

algebraic sy~tenis of extrem~ high orders,. The iipp~oa~h based 
on _the computation of matrix elements of the time. evolutio'rt 

operator exp{-TH} .' 

Z (x ,x ,t) = <x le-™Jx > 
I f' . C , .I ~(2~;--,' 

appears to be perspective [3]. This approach· enables one to 
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replace . the differential,· formulation of the · problem · (1) by 

the evaluation· of the functional integrals~ ·•The · stochastic: 

methods (Monte ·carlo algorithms) are often used inth1s case. 

It . provides · the way of solution of the variety . of 

multidimension~l problems,• e.g.· problems of nuclear physics 

( 4) ~- This approach is of particular importance· wheri the other 

methods- (perturbative, variational,. stationary-phase 

approximation etc.') cannot be applied (5). In connectio~_with' 

the recent development of the methods of approximate 

evaluation , of functional integrals with respect to Gaussian'' 

measures (see (6)), the approach based ·on the use of 

the expression· of matrix element (2) ·in· the form· of the· 

integral with conditional Wiener measure dwx 

T 
1

<xrl~:-:rn1x1> = J exp { -I v(x(t) )at } dwx (3) 

., ' '',, ' 0 
appears to be of particular interest. 

is performed over.· all functions x(t) 

The. integration in _(3) 

e C (0,T], satisfying 

x ( 0) =x , x (T) =x . One of the advantages of this approach is 
; l. .·. .. , f , . .. · · .·· 

the possibility of solution of the problem (1) in unbounded 
' ' 

region, without replacement of the boundary conditions at .the 

infinity by the conditions at some large xmax. 
., k 

In the framework of the deterministic approach which we 

are successively deve,loping (7) we derived for the functional 

integrals with Gaussian measuresµ 

J F[x) dµ(x) ( 4) ', 

X 
some new approximation formulas exact on a class of 

polynomial f~nctionai~ (8). Here Xis a full separable metric 

space, F is a real functional. In particular, case of 

conditional Wiener measure the family of approximation 

formulas with the weight· is derived (9). · The use· of the 

fornn~l~s in the problems of quantum mechanics show ( 10) th~t 

the~e fo~ulas provide the higher efficiency ~f co:inputations 

v~rsus other methods of evaluation· of functional integrals.· 

Vi ~z--:;;;~*!W• ·jl ,,;;:.-;;:-V1" I 
~ ·•: ·:::~-~;:/~ ?~r:;;;;;;t;£;:) ! 
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The employment.of our formulas gives the significant (by an 

order) · econ_omy . of computer time and memory compared • to . the 

lattice Monte Carlo method in the problems wich , we' have 

considered (with the equal accuracy of results)·._ Moreover; 

while solying the problem (1). by finite difference .methods 

one needs. to · discretise both space and time variables, the . . . ' 

integral formulation via lattice Monte Carlo _method assumes 

the disc_retizat_ion of time only and the continuum_ , approach. 

based on the use of our formulas does not need any 

discreti_zation at all. The-. discretization is performed.- here 

only at the final step of .• computation ._of the ordinary 

(Rimanian) ,fnteg;-als which arise in the formulas_. 

In order to . solve the problem ( 1) by .. the . functional 

integra1:,ion, method in the case n>l one has to evalu~te the 

multiple functional integra~s _[11) .' In the present paper we 

derive and study the approxi~-ation formulas for such 

integrals. We prove the theorem on convergence of 

approximati~ris' to .. the exact : va'1ue of integral and estimate 

the spee.d of thi~ convergence for some class of functi~nals. 

we· illustrate the employment of OU; f.ormulas. by examples of.'. 

computation.in statistical ~echani~s. 

2. CONSTRUCTION OF APPROXIMATION FORMULAS. 

Let ~ = X· ... ·X be a Cartesian product of the full 

separable -metric spaces X. The m-dimensional integral with 

Gaussian measure is defined as an integral built on Xm with 

respect to Cartesian product of the Gaussian measuresµ on X. 

I . (ml J . ' . . . _.J . (ml . 
_ .... F(x

1
, ••• ,x

11
)dµ(xi) ••• dµ(xm)·~ F(x)dµ. (x). (5) 

X X , . ·. Xm 

One of the - means of computation . of integral ( 5) is the 

successive employment of some approximation formulas for the 
11 one:-dimensional II functional integrals (e.g. formulas exact 

on a class of polynomial .. functionals of degree :s 2n +1 for 
. - . . . . . . . . , k .,. 

the. variable x eX,k=l,2, ... ,m, which_ we constructed in paper , . k . . . . . .· -
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[8]).' The more interesting_is to construct the approximation 

formulas with the given summary degree of accuracy 2k+l, i.e. -

formulas which are exact·fo~ the constant-functional and for 

the f~ncti6nals 
m 

F (x I ••• ,·x ) = n F (x ) 
1 . m l=f.\- 1. 

