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Such fo-mulation i s  equivalent  t o  the  Cauchy problem f o r  Lap- 

l a c e  equation which i s  / i,2 / condit ionaly correc t  i n  the  aence 
of Tikhcnov, a d  t h a t  leads  t o  namerical i n s t a b i l i t y  of t he  pro - 
ceases (3) and ( 4 )  / 3 1. Xien evaluating a o l u t i o r  according t o  (31, 

( 4 )  on comp?rter wi th  11aatin.g-point, s r i t b e t i c s , v e c t o r  VQo)~s h o r n  
-t 

with computer rowding-off e r r o r  &,= 2 , i.e. 

11 s3uL- 11 v(j.)e: sC , so = v(&) - v(&) . 
Therefore the quefftion a r i s e s :  what awmber of s t e p s  Y) can be done 

i n  the  processes ( 3 ) , ( 4 )  a f t e r  wbtch the  r e l a t i v e  e r m r  of the  appro- 

= b a t e  aolu t ion  does ilot exceed & as compared mith t h e  exact so- 

l u t i o n  of (1>,(2), i.e. 

In  cdar  t o  do t h a t  i t  i s  qeceasary t o  es t imate  the  maximum 

e l g e m d u e  ( ov ) of the  matr ix  B . One can eae i ly  obtsi i l  the 

following connection between ev 2 of matrix R and ev of 

matr ix  A : 

f man. which it f ollows 

n 
.M mfnce 11 &.bL 6 j,,"l 6. gZ then  t h e  oondit ion f o r  0 in 

16 
Figare l a l p n ~ e n t e  dependence of (4C.n la whan {O which 

oorrarpondr t o  the  double preoi r ion  d a t a  ( RBAL*8 ) of EC - 1037, 

EC - 1061 oomputers, The depndenoer marked 1, 2, 3 ma evaluated 

~ 0 0 0 ~ 3 ~  t o  (5).(6) when 4' 32 uid  hLs ha , ha= 2a , hz :  h,/2, 
r e spo t ive l j r .  The dependence8 1 1 ,  2 ' ,  $ 3 ,  ua o b t a k e d  in the  pro - 
o a r s  (3) when = 1 U!&.+S) - V ( ~ P  5)1Il.jl ~(,.j,t 5)il: s z  &.in. 

Fig. l a  

 he value. o r  r(l), [=de,jo+ 1 det  emined by boundary da ta  

and a s  / 6,7,8, /  : 

when  F ?. F (4) - (A,- 4) (&I) is  matrix of d i s c r e t e  s ine  Four ier  t r u e -  

forms DI i e  a diagonal matrix 

4 = dla8 {JJAI = 
t e )  

Evaluatione aocording t o  (7) do not  i n s e r t  t h e  add i t iona l  e m o r  aa 

compand with t h e  computer rounding-off e r r o r  s, of t h e  boundary 

da ta  and 9 , mince f o r  t h e  maxhum e i ~ e n  values 3,,(d)of t h e  

matr ices  SL , J,,,,&)= 1";' d - ~ ) ,  holds true 

mag d ( d l  6 , 



where Y 1 and i s  independent of d4 and 4 . ( See a l s o  

Xemark 1 ) 

:I. The approximate so lu t ion  of t he  problem ( 1 ) , ( 2 )  i n  mesh poin ts  

i f tJ,- i ,  ( $ j < dz- is obtained i n  the  fol lowing way. Let na - 
L )L 

t u r a l  numbers , n:, nIK , PC= h, + ut , I L : ~ <  3 be given. They 

s a t i s f y  some co1:ditions which w i l l  be given below. Represent t he  s e t  

of subsc r ip t s  = { 4  4- 1] a s  a union of two groups: 

which c o n s i s t s  of %, r 2 7 elements, and 

m 

which c o n s i s t s  of 
2 

element s. * 
Determine n according t o  (6) by given 6 and s, and 

demand t h a t  condi t ions  

i =  f ,2 ; K =I-+? (10) 

hold t rue .  Conditions (9). (10) l ead  t o  t h e  r e e t r i c t i o n e  on the  

choice of 2 : dL- -i ~2 g A .  A - r  
2 (n9+ 1) 2 

~ a v ~ n g  chosen , then  choose n:, n:, g={+ T from ( 9 ) .  (10). 

Nor, on mesh l i n e s  wi th  subsc r ip t s  e 3, r e  f i n d  the  so lu t ion  

according t o  (71, and then ,  on mesh l i n e s  w i th  subsc r ip t s  j & 3: , 
evalua te  it by (3) w i th  n,=_n: and by ( 4 )  w i th  n , ~  n: . 

