


1.INTRODUCTION

Numerical functional -integration ’is' one “of: the

perspective means of computation in many branches | of
_contemporary science, especially in quantum and statistical
physics [1].
functional integrals [2] is the" computation of various

':characterlstics of phy51cal systems which consist of many

~particles 1nteracting w1th each ~other. - The ba51s for. the,

computatlons "is’ . the Green function Z(x X, ,t)  which in

'Euclidean~metrics (t=ir) is the solution of the follow1ngf

problem -~
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-+ Z(x,x,,t) > 0 when kal—gim , k=1,2,...,n

where V(x) is a given function. The Green function method is

an effectlve means of solution of multidimenSional problems;lf

in  statistical mechanics, nuclear physics, quantum optics
etc. The solution of (1) Without any simplifying assumptions

(mean field approximation,, collective exc1tations) is"’a

rather compllcated computational problem. In the case of high;‘

'-dimenslons (n>3) the traditional ‘methods (finite ‘element :

finite difference)

on the computation of matrix elements,of ‘the time. evolution

operator exp{—TH},

(2)

Z(x X, t) = <x Ie x‘>4 e
This approach enables one to

appears to be perspective [3]

One of. the important areas of application of

lose: their efficiency because' of theu,
presence of Singularities and of the nece551ty of solving the e
algebraic systems of extreme high orders. The approach basedfr

-‘multidimensional problems,: e.qg.

‘ approximation etc.) cannot be applied [5]:
‘the - recent -development

‘replace the dlfferentlal formulatlon of the problem (1) byf
hthe evaluation of the' functional 1ntegrals. The : stochastic?
methods '(Monte Carlo ‘algorithms) are- often’used in' this case. .

It: provides:  the ' 'way ' of::'solution’ of ' the ‘variety ' of

(4]« This‘approach“is of particular importance: when the other

methods? ' (perturbative, variational, istatlonary phase’

In connectlon w1th

of " the ''‘methods ' of

evaluation  of - functional integraIS'withfrespect’to”Gaussiam‘

" [6]1); the
the ‘expressionfﬁof» matrix ‘element (2)

“approach ' based ‘' on
‘in’ the form of the

measures- , (see

‘51ntegral with conditional Wlener measure d uX

el

0
appears to be of partlcular 1nterest The 1ntegratlon 1n (3)

1s performed over all functions x(t) e C [0 T], satlsfying

px(o)—x ;vx(T)—xv. One of the advantages of th1s approach is
pthe p0551b111ty of solutlon of the problem (1) in unbounded
’reglon, without replacement of the boundary conditlons at the‘

1nf1n1ty by the conditions at some large x x.“

i

In the framework of the determlnlstlc approach whlch we

rare success1vely developlng [7] we derived for the functional

1ntegrals w1th Gauss1an measures u

N

X

some new approximation formulas exact on a Lclass,lof
polynomial functionaIS'[B]. Here X is a full Separable metric

space, F ‘is a real functlonal.‘ In particular ‘case  of

cond1t10nal Wlener measure the family of? approx1matlon
formulas w1th the welght is derlved {9]. The use of the

formulas in the problems of quantum mechanlcs show [10] that

these formulas prov1de the higher eff1c1ency of computatlons.‘ ,
versus other methods of evaluatlon of functlonal 1ntegrals.“

Foia s C

: ‘problems 'of ‘nuclear physics”’

'approx1mate‘

the use of

x> = [ e { <] v[xeo)oe } o ()

J F[x] du(x) B C




‘The'employment»oflour—formulas gives the~significant;(by;ank
yorder)(economy,of,computer time: and memory compared  to . the’
~lattice Monte .Carlo method. in the problems wich~fwe\ have:

con51dered -(with the  equal- accuracy of resultsrA
while. .solving. the. problem. (1), by f1n1te difference methods

g one needs’ to. dlscretlse both space and time. varlables, the '
‘1ntegral formulatlon via latt1ce Monte  Carlo method assumes:
the . dlscretlzatlon of time only and the. cont1nuum approachr

basedb,on« the‘_use of .our

discretizatlon,atqall. The.discretization -is performedmhere*
only Vat the final step ‘of' computation: . of  the ordinary~

~(R1man1an) 1ntegrals whlch arise in the formulas.p,

In order to -solve the problem (1)  by. the functlonal,

1ntegratlon method "in the case n>1 one has to evaluate the
mult1p1e functlonal 1ntegrals [11]
study " the
’;1ntegrals.> We

, derlve and approx1matlon

prove the theorem .on

'approxlmatlons to the exact value of 1ntegral and est1matek
the’ speed of th1s convergence for some class of functlonals-

»We 1llustrate the employment of our formulas by examples off’

computatlon 1n stat1st1cal mechanlcs.

2;;CONSTRUCTION:OF APPROXIMATION FORMULAS.

Let X" = X-... X ‘be a Cartesian product of the full
separable metrlc spaces X. The m-dimensional’ 1ntegra1 w1th‘
' Gaussian measure is.defined as an integral built on X" _with

- respect to Cartesian product of the Gaussian measures g on X.