·where k +k + ••. +k 
, 1 2 m 

F (x ) 
· k I 

:s 2k+l, is a homogeneous 
l 

polynomial_· of degree k
1 

,exampl~ of s\lch a. formula 

with respect to argument x, • The 
l 

is given by the following 

.Theor.em 1. [ 6 J let L be a. lJnear .. homogeneous functional 

defined. on a manifold of the functionals integrable: with 

respect . to. the measure µ. Let L satisfy ·.the , follmdng 

conditions 

1. L(F) = _o for any odd functional F(x)~ 

2. L{<E, ·><~, ·>} = K(€,lJ). for arbitrary (,lJeX' 

-K(€,lJ) is a ~orrelation fuhctional of the.measureµ. 

3. Either L{ fi;€ 1 , ·>} = 0 and L{l}f0, 
•' / c_ t • ' 

' . 21'" 

or L{ n <€ , ·.>} = 0 for any € ;tQ, € EX' ; i=2, •.• , m • 
l , . · l , I 

l = 1 

Let b (i=l,2, ... ,m) be arbitrary positive numbers., 
l 

Then the approximation formula 

J F (~) dµ(ml (x) "" 

xm 

m 

c1.:.:Ib
1
L{l}) l<o',o;; .. ,o) + 

I =1 

m 

+· ~ b L { F(o,o, .• .. ,x /~,o, ... ,o) ·} L l X I l 
l =1 I 

(6) 

(7) 

_is exact for all polynomial functionals of the third summary 
d~gree on --~. . . . . 

Re~ark~ .·· The designation. L { F} means.- that the functional L is 
X . 

; ' 1 . 
applied to F as to the functional of. argument x e X only • 

. • . . . , . I ... ·. ,, 

. Formulas like (7) give. a good approximation to 

exact ~alue ~f integral, wh~n. F[:X:J is. cl~se· to· .. t~e polynomial 
' ' ' . . ~ ' . . ' . . ' 
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function~l . of the third summary degree on x'". , More precise . 

approximations can be achieved for the large class of 

functionals if one uses the method of co~struction of the 

so-called "compo~ite approximation formulas" which we derived 

in [ 8, 9] for the 1-dimensional· functional integrals. The 

advantages of the composite approximation formulas over the 

"elementary" ones have been determined in (9). Analogously to 

the case ~f 1-dimensional functional integrals the 

construction 

' integral ( 5) 

of the composite approximation formulas for 
' ' 

is based· on 'the use of the· relation called 

"mixed integr~tion formula 11 [ 6] • Applying this formula to 

·integral. (5) ~ith respect to each com~onent x we obtain the 
, I 

mixed integration 'formula for the multiple functional 

integrals 

Here 

J F(x)dµ<~> (x) ·= 

x'" 
I . {. 1 ;-- .. (I) , (I) } . ' 

exp -
21

f.
1
(u. ,u .. ) x 

RN . . . . . 

.I . ' 'ell . ' Cm) 
x F(x -s (x )+U (u ), .... ,x -s (x )+U (u· ))x 

1 n , . .1 n m n m n 
1 1 · m m 

. x'" ' 
Ill' (ml 

x dµ(x) ···dµ(x )du ···du • 
· 1 . , ', • m 

n 
I . 

s (x ) ;,, \' (e x )-e 
n I · L J' I H·J 

I J =1 . 

n~; •' 
. I . 

U (u 1
,I)) = l u 11)e 

n I . J =1 j J 

. ·m 

N = l n1 
· · l =1 

n 
u 11)e· R 1 

n 

(u(ll,ti(ll)= f(u'(ll)2 
' . J =1 J 

n -are arbitrary positive numbers. 

. (8) 

(9) 

{~kt:1. is an orthonormal basis iri the 'Hilbert space ii which 

is generated by the mea'sure µ and is 
• ' • •' I 

in X [ 6]. This basis is formed 

correlation functional K(~,~). 

dense almost ev~r~here 

by eigenfunctions of 

Substituting ·, the integral over x'" in the right-hand. 

'side of (8) by the a'ppr~ximati~n 'formula (7), we obtairi the 

! 
'I 

I 

l 

, .. 
composite approximation formula 

of accuracy for integral ( 5) • 

appears to be proved 

of the t.hird , summary degree· 

Thus, the following theorem 

Theorem 2. Under conditions ( 6) and (9) the approximation. 

formula 

. I F(x)dµ 1
m

1 (x) 

x'" 

= (2rr)-N/
2J ~xp{-~

1
f

1 
(u

01 
,u(I)) }x 

RN 

m 

[ 
·c l ' ) (I l (ml x 1- bL{l} F(l: (X= o,u ), ..• ,:E (X= o,u )) + 

1 1 1 m m · 
1 =1 

m 

l {. = (ll 
+ bL F(l:(x-0,u ), ••• , l X 1 1 

1 = 1 l 

(10) 

_,c-, Ill , . (ml }] :E (x/vo ,u ), ... ,:E (X=0,u )) du+ R (F) l l l m m N 

is exact for all polynomial functionals of the third summary 

degree.on x"'. 
Here 

:E (x u 01
) 

1 1' 

du 

X - S (X ) .+ U (U(I)) , 
1 n l n .· 

I 1 

duUl · '. ·du<ml 

RN(F) is a remainder of the formula (10). 