The number of a r i t hme t i ca l  opera t ions  q necessary f o r  t h e  so - 
i 

l u t i o n  of t h e  problem ( 1 ) , ( 2 )  using the  method described above 

( we s h a l l  c a l l  it FAES - Four ier  Analysis  + Exp l i c i t  Scheme ) 

c o n s i s t s  of e rpendi turee  f o r  eva lua t ions  i n  (7). which a r e  

7. = ~.MFFT(J,I+~'X(M,,(J,) +3(d , - i ) )  
opera t ions  ( suppose t h a t  t h e  elements of 'Da matr ices  a r e  known 

and t h a t  f o r  m u l t i p l i c a t i o n  of F(d4) matr ices  on vec to r  t h e  PFT 

algori thm wi th  t he  number of operations HFFi(4)is used 1, and of 

expenditures f o r  eva lua t ions  in (3 ) .  (4)  which a r e  

7,' 3,. 6Pd- i) = 6($2-'i)(J4- t)-t~z(J,- A )  

operat ione,  so that q = q o t  4, 
Compare t h i e  quan t i t y  with t h e  number of opera t ions  of one of 

t h e  moat e f f e c t i v e  a l g o r i t h m  - FACR algori thm / 4,5 /. I n  oder t o  

eolve the  problem ( 1 )  with nonhomogeneous boundary condi t ions  on 

I a l l  e idee  of r e c t a m e  and wi th  rl j. d =  d= 2m t he  FACR algori thm 

need8 4, p.204 ( eee a l e 0  / 20, 2 T /  ) 

Q =  2b2m + 6 d 2  + ~ [ r n d )  (11) 

a r i t h m e t i c a l  opera t ione ,  when MFFT (dlz 2b/J -3d- VVl + 3 . 
The FABS method need8 

opera t ions ,  where )7 depends on acoure.cy of t he  problem & and 

-1 6 computer accuracy S, . So, when n = 1 ( 6-16'5 when SC- 10 1 
these  two method8 coinc ide  in the  number of opera t ione  and accuracy. 



:'hen Y) i n c r e a s e s ,  i. e. when accuracy of t h e  s o l u t i o n  decreases  

o r  number >mar from ( 5 )  d e c r e a s e s ,  FAXS method needs(tl+l)/2 - t imes  

l e s s  o p e r a t i o n s  than  FACR method. This  conc lus ion  i s  t r u e  of course  

o n l y  f o r  t h e  s u f f i c i e n t l y  g r c a t  d . The Table columns (11) and (12) )  

g i v e s  t h e  r e a l  c o r r e l a t i o n  between two methods. It must a l s o  be 

noted t h a t  when M< < n' we have a lgor i thm wi th  0: 0(d2) 
opera t ions .  

Table 

111. The problem of p a r t i a l  s o l u t i o n  of (1 )  , ( 2 )  when i t  is  necessary  

t o  f i n d  g r i d  f u n c t i o n  on ly  on mesh l i n e  i = Lo / 8,9,10 / o f t e n  

a r i s e s  i n  p rac t ice .  FAEs method e a s i l y  permi t s  one t o  do t h a t  i n  

t h e  fo l lowing  way: a l l  t h e  elements  c* of t h e  v e c t o r s  V(d,t ,$) 
i n  t h e  p rocesses  ( 3 ) , ( 4 )  must be put e q u a l  t o  ze ro  except t h o s e  

f o r  Which c h '  + s r ; 5 + n*-S, e :  1.2, h o l d s  t rue .  Then of course  e o e 

t h e  c a l c u l a t i o n s  i n  ( 3 ) , ( 4 )  must be c a r r i e d  o u t  o n l y  f o r  t h e  e l e  - 
ments w i t h  such s u b s c r i p t s  i . SO, q = 9. + 6-f p;)' + ($)' 

L = I  

a r i t h m e t i c a l  o p e r a t i o n s  a r e  necessary  f o r  t h e  s o l u t i o n s  of t h e  

p a r t i a l  problem. Rhen dx = d:zm t h i s  q u a n t i t y  i e  es t imated  by 

- 
and i t  i s  p o s s i b l e  t o  minimize t h i s  va lue  when II ,-J d d  n* , 
so  q =  O(~~LIII) . The column marked (73) i n  t h e  Table shows t h e  

number of o p e r a t i o n s  necessary  f o r  t h e  p a r t i a l  s o l u t i o n s  of ( 1 )  

under  nonhomogeneous boundary c o n d i t i o n s  on a l l  s i d e s  of rec tangle .  