"(m) 'A\‘ ,“’,‘., LI ‘ - ' :
L] e xpanen anony = | rooant o @

X X EEREE S
yOne of the means cof computatlon of integral (5)

"one d1men51onal" functlonal 1ntegrals (e g. formulas exact;
“on a class of polynomlal functlonals of degree,s 2n<+1 for‘
: the varlable )(eX k 1 2,...,m, whlch we constructed .in paper.

S

‘Moreover;;“"

~formulas. does_'not need. any -

In the present paper we ..
formulas = for such{

convergence of

1s- thev

.succe551ve employment of some approx1matlon formulas for ther

7where

‘:polynomlal of degree k

o

‘;1[8]) The more’ 1nterest1ng 1s to construct the approxlmatlonf

f;formulas w1th the g1ven summary degree of accuracy 2k+1 1. e.Q
k'Vformulas wh1ch are exact for the constant functlonal and for”
'jythe functlonals,

! F(x ,...,x y = r] F (%, )
SRR o= K T T A R
k‘H<+...+k .ws 2k+1 F (x ) 1is:ya homogeneous

with.: respect to argument X The

suexample of. such a: formula is g1ven by the, follow1ng
_Theorem' 1. (6] - let L.
. defined: on a man1fold ‘of: the functionals:; 1ntegrable with.
_frespect to.. the measure [T

be : a llnear homogeneous functlonalp

Let .. L satlsfy.sthe,.followrng

' condltlons ‘ : R R SRV ORI

.. L(F) = 0 for any odd functlonal F(x)

2.[ {<E, ><n, ’} K(E,n) for arbltrary E,neX’

K(E n) is a correlatlon functlonal of the: measure u.
‘ 21 : o R TN
3. Elther L{ []<§ . >} % 0 and L(l}#O, ST CoUeT(e)
ST e A=l T e S S
’- 21\ : ' N ' : B : - - ’\ N ",‘ B
or L{ []<E ,1>} = 0 for any £ #0,£, eX’;i=2,;..,m.,‘
1=1 ‘T o EEEEER

g Lét‘b (1 =1, 2,...,m) be arbltrary pos1t1ve numbers”

w‘iThen the approx1matlon formula

’J[ixbaﬁw(m ”(b{b141n Fw m..”o)+
. xm B L S 1_1 : , \ |
e coom Lo . e } I : (7)
T+,Zﬂ%1&l{ F(O'd"f"*a/vsrﬂrog..f,o)r}' sl

PO

;15 exact for all polynomlal functlonals of the th1rd summaryp

degree on Xm

LRemark The de51gnatlon L (F) means that the functlonal L 1s |

l % i

app11ed to Fvas to the functlonal of argument X, € X only.ﬁ‘.

' Formulas 11ke (7) g1ve a good approxlmatlon to the

iexact value of 1ntegral when F[x] 1s close to the polynomlalﬁ

5,




functlonal of the thlrd summary degree on Xm.zMore prec1sef‘

approx1matlons can . .be achleved for the large
"functlonals if one uses the method of constructlon of the
p so called "composlte approx1mat10n formulas" wh1ch we derlved
in [8,9]

:advantages of the compos1te approx1mat10n formulas over the

for the 1- d1mens1onal functlonal

"elementary" ones have been determlned in [91- Analogously to

”the’f'case of  1- d1men51onal functlonal ' 1ntegrals the

{constructlon of” the compos1te approx1mat10n formulas ‘forH

1ntegral (5) is ‘based' on ‘the use  of the- relatlon called

C"mixed:: 1ntegrat10n formula" [6]. Applying‘ this formula . to

1ntegral (5) w1th respect ‘to each component x we ‘obtain the

: mlxed 1ntegrat10n formula for ‘the‘ multlple functlonal‘
k 1ntegrals o , o ' :
g g SRS L me -
T J F(x)du“”(x) J.exp{-g Z-(uQ?,u"’)}xT
2 . 1=1 * R
F(x -s (x)+U (u“’),..., -5 (x)+U w@™yyx o (8)
A TR S
P o du(xl), du(x )du‘“ - -aqu™,
" Here / o ' :
; ! ’ . . ‘ .‘ . ) rr“ o . ' rv "
e BTN L . " (1 o e
S os.(x) =) (e,x)ze, U (u’) =Yule . (9)
i . j=1-. . S L i H j=1-" 1 ’ S
: m S nk 2 . o
s n
¢ P () (1) 1)
N = nl U R, ;o (i ,u )= Zl[gl ] .

,_“=1> : ,} :!‘ _]

'Anl»are arbitrary positive numbers.
is'an'orthonormal“hasls‘in'the"Hilbert'space ﬁ"Which

e

1s generated by the measure u and 1s dense almost everywhere'

in IX~ [6]. This bas1s is

formed by
',correlatlon functlonal K(E n) . i

Substltutlng the 1ntegral over ¥ in the r1ght—hand4
s1de of (8) by the approx1mat10n formula (7), we obtaln the

6 EE

class"of'

integrals. The K

e1genfunct10ns lof'

- o .
P el i, U

. of , accuracy for 1ntegral (5).