Corollary. In particular .case of conditional Wiener measure 

dwx i.n the ~pace X = { C [0,1]; x(0)=x(l)=0 } ;,= C t~e 

composite approximation formula of_ the third summary degree 

of a~curacy for the.multipie conditional Wiener integrals is 
' ' I ' ' 

written as•follows 

I F(x) dwx 

cf" 
1 

( 2 ) -N/2 I . { 1 ; ( ( I l CI) ) } . rr • exp - 2 ·L u , u x 
. N . . l =1 . 
R .. 

1 x-
2m lilJ - (ll - _r-=---, ' (ll F(U (u.), ••• ,:E(vm p(v,·),u ), ••• ,(11) 

n I · 
1 

-1, 

6 .7 



Un (u(m)) du dv + R Cm> (F) 
N 

m 

p(v;t) 
{ 

-t sign v, 

. (1-t) sign v, 

t :S lvl 

t > lvl 

f (p(v,t) ,um) 
l . - . 

- (l) 
= p(:v,t) - Sn 

0
(p(v,t)) + Un (u. ) . 

n 
l 

l l 

s (p(v,t') ,u 0 >) 
n 

l 

2 l J~ sin(jrrt) sign(v) cos(jrrv) 

J=l 

n I 

U '< (l)) vT \' (l) l ' (' t) n u = L uJ Jrr sin Jrr . 
I 

j = 1 

Proof .. Since in. the space C [0,1] the 

-holds 

I . -
fol·lowing 
· i __ I 

1 

<(;,x> = J x(t) d(;(t) 

0 

we can write 

where 

K((;,11) 

1 1 

J 'J lZ (t, s) · d(; (t) - d11 (s) 

0 0 

lZ (t,s)- = J x(t) x(s) d x. ' w 
C 

In the case of 6onditional Wiener measure we ~ave [6] 

lZ (t,s)'= min(t,s)· - ts; e =-~ il> (t) 
. - , . k , -, k .- k 

relation 

where -A -· and il>. (t) are the eigenvalues and the eigenfunctions 
~ k - -

' of the kernel lZ (t, s) 

Ak' = 1/k
2
rr

2 
; ~k .(t) 0"""' sin (krrt) . 

Taking' the functiona·l L{F} in the form 

L{F} ~ I F[ p(v) ]dv(v), 
. R .. 

vis the symmetric probabilistic measure on R, satisfying 

/ 
dv(v) = ~ dv, v e [-1,1] 

8 

I 
·! 

·. :1 

l 
·, 

'I 

! 

I 
f i 

'·• \◄ 

and substituting the last relations into (10) with 
\ 

bk =: 1/m ,,- k=l,2, ... ,m, 

we·obtain formula (11). 

In many cases the use of approximation formulas with 
weight is preferable~ For the multiple cond_iti_onal Wiener 

integrals 

I = JP(x) 
m 

C 

x = (x
1

, ••• , xm) , d x 

with the' weight' 
_w 

F(x) d x 
w 

d X d X 
1 2 w w 

dx 
m 

w 

. .. P(x) a exp {t] [ ~ (t)x
2
(t) + q (t)x (t) ) dt }-

1 l l l 

0 

p (t)',q(t) e C [0,1). for all i=l,2, .•. ,m 
l , l · 

(12), 

(13) 

we obtained the-following approximation for~ula 

Theorem 3. Let B (s) be the solution of 
l differential 

equation 
I ' - 2 2 . - -, 

(1-s) B (s) -(1-s) B (s) - 3 B (s) = 2 p (s), 
l _ l , l l 

A (1) = _..;.2/3 pl (1) 

and let the follciwing definitions hold 

SE [0,1] 

(14) 

L
1 
(t) 

t 

W1(t) = exp {J (1-s) B1 (s) d!, } 
0 

t t 

I 1-t I a (t) = - L (s) ds - -·· B (s) W (s) x • 
l l W Ct) l l 

l 

0 0 

s 

X [ J LI (u) du ] : cis 

0 

t J [ B1 (s) W1 (s) H
1 
(s) - q

1 
(~) ] ds + c

1 

0 

9 

. (15) 



i' 
i 

,: 

. 1 

H (s) = J. q (u) 
I . · I 

s 

1-u du 
W(u) 

I 

Then the approximation formula 

1 

I ,,. . exp { - . ½ f J 
I= 1 

(1-:s) B
1 
(s) as} 

0 

1 

I L1 (u) du 

·O 

1 

exp. { ~t I 
0 • 

L:(t) dt 

X ~ f I F(cxl, ... ,vm 'Pl(v, •)+a:1(·), ••• ,cxm) dv 

' I= 1. 
-1 

}x 
(16) 

is exact-. for any polynomial functional of the third summary 

degree on Cm. 

Here 

f (v, t) 
I . 

'11 ,( v, ·) = f (v 1 ·) - <J'. (v; ·) , 
I. I I . . 

1-t 
sign v w <t> 

I. 

u,{v,t) - { 

mln(v,tl. 

[ 1 + J Bl($) :WI <_s_) dsJ' 

0 

sign v, ~:Slvl 

0 I t>lvl 

Proof. We employ the linear transformation x(t)~ y(t), given 

by the relation y = x + A x , x •. e c, i=l, 2, ... , :m where 
I I I . I I . 

t 

A ~ t(t) = (1-t) ·I B (s) x (s) ds 
I I . I I i 

B
1 
(s) e C [0,1] • 

0 

The transformation 
A 

A = 1 + A 
I I 

maps the_ space C onto itself 

[12]. Using this transformation 

.we derived in [13] for· the 

dimension, we obtain now 

in one-to-one correspondence 
i 

anal<?gous to the result,which 

case of integration: in one 

m 

J F(~)dwx 

cm 
n DI 
I= 1 

IF[ 
c~ . 