I V .  The PAES a lgor i thm a l lows  one t o  s o l v e  d i s c r e t e  Laplace equa t ion  

i n  p a r a l l e l e p i p e d  w i t h  nonhomogeneous boundary c o n d i t i o n s  on mesh 

r l l n e s  6 = 0 and b = dL . I n  t h a t  c a s e  t h e  l n a r i n u m  e igenva lue  of . . 
t r a n s i t i o n  o p e r a t o r  from mesh p lane  ( L, K )  t o  mesh plane d o l  
( ;, 6.. g., k ) , (g  ; 6$,-1, (6 k 5J3-4. is connected w i t h  maximum 

e i g e n  va lue  of two-dimensional g r i d  Laplace o p e r a t o r  accord ing  t o  (5 )  

when 

The number of s t e p s  n which can be done i n  p rocesses  (3 ) .  (4 )  i s  

def ined  by (6). Figure  l b  shows dependences of e 6 on f o r  4 
three-dimensional  problem analogous t o  t h o s e  i n  two-dimensional c a s e  

( s e e  Pig. l a ) .  

On mesh p lanes  & , 6.1 f g r i d  f u n c t i o n s  can  be found accord ing  

I t o  (7),(8) when P Z  FM)*/+I,); m i ( ; - ~ ) . ( d ~ - i )  + k ; 



So, t h e  number of a r i t h m e t i c a l  o p e i t i o n s  neceesary  f o r  approximate 

s o l u t i o n  of three-dimensional  p r o b l e m i s  d e f i n e d  by q z q 0 *  71 * 

S o l u t i o n  of t h e  p a r t i a l  problem about  d e t e r m i n a t i o n  of t h e  . . 
g r i d  f u n c t i o n  on m y h  p l a n e s  C = C, o r  &= k, needs 

. 
opera t ione .  !%en d,. bL= d3 ; $ z 2m t h i s  v a l u e  is 

' m  + ' 4 0 ~ ~ n  + ~ ( d ' m )  q =  n+l 
and so  a s  1x1 two-dimensional c a s e ,  i t  i e  p p s s i b l e  t o  minimize t h l e  

q u a n t i t y  when n F.r &T 6 n*. 
The FAES method of p a r t i a l  and t o t a l  e o l u t i o n  of d i e c r e t e L a p -  

l a c e  e q u a t i o n  is very  e f f e c t i v e  when ueed j o i n t l y  w i t h  domain 

decompoeition method ( DD-method ) f o r  t h e  numer ica l  s o l u t i o n  of 

e l l i p t i c  e q u a t i o n s  w i t h  d i s c n n t i n u o u s  c o e f f i c i e n t s  i n  domains 

composed from a g r e a t  number of r e c t a n g l e s  o r  p a r a l l e l e p i p e d s / 1 1 t 1 8 /  

and when i n  t h e  procese  of i t e r a t i o n e  on subdomains it i e  p o s s i b l e  

t o  use  p a r t i a l  e o l u t i o n  in  each  eubdomain only. A f t e r  complet ion of 

g l o b a l  i t e r a t i o n e  t h e  t o t a l  s o l u t i o n  in a l l  subdomains is  found. 

The weak dependence of DD-method convergence on t h e  number of 

e u b e t r u c t u r e s  / 13 + 1 8  / a l l o w s  one t o  use  g r i d s  of -11 dimen - 
e i o n s  d in each  eubdomain, 1. e. t o  uee  t h e  Q= ow(ad-i)/2 
. 0 ( 3 ,  complexi ty a l g o r i t h m s  f o r  t h e  s o l u t i o n  of 

p a r t i a l  and t o t a l  problems in subdomaine. 

Remark 1. The l a c k  of f u l l  independence of problem's dimension 

f o r  t h e  e r r o r  of s o l u t i o n  i n  ( 7 )  n u s t  be nent ioned:  t h e  use  of WZ 

f o r  m u l t i p l i c a t i o n  of m a t r i x  F)(E/)  on v e c t o r  l e a d s  t o  t h e  e r r o r  

/ 191: 

when d= zrn . I n  r e a l  s c a l e  of v a r i a t i o n s  of i t  p r a c t i c a l l y  

does n o t  i n f l u e n c e  on t h e  accuracy  of f u r t h e r  c a l c u l a t i o n s .  

Renjark 2.After  s l i g h t  m o d i f i c a t i o n s  o u r  method c a n  be used f o r  t h e s o -  

l u t i o n  of Laplace e q u a t i o n  i n  c y l i n d r i c a l  o r  s p h e r i c a l  c o o r d i n a t e s  

and f o r  t h e  s o l u t i o n  of mixed buondary va lue  problems. 
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