:formula'

'd X in the space‘ x o=

’composlte approx1matlon formula of the th1rd summary degree‘

Thus,
appears to be proved ; ‘ ,
Theorem 2 Under condltlons '(6)‘ and. (9) .the approximation,g
:J F(x)du“m(x) - (ZH)-meJ exp{—%'z\(u“),u(”)}x N

: 5 2,
X R :

. =1 -
N

[( 1-y b’lL(i) ),F(zl(xla_“o,u“’)',...,zm(xms 0,u™)y +
121 S ; ‘ S

RN W, :
+Zlblel{F(El(x150‘,u ) P (10)

z, ("x‘/‘\/SH " uv“’\,)‘,’.'.‘.,'z' (kx =0 ix"’"’))}] 'du'+ R, (F)

;1s exact for all polynom1a1 functlonals of ‘the th1rd summary

degree on Xm
Here ': ) i i
E(x ‘”) =x -5 (x)+U (u“’),
R My Py e
du = du u);_d m)

R (F) is a remalnder of the formula (10)

In partlcular case of condltlonal Wiener measure*”

{ € (o, ‘1]; x(0)=x(1)=0 } :

SeE

Corollary{

composlte approx1mat10n formula of the th1rd summary degreek f
" of- accuracy for the mult1ple condltlonal Wlener 1ntegrals 1s‘ ’

wr1tten as’ follows

F(*lfduk _ (2n)4V2 jéxp{;é 'Zl(ﬁ“)'“(”)} 5
- . o .RN P k»l el e

),---,2 (V P(V, ),u

x
¥l
up~-1 B

1 .
J F( U (u ))I""I(ll) ‘
)N L

the followxng theorem\i
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R "' —t 51gn v,
P(V t) ' .
(1 t) 51gn v, t> vl

£ (p(v,t) ,ut) = é(y)t) - s (p(v,t)) + T (u)

R : S R . o . - B l.. .‘ ‘l e

s (p(v,t),u) =2 Z 2 s1n(3nt) s1gn(v) cos (3mv)
ISR - o ‘ B

j-l

: n ) ‘

Cel (1) Ly

‘t%,(q‘ ) = y‘z z‘uj'_?ﬁ‘e}hFJht).

, S g=1 e

kpfoof.t Since in;'the space C [0,1]

holds e
- t . T i '1. . : . -

S c<goe = [ ox(e) ag(y)
¢ KRN ’ ) 0) ‘ »
. we can write .

o - Lo . R 11
CK(E,m) = j IR3 (£,%) ag(e) dn(s)
S ( oo \ _
' where
TRt s) = I x(t) x(s)‘d‘x;~‘

. r C 5 .

In the case of condltlonal W1ener measure we have [6]

=V Q (t)

ﬁ (t s) = mln(t s) - ts ;_e .

where A “and & (t) are the elgenvalues and the elgenfunctlons

,“of the- kernel k (t,s)

.TA 1/k11 }‘ (£) V 2‘ 51n(knt)

. . k
) Taklng the funct10na1 L{F} in the form S

L(F1==[ F[ p(v) Jav(v),
. ‘ ‘ CEpSE S e LR e
v.1is the symmetricfprobabilistic,measure on R, satisfying

Sdv(v) =

% dv, v'e [—lll]

Tt vl RSN

FRT e
.the- fqllpwiqg relation -

‘and substltutlng the last relatlons into’ (10) w1th

: 1ntegrals

l‘w1th the welght

Theorem 3.

"’equation

:and let the follow1ng deflnltlons hold

b, = M, =1, 2,

cee,m,
we-obtain formula (11). C o

In many cases the use of approximation formulas with
weight is preferable.‘ For the multiple conditional Wiener

RN

1= [‘P(x) F(x) d x B an
B IR TR R

x=(x,“”x)', dx =dx dx - dx

| P(x)t-eﬁp'{‘E: 'J['bl(t)xf(t) + q, (8%, (t) ]fdti}'(iﬁ):,i
L | RER :{,1=11'0 TR R ‘ 54
P, (t) q (t) ec [o 1] for all i= 1 2,...,m~?‘

twe obtalned the’ follow1ng approx1matlon formula'

‘Let B (s) be the‘ solution ' of differentialt'h

3

;(1—5).B;(s) ~(1-)2 B(s) - 3 B () = 2 p,(5), 5 € [0,1]

B (1) = -2/3 P, (1) 1fﬁ(14)4*

[ Ry

t

w;<t>\ p{ J a-s) 5,(s) 4s,}

t } ) 8 : Tt

o o , .0 .

.’S‘ : “ RSy B w'.‘f,'\,,'

- o : - e

t : .
L5(?X';QJ;[’B'(S).W‘(s)aﬂf(s)f«g?(é)v];ds’%,gl
e i R S R

Y L
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P R E R ‘1

o mefaege ueese L (S [hem] g o e axe
A . s ; Te0 L e st . Co=y o y R T
. Then the approximation_formula : ‘

s "'1 R Yy RELEES R R § : o i = 'Dpj 4 [XI/..;}km]
I.» exp { "‘-;- Z/J.(l-‘s) B (s) ds} exp- { % j Lf(t)dtV}x! S FRE A ‘ 11‘ 1 om T

:g,

I

Cal 1=1 4 1=1 (16) . « v
( . N 1 P ‘4 ’ .
S m : [(1-5)}3| (s)—(l—s)ZBf(S)—B'B‘(s)]xf(s)ds} ax, .