A , A ] 
AX, ... ,AX x 

1 1 . m m 

10 ·. 

{ 

I 
ii 

·' 

.\ 

'1 

exp { -f I ( ~ [ ~t (Alxl) r + xi ~t (Alxl) )at } dwx = 
, I o: 1 

0 

= nm D J ~ [X , •• .',x ] 
I· 1 m 

I= 1 
. c"' 

'1 

exp{~ f I [ (1-s) B; (s)-(1-s) 
2
B:(s)-3B

1 
(s) Jx: (s) ds} dwx, 

I =1 
0 

where 
A A 

~ [ x_ , ••• , ·x ] = F [ A X , ••• , A X ] 
1 m , 11 , mm' 

' . ' ' 

D is the Fredholm determinant 
I 

1 

DI ~xp {~I (1-s) B (s) ds ;} 
I . 

0 

Therefore, if B (i~ is the s~lution of the problem (14), we • I 

have 

1 

I ~ [ x , .•• , x ] exp 
( 1 . m { tI P,(t) x2 

(t) dt } d x = 
I , W 

.cm 

m 

ft D;lJ ~ 
cm 

where 

0 

"[ A -1 A ~1 ] , 
A X, ••• ,A X 

1 1 m m 

t 

dx 
w 

A-1x (t) = x (t) - · i-t B (s) W (s) · x (s) ds, A ' I 
I I I W (t) I I I 

I 

0 

W
1
(s) corresponds to (15). 

Performing one more change of variables 

t 

Y_ (t) = z (t) + J· L (s) 
1 I I 

ds, 

0 . ' 

where L (s) satisfy (15) after some transformations we 
1

obtain . I 

11 



for integral (12) with the weight (13) 

I P(,x) 

cm 

F(x) d x 
w 

1 

~ exp { - it,! (1-s) B
1 
(s) as} exp { ~t J 

0 

· l F 
cm 

[

. A -1 A -1 . ' ] 
A . X +o: , ... , A X +o: 

1 1 1 m m .. m dwx 

where a correspond to ( 15) • · 
I . 

L2 (t) dt 
I }x' 

(17), 

For the integral over . Cm in the right-h'and , s_ide of ( 17) we 

apply the approximation formula '(7). The assertion of Theorem 
A 

. ' ' • ' • -1 . 
3 follows now from Theorem 1 due to continuity of A

1 
and o:

1 
• • . , . A _1 

and to the linearity of A
1 

• 

Remark. Equation ;(14) is in fact a. Ric_cati equatio'n~ .. Its. 

solution· for 

,·.pl (t) =, p canst < rr2;2 

is. 
•• 

· a· (s) = _1_ [ V2p 
I 1-s I 

ctg ( V2p (1-s) )-
1 . 1-s 

.1 ] 
If ·we set also qi (t) = q

1 
= canst, then o:

1 
(t) can. be 

expressed explicitly as 

0:1 (t) 
q 

1 sin(v'p/2°t) sin(v'p/2' (1-t)) 
. r.::---77' I I p

1
cosvp/~ 

1=1, 2, ... ,m 

and the approximation formula' {16) acquires the form 
. . -~ 

m [ V2p 1/2 •.{, q
2 

,. , . }~ , 
I "' TT ( 1 

·)· · exp .· · 
1 

· [tgv. p /2'. - v'p ;2'] · : . 
. 1=1 . sini/2p . .• {2p ) 3/2 I ... ·. i_ . 

1 . .. I . , . . . . . .. ( 18), 

1 
m 

X ~ L I~<o:1<·>,.'~.,vm 
1 = 1 

-1 

(for p<0 the trigonometric 
' ' 

hyperbolic ones). 

:V1{V:, ;)+o:J·), ... ,o:m( •) )dv. 

functions are converted 'into 

12 

, 

~ 

. ' \i..1 

3. CONVERGENCE OF THE APPROXIMATIONS 

Theorem 4. Let for almost all veR, with respect to measure 

v(v) the following convergence hold 

S (p(v)) -~ p(v) when n~ ro, i:,;1;2, ••• ;m. (19) 
n I · I . 

Let F (x) be a continuous on Xm functional, satisfying the 
condition 

IF(x) I 1 ' ' m 
:s g(. A (xl,xl) i ••• ,A (xm,xm) ) (20) 

where Ak (x , x ) - is a non-negative quadratic functional k k 
(X) 

Ak(X ,X) ,k k 
I k ·' 2 = X e ~ ' 0 1 ( k 1 l)H · (21) 

l = 1 

(X) 

I o: < (X) , 01 ~ o, i=l, 2, ... {22) 
1 = 1 

g(x) is, a non-de~reasing function, and 

II 
~R 

1 k · k g ( A (xl,xl), ... ,A (p(v),p(v))+A (xk,xk), ... , 

(23) 
·Am(x,x))dv{v) dµCml(X) < ro. 

m ·m 

Then the remainder of the approximat~ fo:r:-mula (10) 

R (F) ~ 0 ·when n ➔ ro, i'=l,2, .•• ,m. 
N .· I , .. 

Proof. Without any restrictions of gerieraiity we suppose that 
k 

01 = 01 
and 

k . , 
A , ( xk , xk) . = A ( xk , xk) , k= 1 , 2 , ... , m . 

Using (20)-(22) we.obtain 

IF{S (x), ••. ,vm(p(v)-S (p(v)))-f;S (x), .•• ,s (x))I:= 
-n .. 1 n , - , n , k , n m , 

1 k ' k ' m 

n n ro 
1 , k , 

I F ( '\' ( X , e ) ~ e I • '. •• vm ( ''\' ( X I e ) ~ e + '\' ( p ( V) • e ) ~e ) , L 1 lH 1 L k I H 1 L I H 1 
1 =1 1 "1 

13 
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• • • I 

n 
m 

\(x,e)-e) I :s L. m I H I 

I =1 

n n oo 
1 · k 

g( I.0 1<x1,ei)i{ 1 :··, l 0 1(xk,e1>/+L 0 1<P<vl 
I =1 I =1 

?' n 
m 

I =n + 1 
k 

\°_ a' ( x , e ) - 2 
) :s L. I m .. I H 

I =1 

2 
,e1>tt , ••• , 

g( A(x ,x), ••• ,A(p(v) ,p(v) )+A(x ,x), ••• ,A(x ,x) ) , 
1 1 k k m m 

! 

for all k=l,2, ••• ,m. 

Consider the functional 

T(X·, ••• ,x) 
N 1 m 

jl J F(S (x), ••• ,vnt(p(v)-S (p(v)J)+S (x), ••• , 
, n 

1 
1 , . · nk , , nk k . 

R 

s (x ) ) dv (v) • 
n m 

m 

(24) 

TN (x) I is integrable on x'" . with respect to measure µ. Using 

the mixed integration formula ( 8) _we get 

I TN(~) 

x:'! . 

dµCml(x)·= (27!)-N
12 J exp{'"'~ I (uCl\uc

11
) }x, 

N I ·=1 , , 

R .. 

(25) 

I (ll · (ml · (ml 
x T (x -s (x ) +u. (u ) , .•• , x -s (x ) +u (u. ) ) dµ xdu. 

N 1 n 1 n m ·n . m n . • 
1 1 ' • m m , 

xm 
One can transform the functional 

T (X -s (x )+U (u(l,l); ••• ,x -s '.(x )+U (u(ml,)) 
N 1 n

1 
1,. n

1 
m nm m nm .. 

as follows 

. T (x. -s (X ) +U (u<tl), ••• , X -S (x ) +U (uCml)) = 
N,1 n 1 n m nm n 

1 1 m m 

14 

t 

j 
i 

·l~ 
,· . 
1, 

'.· 

m 

I 
k =1 I ( . ,• (ll . 

. 
F s (x +s (x ) +u (u ) ) , .• •• , 

n· 1 n 1 n 
· 1 1 · 1 

R 
v'm(p(v)-S (p(v)))+S 

n n 

(kl 
(x +s (x ) +u (u ) ) , ••• , 

k n k. · n 
k k k k 

S (x +s (x ) +u (u<ml) ). ) dv (v) 
n m n m n 

(26) , . 

m 

I 
k =1 

rF( 
R' 

m m m 

(ll , . . · ···· (kl 
U (u ), ••• , v'm(p(v)-S (p(v)))+U (u ), ••• , 

"1 · nk nk 

U (u<ml) ) dv(v). 
,n 

m 

Substitruting (26}' into (is) and.taking into aCcount 

I .~µ (ml (x)' = 1 

xm 
we obtain 

I TN (x) dµ (ml (x) 

xm 
( 2 ) -N/2 J . · { 1 ; ( ( i) (I l ) } rr exp - 2 L u , u x 

I =1 
RN . . , 

I tit I 
Xm R 

jl IF( 
R 

· ( · (ll -~ · . . . ' . (kl 
F u (u ) , ••• , v m (p (v)-S (p (v))) +u (u ) , 

n n · •. n 
1 · k · k 

• • • I U"m(uCml).) dv(v)} dµ<mlx du 

(2 ) -N/2 I ·{··· 1 ; ( (I). Cll>} , rr . exp - 2 L • u . , u x 
I =1 • 

RN 

(ll _r-=-s · . (kl , u. (u ) , ••• , v m (p (v) -s (p (v))) +U (u ) , ••• 
n n n 

1 k k 

(ml ) d U (u ) , v (v) du • 
n ' 

m 

Hence, the integral 

15 

I 

' 



. J.F(x)dµ<m> (x) 

x"' 
can be represented in the form 

I F(x)dµ<ml (x) == .: ·I. T (x) dµ(ml (x) + R. (F). 
· m N N 

x"' xm 
For almost all xeXm with respect to the measureµ there holds 
the convergence 