1=1;

o
bt
o]
—_——
ot——

J F(a;,..‘.,\/ m v, ;)+a/l(-)v',..‘.;cxm)‘ av ‘
IS S : : . Lo F o where . ‘ ¥
is - exact for any polynomlal functlonal of the thlrd summary" *A“L , - AT N
‘ ; : ) ) » S R ) Q [x ,...,x ] = F[ A x ,...,Akx]
/ degree on C "e’ : . : S , : , o ‘ . . A 11 Lhmem] 2
fHere ; e IR R S Ll S ;.‘D s the Fredholm determlnant
S BT o o L o o ‘ o
Wf(v,') = f (V/ ) —s0~(V,'), SRR o SR N R T 0 B oy
L , ‘ mindv,t): ’.11 i f. o >j . e D, = exp {3 J (1-5)‘Bl(s)~d? } Y
f (v,t) =-sign v.—— | 1 + B, s) W (s) ds R : Soan i 00 Pl ey T e
1(.’ )2:7;.?: .ﬂ$”.['w';¢J ( o . - ’ Therefore, 1f Bl(t) is the solution of the problem . (14), we:
' : PR S0 S P S phave b : o e

L | sign v, t<lvl L aEfmil o e T

»,ofiy(v ),. o , t>|V| ‘ L ’ o J ‘I’; [x1l--fllxm] "eXP { Z J pl(t) x?(f_‘) dt }‘dux =

C

o

jProof We employ the 11near transformatlon x(t)—a y(t), glvenrs
‘fby,the relation y = x + A, x ;_x e C, 1 =1, 2,...,m where- o

I
-
—-U|
—— )
‘ o
5
%
P9
»
| B |
Q,
L]

At ;=‘,v;(“1"_'t) B’l(‘s) 'x;(s) as . Blv(’s)" eC [btl] ; uhere

oh———ﬁn -

(a4

.‘The transformationﬂ . : ‘ s . S Ajl i Y 1£ L ERR SRR U I
et . A - ) . ) \ s : ‘ ‘ - ) —1 ,=4 1= N 8
.;‘-'Al; ‘___' 1 Al SRR ERR ‘ e e A >'<1(t) Xi(t) _—Hi(F) J B (s) Wl(s) xl(s? ds, ;

maps the space c onto itself in one- to—one correspondence 3 W (s) corresponds to (15).

[12] Using this transformatlon analogous to the result:whlch Performlng one more change of variables

we' derlved ‘in [13] for ‘the case of 1ntegratlon) in one 4 N

y, () = z (t) + J ‘Li‘(s)‘ ds;

d1mens1on, we obtaln now

1=1
@ .

N B SO R AR A T ‘ : BT . T : T B A R S AT T
,J F(x)d x = M Di'J F[‘A1x1""fA5&J" A e where L (s) satisfy (15) after some transformations we obtain
.c’ . c

‘ : e o : SRR RTINS
m\." . R 3 Y \,‘ T ‘ | : ; :

T




vfor,integral (12) Withtthe'weiéht'(13) o S
P(x) F(x) d x =
. ‘ - W A
™m N
C B
1

J Li(t)dt fx

v= exp {‘ % }: J (f;s) ﬁl(s) ds} exp’{ %

<

y1=1

; .: - ‘J/\ : : <A : § o

. -1 ) -1 : :
; J F [ Af X1+Ot1, ‘e ,Am xm+cjtm] dwx
cIl‘l o .

N LT

where « correspond to- (15)

fFor the 1ntegra1 over ¢ in the rlght—hand 51de of (17) we‘h
apply the approx1matlon formula (7) ‘The- assertlon of Theorem,

, A
3 follows now from Theorem 1 due to contlnulty of A -and ot1

‘V~and to the 11near1ty of A

Remark. Equatlon (14) 1s 1n fact a, RlCCatl equatlon.; Its’
/\solutlon for"”‘ e '

pi(t)‘E;pt= const < n2/2

is. ‘ « AR :

i LN i : N ) e S : i

\ B, (s) =1‘1—f—‘s-’[w/2p', ctg ( V2B, (1-s))- —; ]
If ‘we set also (t) ,‘= const;vthen al(t) can. be

'

expressed explicitly as

N

q ‘ AR IR
x (t) =— 1Y  sin(/ p,/2 t) sin(vp /2 (1-t))
p, cosV /2 e

. . _ 1=1,2,...,m
,and the approx1matlon formula (16) acqulres the form

= ‘ Vﬁffr* 172 {‘1 | 'qz 3 | | ,4___~ '
IzD—[[—s;n—\/z_"—;:] exp{ _('2 )3/2[t‘g" / - / ]}]:18)

% E% }: JF(al(-),{:.;{H?v'?f(Y}F)+d{(?),-w-ydm('))dV-

(for- p<0 the trlgonometrlc functions are: ctherted»'intng

f'hyperbollc ones) .