S (x) ~ x when n --+ro, i=l,2, ... ,m 
n l I I 

I 

Therefore 

J----in'cp<v>-s <P<v>» +sex> ~x 
· n n k · ·k 

k k 

when n1< ~ co 

Consequently, at these points 

1<=1,2, ••• ,m.-

p·( S (x), ... ,vm(p(v)-S (p(v))) + S (x), ... , n 1 n n k .· 
1 k k 

S . (x ) )- - F (x) n m 
m 

by the simultaneous approach .of all n to the infinity. 
' ,· ' . I< 

It folla"ws -from (23) and. ( 24) that the 1sequence 

, { TN(x) L00

~

1
-, i=l,2, ... ·.,m 

. I 

is bounded by the integrable function. Now we can apply the 

Lebesgue theorem "on the pass_age, to the limit under the 

integral sign" 

·I · (ml · TN(x) dµ (x) ~ m 

xm 
I-~ (x)_ dµ (ml(x)_ 

xm 
as n

1
--+ co, i=l, 2, ... ,m 

which c~mpletes the proof of the theorem. 

The estimate of the, remainder R:(F) in dependence on N 
N 

is established by the following 

Theorem _5. If the integrable with respect to measure µ<ml (x) 

'functional F (x) ·- can be expressed in the form 

)(J 

F(x+x) = P (x) + r(x;x) , (27) . , o., 3 , 0, 

where P
3

(x) is a polynomial, functional of the .third summary 

degree on Xm and the remainder r(x;x
0

) is estimated by _the 

expression 
• m 

'lr(x;x) :!, (A(x,x)) cexp cA(x+x,x+x) + In 1- 2[· ·{ 1 o·o} 
0 I I , 1 2 I I I I 

1 

2 

1,00 

l = 1 . . 

+ c exp { cA
1
(x

0
,x0

)}], (28) 
3 2 I I ' 

C
1 

> 0 (i=l,2,3) 

C o(ll 2:: 0 
2 k 

k=l,2, ... , i 1, 2, ... ,m 

\ o_·,ua < co L k k 
(e. ,· Vm p(v)) 2 

:!, a ; a ,v e R (29) 
k , k k 

k=l 

then for the remainder of.approximation formula (10) there 

holds the estimate 
m 00 m 00 

RN(F) O(nl <I ot)2) 

k =1 

+ L O((L 
I= 1 

o t ak) 
2

) ~ ( 3 0) 

k =n +1' . I 

Proof. since the formula (10) is exact for all polynomial 

functionals o~ the third summary degree, it follows that it's 

remainder can be expressed as follows 
, , m 

RN(F) = '(2rr)-N/2 I exp{-½I'cu01 ;u 111 ) }x 
· N I =1 . 

X [ 

R 

I :(x-Sn1x) ;Un(u))dµ<mr(x) 

m 
X ;; t, I r(o, ... o,q p(v)~s.}p(v)) ,o, .... ,o;U

0
(u) Jdv(v)] dwe 

R 

According to (28)', we get· 

I Kl I :,!; (2TI)-N/2 

K - K. 
1 '2 

I exp{-½ 
N 

R 

17 
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x[ 

X , [ 

m OJ 

X J n (L a 0 >(x ,e ) 2
)

2 
x 

k I k · 
I= 1 

m 
X 

OJ 

k=n +1 
I 

c exp c • a ( x , e ) + {. L (I) 2 

1 2 · k I k 

ken +1 
I 

n 

n 
I 

C \ a (I) ( U ( I) ) 
2

} + 2L k k 
. k =1 

+ c,exp{ c,t::u (u:">'}] du'"' (x) du 

m n (2rr)-nl/2 
I= 1 J { 1 (i) (i),} , 

exp-; (u ,u ) x 

n 
R I 

, J i (IJ 2 2 . (L aic (x1, ek) ) 

k=n +1 

X 

X I 

n I ,, , . OJ 

c exp{c \ a O J ( x , e ) 
2 

1 2L k I k 
+ . C \ a (i J ( U (; J ) 2 } + 2L k k 

k=n +1 
I 

n 

+ c
3
exp{ C ~ ?IJ (U(jl) 2}] 2L k k 

k =1 • , 

k =1 

dµ(x) du0
> 

I 

nm -n /2J J { I t=l (2rr) 1 dµ(x 1 ) , exp - 2 
n . 

( (i) (1)>} 
U , 1 U . X 

· X R I 

n 
I OJ 

exp{c2L <1l (ut>
2
} (L 

k=l k=n +1 
1 

' (i) 2 2 
Ok (xl,ek) ) 'x, 

x [ c exp{c i 0
11

> (x ,e )
2
} + c ] du

11
J 

1 2L k I k' 3, 

k=n +1 
I 

rn 

u 

~l 

n 
m I CX) 

= IT1 nl(l-2<at>-1~2J <I a(!) (X ,e ) 2) 2 
X 

k I k 

k =n +1 
X I 

[ 

• CX) 

(!) • '2 
x ciexp{c2 L ak (x1 ,ek) } 

I , 
-:l- c ]- dµ (x ) = 

3 . , I 

k=n +1 
I 

n 
m I 

= n 
I= 1 

n (l-2c o(tJ) ;,.1/2 I!ll 
k=l 2 k 1 • 

Analogously for K2_we have 

IK2I 

X [ 

n • 
m ~r 

I =1 

I , ex, 

n '(1-:-2C2~~1\-1/2J(\ . at(Vm p(V) ,ek)2)2 
k=l L 

k =n +1 
R I 

. { Loo (i J 2} : l c exp c a (Vm p (v) , e ) + c dv (v) -
1 2 k , k 3 

k=n +1 
I 

m ~r 
.! =1 

n 
I n (1-2c o(i) ,-1/2 

k=l , 2 k 
I(I) 

2 

Consider the integral 

I . CX) • '} . (!) . 2 . • . . . 
I 1(i\.)= ·exp{i\.c2L ak (x1,ek) dµ(x1),1=1,2, ••• ,m. 

k=n +1 
X I 

It is well known [6], that it's analytic value 

CX) 

II (i\.) n 
k =nl+l 

(l-2i\.c 0 <1> )-1/2. 
2 k • 

(31) 

After some more tra'nsformations we obtain 

I; (i\.) I i' (!) 2 2 · (L · ak (x1,ek) ) x 

k=n +1 
X I 



Since 

and 

then 

"' 
= n 

"' ·{ '\"." (I) 2} x exp ?..c2L '1k (x1,ek) dµ(x 1) 

k=n +1· 
I. 

(1-2AC )'(1))-1/2 
2 k 

k =nl+l 
[ 

"' 2 L '1t (1~2A;2'1~1) )-1] + 

J =n +1 
I 

"' "' 
+ 2 n (1-2?..c '1(1))-1/ 2 

2 k . 
k=n 1 

l+l 

'\""" ( 01 ) 2(1-2?..c 0>)-2 
L '1j 2'1J • 
J =n +1 
. I 

"' n ' (I) ·:.1/2 
I" (1) = (1-:-2c '1 · ) 

I , 2 k , . ·k=n 
l+l 

[ 

"' 2 L '1t (1-2C2'1t )-1], + 

J =n +1 , · I . . 

"' "' 
+ 2 ·n (1-2C'1(1))-l/2 

k=n 2, k · 
l+l J =n

1
+1. 

I ('1<11)2(1-2c '1<,ll)-2 
j ' ' ' 2 J . 

I'; ( 0) [
"' ]2 "' z· '1t + 2 I ('1t>

2 

j =n1+1 j =n1+1 

I(I) = C ri {l-2c '1(1) )-1/2 { [~ '1(1) (1-2c '1(1) )-1]2 + 
l . lk=n . , ,, 2 k . L j , ,2 j . . . 

l+l . j =n
1 
+1 ,.' 

2 f ('1t)2(1;_2C2'1~1))-2}·· + 

J =n +1 · 
I • 

+ c,[f •t]' 
, J =n

1
+1 

and there follows 

"' v <ll 2 
+ 2c3 L ('1 j > 

j =n +1 
I 

20 

IO> 
l 0 {[f ,;·']'} 

J =n +1 . 
Kl 0 

{ rr. [t ,:"f} 
j =n +1 

I . I . 

Using the condition (29) we get 

I(ll 
2 

"' 
:!: [ c .exp ·{c .'\"' '1°1a } + c 

. 1 . · 2L k k 3 

k=n +l 
l [f ·· •t•.J' 

k=n +1 
I I 

Io> 
2 

0 ut . ~:·· .. n 
. k=n +1 · 

I 

K 
2· t.0 Ht. +::u~.n 

Thus the proof of the theorem is complete. 

4.NUMERICAL CALCULATIONS. 

We will illustrate · the use · cif the 

examples of m-dimensional quantum ·models, 

the Hamiltonian 

H 

m 2 1z·~ - 2 
2 ax 

+ V(x) • 

I= 1 I 

I 

formulas with 

characterized by 

(32) 

We shall study the energy E of the ground state . and .. wave 
' 0 ' '. ' ' ' ' , ' 

function 'i' (x) . The basis for the computation is the Green 
0 

function ( 2) ·. The expressions -for the principal quan.ti ties of 

Euclidean quantum mechanics in the form_ of functional 

integrals with conditional· Wiener measure are :[10) 

Z{T) 

Z(X,X,T) 

f(t) 1 t lnZ (T) 

00 

Tr exp{- TH} I Z(X,X,T) dX 

c 2ir > -1/2, J 
C 

-0) 

exp{-T J V(~ x(t)' + X)d~} dwx 

·o 
(33 ). 

21. 



E = lim f (T) . 
0 

T➔m 

G(~) = <X(0)x(~)> 

01 1 

1 ~1/2 I I { I YT } = Z(T) (2rrT) · exp -T V( T x(t) + X)dt x 

-m C 0 

X [ v""T"'x (~/t) + X J dw~ X dx 

ti.E = E - E = 
1 0 

lim d~ lnG(~) 
~➔m 

1'11
0

(x) 1
2 

= lim [ exp { E
0
T ·}. Z(X,X,T) .] • 

' T➔m · 

Consider the harmonic oscillator with 

1·· n 

V(x) = - '\"' x
2 

2 L I 
I =1 

The theoretical values are 

1'11: (x) 1
2 

* E 
m 

(m+l/2)n 

n• 

n/2 ·{ '\""' 2 } • (1/rr) exp - L x
1 

• 

I =1 

(34) 

(35) 

(36) 