L2

Mo,;.. (17):

~and

3. CONVERGENCE OF THE A\P»PROX’IMATIONS i

Theorem 4. Let for almost all VER, with respect to measure‘b

1V(V) the follow1ng convergence hold

s, (p(V)) —_ p(v) when n— o, i—‘1~2,.»‘..,“m,f1;~(19)',
1

Let F(x) be -a contlnuous on X functlonal satiSf?ing»the:
oondition ‘ |

TR =rgC A (x %), .00, AT (x %) ) S (20)
where Ak(xk,xk)— is a non—negative quadratic functional P

! o @ ‘ i S
k Y ." “,‘
ANxx,) = Z 7| (x ey . (1)
‘ ‘ 1_1‘ L B
Z 7 <o “’\,"' '11 =0, i=1,2,... "(2“2) -

=1 o : L k G

g(x)’;iS“a“non—decreasing”fuhction, and’

*

”g ( A(x x),.-.,A (P (V) p(v))+A (x x),.-.,‘
o . (23)_
(m)

A(x x)) dv(v) du (x) < @ .

L Then the remalnder of'the" approx1mate formula (10)

R (F) — 0 when n- «, Ci=1, 2,.f.,m.

W'Proof W1thout any restrlctlons of generallty we suppose thatnj

(71571

A (x X ) = A(x x ), k 1 2,...,m

fU51ng (20)—(22) ‘we obta1n

|1='(s (x),...,\/ “(p(v) -s (p‘(Y)),)fSnv(‘Xk):;-,-:,S,,;‘(X,,,))lf
Z (xl,e ) e mp(‘z (Xk’ex)ﬁ e1+22,(p(v)'el)ﬁel)'

1—1 . i1=1 i=n +1
. . X

Y




» ' A T “..., z (x , e )~ e ) | = .
’ Lo : S T (2a)
| : n; n ( ’ T o ' o !
: ik} o, A K 2 e )
g( Z~1l(x1'ei)ﬁ I:"l wa(xk’ei)ﬁ f",Z’D'l(P(V)' Iel)ﬁ Foeeny
1=1 1=1 " i=n +1 '
3 #n . < : :
o ; . m 1 ) 2 e i -
D A CVERT 1D I
X L 1=1 :
(A(x x),-.-,A(p(v) p(v))+A(x xk),.;.‘,A(’xm‘,xm) )/
‘for all k—l 2,...,m." :
' Consider. the functional'
Tk eex) =
: z J E(Sn (x1)1'°',l" m (p(V) -Sn (p(v‘))),"'sn»(xk),l-!jl
k=1 N R . kU k
=t S :
s '(“x))‘dv(v),’_»f"-’jéﬂ, '
‘d?(x) is 1ntegrab1e on Xm w1th respect to. measure: u. Using‘
7_the mlxed 1ntegrat10n formula (8) we get B : '
o J T, (x) du"“’ (%) (21;)‘""2_J eXp{~:—; y (u“‘,’»,u“,")}X;
- ‘Xm A ) . ARN =t a
' ‘ .' Lo (25)
k) (x -s (x.)+U (u'V) X =S (x )+U (u" ))du‘“" xdu.’
LR S ri Ay g-f“

1 . mf ‘~m:-_
m . : b

X ) .
~ One can transform the functional
o R @, . FOTEN )y
T}(xi-sn(x1{+Un(u ) rese X Sn(xh)+Un(u ‘))A
T 1 1 : m foom
as follows .

2

w
)

T, (5,8, ()40, (u” peee X =S (x)4U (™)) =

l e om m:

i 14}

F( s (x+S (x )+U (u‘l’)),...,"'
~ . R . o o o
VR (p(V)-S, (p(V)))+S_ (X +S; (Xk)TUx‘, (uf»“’)),.:.
ke k k ko )

Sn (xm+Sn/(xm)+Un,(u

m . m m°

F(U @™y, \/—(p(v) -S_(p(v)))+U (u“"
. R‘

u, ‘(u‘“‘") ) av(v) ;

Substltutlng (26) 1nto (25) and taklng 1nto account

we obtain . ‘ 4

fT (x) du"’" ) = (2m™ Jexp{-gz
: i

X" ST LR

k

(m)_) ) ) dv (V) S .

(26)"
)‘I cesy

J{ZJ F( U, (u‘”),-.-. \/—(p(v) s (p(v)))w (u“"),"
Cel k=1, .

X" R

. .-., Un .(u(m))«‘) dv(vj } du.(m)x dt{ =

. B ) : : i v . R .
ZJ F( U (u“’),..., \/ (p(V)—S (p(V)))+U (u
k=1 k

R o . L

U (u“”) )rav(v) du. -

Hence;'thg integralc‘

15

u‘),uf))}x .