(37) 

(38) 

Using the formula. with w~ight,. one can evaluate the integral 

z as follows 
,,Ii 

n 

I I . 1/2 { 2 } Z(y1, ••• ,yn,T) = 1/(2rr shT) exp -th(T/2)y
1 

• 

1=1 , 

(39) 

consequently, .the analytic values for finite T are 

·E(T) 
• 0 

n * 
- cth(T/2) - E 
2 T+oo O 

22 

1,i,<T>(y) 12 = exp{'E(T)T} Z(y,T) ~ 1'11*(y) 12 • 
o o , T➔ oc, o , 

. . .. IT>. 
The values of E and E for various T and N obtained 

0 0 , 

on. the CDC· 6500 computer,· using the composite formula (10) · 

· whith various n and n are given in Tables .1 and 3 for n· = 2 
1 2 · • 

, and3. The convergence ·of the n:umerica'l results of energy E to 
. . 0 

E~T> (T=3) is. represented in Tables . 2 and 4. 

T 

4 

5 

6 

n1/n2 1 

E 1.024 
0 

T 

4 

5 

6 . 

~~ i 

E 
0 • 

1.515 

E 
0 

1.007 

1~004 . 
1.002 

* Eo 

.. 

E(Tl 
0 

1.037 

1.013 

1. 004 

1 ·. 

2 

1.009 

Eo 
E<Tl 

0 

1.507 1.555 

1.503 1.520 

1.500 1.500 

* E
0 

= 1.5 

.. · 
2 

1.511. 

23 

n/n2 

·1 

2 

3 

3 

1.005 . 

n/n2 

1 

2 

3 ' 

3 

1.509 

.Table 1 

Table 2 

4 

1.004 

Table 3 

Table 4· 

4 

1.507 



The CPU time of computation · of E , has been ca 20 sec. · It 
. . ' 0 

follows from Tables 1 and 3 that the good approximations E. 
' . ' . . ·• .. ·. . ' . ' ·. 0 

of the theoretical v'alue are achieved at relatively small 
values of T and N. . .. 

Tlie 

1'11 m (x) I~ 
0 ' , 

Tables 

x2 l1!to(x)j2 ·1~~T) (~)1 2 

-2.8 .618E-04 .. 584E-04 

-2.4. · .805E-03 .777E.:.03 

-1.6 .198E'.'"01. .195E-0l 

-0.5 .173E+00 .173E+oo 
J·' ., 

0.5 .173E+00 .173E+00 

1.6 .198E-0l .195E-0l 

2.4 .805E-03 .777E-03 

2.8 .618E~04 .584E-04 

numerical results 

obtain.ed using the 

of · calculation 1'11 (x) 12 and •, 0 

compos~te formula (10) with 

T=. 6 n =n =l' n=2 'are given 
' 1 2 ' ' , · 

in Table 5 '. in the form of 

dependence on the parameter x with x =0.5. 
2 .1 

We c~mpute all integrals using the 

with the relative accuracy 0.1 % 

Gaussian quadrature 

The CPU time of 

computation of l'1'
0
(x)l 2 has been ca 2 sec on the CDC·6500 

computer. 

Consider the Calogero ·model which is characterized by 

the Hamiltonian, 

n 82 

H=-I - 2 
k=l axk. 

1 2 \ 2 \ -2 + - w L' (x -x ) + g L (x -x ) • 
2 . l<j I j l<J. I j 

· This model .corresponds .to .. the. system of n particles in one 

dimension, which interact · pairwise via inverse cube 

.repulsion ("centrifugal potential") and linear attraction 

( "harmonic oscillator potential II) • This problem serves as an 

object .of . investigations for many authors · ( see , [ 14 ]- [ 16)) • 
' ' 

The analytic solution for it has been found in [16). We 
I . , 

. computed . 'the en'ergy E, . of' ground state, using our 
0 

\' . 2-t · 

appr~ximation ·formul,a with weight. The results of computation 

for g=l~S in the case n=3 are listed in Table 6. 

~:-•_-_;f _-~_:_~•~:•:;_~.-~I ~'-t· >~0· -~~.;.~----

't 6:i6'·'1 ,i.346 
.0. 20 2,700 

0.25 3.366 

o. 50 : 6. 738 . 

E 
""""•1• - me 

3.35±.004, 

E 
ex· 

1.3472. 

2.6944 

3.3680 

6.7361 

Table 6 

The. values of 'E ~-· cibtained for w = · o. 25 and different n are 
, 0 . . 

·presented tn Table 7. 
Table 7 

n E E E 
0 me ex· 

5 13.447. i3.37±.04 13. 4397 

7 '32;249 32.34±.09 32.2718 

9 61.473. 61.31±.10 61. 5183 

11 102.865 102.31±.14 102.6028 

For comparison, we cite the results obtained in [16) using 

Monte .carlo 

iterations). 

method (1000 points of discretization, 100 

These results are denoted by E . The exact 
me 

values are denoted by E . The CPU time of computation of E 
ex 0 

for n = 11 is 3 min on the CDC•6500 computer, whereas the 

computation of E takes 15 · min on the analogous computer. 
· me 

The presented resul.ts show that our formulas provide 

the higher efficiency of computations. 
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