N



JF(x)du‘“"() S ool T Flek) = B G orex) (27)
™ R h : where Paaq 1s a polynomlal functlonal of’ the’ thlrd summary.
‘ e P . o - : '~ degree on X" . and the remalnder r(x,x ) is estimated by.the
can be represented in the form: - R S . . T : : S 0n ; :
. ' o S g B T : expression - » , ’ _ )
: Sl im o T L i
(m) . (m) : ; ‘ . . R
fF(x)du“‘ (x) = J T,(x) au™ (x) + R (F). Clreax) | =[] @t )) [ c,exp { czAi(x1+x?,x1+x(:)}‘ +
: ) : Cou 1=1 . o :
For almost all xeX" with respect to the measure p there holds : 1, 0 ‘0 : R SR
) | " ..+ c_ exp CA (x ,x) ’ . (28)
‘the convergence Sl DL o o ERTI TR - : : - . 3 o 2 (R R TR
‘ S (%, ) - x when n{4m, i=1,2,...,m. R s o S Cr'>'0 ; (i=1,2,3)
ooy . s o ‘
. L ’ R 7“) =0, k=1,2,. i= 1:2 ym
. Therefore ; 2 L S R f; S .
\/—“(p(v) -s_ (p(v)')')g+isn:(xl'(), xS i Z 7. 'a <o i (e, VEp(w)®saia,veR (20)
k L k | ‘ ‘ b o s ~ : , N .
T : k=1 ’

when n e, ksi;z,.l.;m.- : ‘ : ‘ : e

' g ) S ‘then for the remainder of approx1matlon formula (10) there

h,vConsequently, at these p01nts . - .

S DI Lo holds the estlmate‘, Lo C e B

S (X),...,¥ v)-S8 (p(v F S (X )y, : : < S

F( a € 1:)_,‘ na (p‘(f) 5, (PO)) + 5, (%), : o : ” iy sy, o0

SR EIEE A ; R R S : RN(F) = 0( ) ) + o(( )7, (30)
SNnY Gy e Rl Co U R 1= v . O

S g(X')ﬂ)(————a‘F(x) S S o ? o - L N T e R

’ Proof. -Since. the formula (10) is - exact for all polynomlal

fuhctiohals of the third summary degree, it follows .that it’s

. " : .
:{by the simultaneous approach of all n_. to the. 1nf1n1ty.‘"

“,It f°110W5 from (23) ‘and (24) that the: Sequence : remainder can be expressed as follows

[ : E ' ! : : : S .
j}{ Tn(x) }ngf:( iélgz'ff?!mf"‘ S e r'lly ' | RN(Fl o= (2H)'"v I eXp{--E: (u }
‘ o R R : o o = . =1 ;
?‘1s bounded by the 1ntegrable functlon. Now‘we can apply the?‘ff : » : ',‘“3 o N . : ‘
:rLebesgue theoremn ; "on the» passage to- ‘the. limit underlftheu k ’ R [ J r(x-S (x) U (u))dumﬂ(x) -
1ntegral slgn“ [ - LY s

m- . L
. K . i x ’ ) . “ i
i TN(X)*du“m(x) ——aim F(x)du“ﬂ(X) ‘as n o, i=1121;;"m LU S m . | ’ ; . ‘ Lo Lo .
R e e T F IV PSR o SN R AT S P 2 ). | 0, 0, VE p(V)=S_(p(V¥)),0,...,0;U (u))dv(v)| du= .
,xn‘l\ L ‘ “,’_Xm . ‘ . : : m: X Y PR nl‘, . : SRR N
e - o S =1 3 ‘ ‘ ' T c : ‘ i
k‘which‘completes’the proof of the theorem. e _ . S ‘ X "
lﬂThe estlmate of: the . remalnder R (F)f in ‘dependence - on"' N " TR ‘;:?‘?‘. . j‘ E 17;'“2’ . i R 7
is establlshed by the follow1ng ‘ E ‘;h According tor(gs)):we_get'k':v. ; SR ’ i e
ATheorem (5L If the 1ntegrable Wlth respect to measure u ( ) N o SRR A S : om0
gy , : - " pary ~N/2 1 . _w
functlonal F(x): can be expressed in the form R ‘ K] = (2m) J~¢XP{-5 _(u,u )} x
' : P R N 1=1

R

6 . R A i




(Z (n(x e) ) e P = I_l I_l (1 2c, 7(1) -I/ZJ (Z (”(x ,e) )

i=1. 1
k= n+l

-

X -

x
h—-o
.,:5

kn+1

n R ©

: . g : ® RERRN : = (1) R
x[ clexp{'c2 Z _ “) (x e ) +» CZZ 1:” (u:‘));z} + o = ‘ o oX [ cl-exp{c2 /Z | (x e ) } c, J du(xx)

2 k= +1‘
k=n +1 T k=1 n :

m

n
i

X lllj ‘4 N
s

(1 2c, (1)) “1/2 ’Il(x). : e L

-
II

+ caexp{ c, 1“)(u“))2}] an™ (x) du =

Ahalogously for K, we have

1.=‘1; SR R e | % |K | = Z I_l (1 '2c (1) Alxz[(z (1)(‘/~ p(V) o ) )

; | ] ‘ . =1 '_1 LR o

J(Z “)(x e,) 2y2 - L e SRR ' e o . C .
’ ‘ St L Lo [ c1exp{c Z ;‘ (\/_' p(v) e ) } c, :l av(v). =" .

x [ clexﬁ{cé Z “)(X e ) +“CZZ 7;1)(11;1))2} + RO R R -

”—k=n+l ,1:_ k=1

=]
-

(l 2c 7(1))-1>/2 Iz(lz‘ .

n

k=1

e s R LT
l = " RN : by, PR FREAR: s i
Y (1) 2 W o ey R e il
te exp{ czz Ty }] du(x,) du ‘ e Consider the integral
c 1 FaS . e . . ’ oo ' N
[+

: o eyt o e Cr ) = J e'>v<p{ic‘ . (”(x' e ) }_d#(;),, i=1,;2';'..‘".-,m].
ﬂ <2n)‘“ ’Z[du(x )J', exp{ : ‘(u‘.‘»-,’,,u“’;)} et e Zkznlﬂ PRI
1=1 . R S - o ey . . . ) o c .

R™y It is well known [61, that it',s' analyt_ic value

l ©

eXP{CZZ 7(1) (n)z} (Z (%, e) ) Sl R RN |‘I (1 2Ac 1(1))-1‘/2; (31)

kn+1 v ) . 2 k=n

...

AERE S I

After some more transformations we obtain-’

, x[ ciexp{cz Z “)(x e) } c, ] dp“),u\,= R e ‘ e ST S \
»K=n +1 o T R P S C 22
; k xl_r S S i el I’II(M = J (Z - (1)(?{"¢) )

k=n +1
co

s




0o

wfxvexp{ACQE:. “)(x

k=n +1°
.

1+1 J n,

‘rﬂffﬂn (1zhc1m) ‘ E;’

2 []

TS
Since

B - -]

[22]
(1- 2Ac 7(1)) -1/2 Z ( (1))2(1 2%e 7(1))
J n+1( - .

2
(1)(1 2)“: 7(1)) ] +
" ‘. : )

PETRRe

©

‘ . ) . . ‘ - ' " B - T . A 2 ‘-‘\
oo =[] ase 7“’)*’?‘[52 “’(1 -2 7?))-] *
Lo k=n , : : ‘ B

1+i

... and .

‘ j=nl+1
then" BT e ‘
= : R L o .

m_ . (1) :

= el a-ees {[Z
T ky:n1 ) : <

=n +
_]n1 1‘

,» X ! ®
o +.2- r] , (1 2c 7‘”) -1z }:
. : ‘J=n

.x‘i‘ L_;;'b‘r..t ) ;W:
Ve )

jn+1 “‘

(i) 2 )

) (1 2c 7 )

'+1 e
1

2123 (v (”)2(1 2c21;”) }+‘
Aj‘ . J=n 1 ) : ‘ .

'and there follows

L2t

]

. y=n+ F SR
Jnl‘l - | _

s
' - - -
+
B S IR W
s L Yh s SR

Usihélthe;cohdition (29) we get.

Sl : oo‘« P R e ’m . ’m,: . 72’ i - ," L
vII”: o {[Z -7;1)] } . K - 5 { I—| [Z 7;1)]} - :
J=ﬂ+1."~ ’ ' et ye=n b1 L

] : | ~ 0

I ] o) m
Izil‘:«s, [;c% .eg‘p {czvﬂz LA ',a"} + c‘3 ] Z Vk"ak]

k=n_ +1: c ; “k=n +1 -
. 1. . 1

- -,;q} cnepe{n )

k=n +1 =1
Thus the proof of the theorem 1s complete,

4 .NUMERICAL CALCULA%IONS.

‘We w111 111ustrate the use of " the formulas w1th

examples of m-dlmen51ona1 quantum models,’characterlzed by
the Hamlltonlan,' I

H’_‘ln mfiaz + Q‘ > . V,~; ’ h.‘-
H=l }:‘_ SEVe . e2)

" We shall study‘the‘energy Eo'of theAground state,andjwave‘
‘function ¥ (%)

. The basis for the computation is the Green-
function;(z); Therexpressions%for<the principal quantitieslof
Euclidean’ quantum' mechanios in the form of fuhctiohal .
1ntegra1s with condltlonal ‘Wlener measure .are .[10] ‘ “ H

f(t) - - %_1nZ(T),
z(m) = Tr’exp{— TH}‘=,J.Z(X;X,T) dx R ,‘:

Z(X,X,T) = (2m) V2J éxp{—T‘[ v(VfT*'x(tf“+‘x)d;} da, x

Cr. T . ) (33).

L2



.Eo = limgm vh]“(34)‘

T-ym .
G(t) = <x(0)x(t)> =
g e o - .
' z”) (2nTj‘“2 f[ ekp{—T J V(T x(t) + x)dt}fx

-o C .0

‘¥x[ VTx(T/t) + X Jdx X ax

I
&
I

g KR
‘AE E = P‘llm aT In G(7)

1.0
o T

e = in [exp {mr }zeoxm ] @)

- Consider the harmonic‘oscillato:'with' hju

“ ‘ r;, ’1"n o e ‘ ;
SRR e ~ - E

‘ The theoretical values are

E’ ='(n+1/2)n: G T 37y

‘iW:(x)lz = (1/11)“"2 exp:{ ;,zz:x?ﬁ}l;p "J‘(jéj-
1=1"-

U51ng the formula w1th welght one can evaluate the integral“

'z as follows

oW

U B(Y ey, T) = | | 1/(2n shT) 2 exp {fth(T/Z)y,~ }
‘“éonsequently,,the;analytic values‘for'finite'T are

n . *
EV =i~ cth(T/2) — E
SRR Yoo .0

)

(39)

: I‘P"?(y)|2~»= exp{ EmT} Z(y,T) =2 IW (Y)l

, The values of E and E for varlous T and N- obtalned

Jon the CDC- 6500 computer, us1ng the comp051te formula (10)
‘whith varlous n, and n are glven in Tables .1 and 3 for n=2 N

and3. The convergence of the numerlcal results of energy E to
Egj (T—3) is, represented in Tables 2 and 4. ‘
. Table 1

Je 1 T . .1 -
T E N E, ° [ny/myp U :

3 1.007 1037 | 1T |

5 | 1.004 | 1.013 | 2

6 [ 1.00z [ 1.002 | 3 |

. Table 2 -

Smgmg | e 23 e

E, |1.024 .| 1.009 | 1.005 ‘| 1.004

" mable 3

(T)

4 1.507 1.555 i

51 1.503 [ 1.520 | 2

& [ 1.500 | 1.500 | 3 .|

" Table 4’

1% .2 . .
E; | 1.515 | 1.511.|. 1.509 | 1.507

23



The'CPU'time‘of computation of:E':has been ca 20 sec. It,r
follows from Tables -1 and 3 that the good approx1matlons E N
of the theoretlcal value are aohleved at relatlvely small‘

values of T and N.‘

p‘_Table.S

X, : |\110(x)|2 |w;T?(x)|2
‘ . | -2.8 | .618E-04 | ..584E-04
| -2.4.| .sosE-03 |. .777E-03
{-1.6 | 198E-01 |  .195E-01
©-0.5'| .173E+00 | .173E+00
‘0.5:|  .173E+00 | .173E+00
1.6 |7 i198E-01 | .195E- 01
"i3.a | .gosE-03 | .777E-03
‘ 2.8 | .618E-04 | .584E-04
: 7The_,numer1cal"results of | calculatlon IW (x)l .and‘
‘ u)(x)l obtalned us1ng the compos1te formula ‘(10) w1th

f T—6, n n 1, n—z"‘ are g1ven ‘in Table 5 1n the form  of
f“dependence on the parameter x‘ with x-—o 5.

We compute -all 1ntegrals using the Gauss1an quadratureif

1w1th ‘the relatlve ‘accuracy 0.1 % .. The CPU t1me of

,computatlonq of IWO(X)l -has "been ca 2 sec on the CDC- 6500 .

v*computer.
*f‘the Hamlltonlan

- z N PR WE R

k=1 ax ; 1<) i 1<y,

. This model correspondsyto“the_system‘offn particles in one

. 'dimension, which = interact  pairwise ' via inverse cube
 repulsion (ﬁcentrifugal potential®)  and linear attraction
. ("harmonic oscillator potential'). This ‘problem serves as an

object’ of 1nvest1gatlons for many authors (see [14] [16]) .

.The analytlc solutlon for 1t has been found 1n [16]. We-
f'computed “the energy E. “of ground state, ‘using our

o =

~-iterations). These ‘results are: denoted by E;J
" C

"Con51der the Calogero model wh1ch 1s characterlzed by‘

4. carlson J. Phys. Rev. C, 1987,:v36; No5, p2026-2033.

4

‘ approx1matlon formula w1th welght The results of computatlon.

for g—l 5. in the case n=3. are llsted in Table 6. S :
' - Table 6

o *0" s | ey Epe ionfo Bl
S 0016 | 71131 - 1.3472.
| 0.20 — 2.6944
0.25 3.35:.004° | 3.3680
0.50 - ©.6.7361
The«values of E’ obtalned for w ='0.25 and'different nvare
presented in Table 7. ‘ o N
e , _ , ‘Tahle 7
n ,"Eo Bl o Ee o
13.447" '13.37:.04 13.4397
'32.249 | 32.34:.09 32.2718 ‘
' 61.473. - 61.31+.10 | 61.5183
11 | /102.865 | 102.31+.14 102.6028

For comparison, we cite the results: obtained in“[lG].using‘
Monte ' .Carlo  method: (1000 points of' discretization, /100

values are .denoted’ by E . The CPU time offcomputation~of Eé
for n = 11 is 3 min on the CDC:6500 computer, whereas the
computation of E__ takes 15'min‘on'the analogous computer.f’

The presented results show - that our formulas prov1de
the ‘higher efficiency of’ computatlons.
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