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INTRODUCTIO!T 

l.!ajori ty of problems in physics and encineerinc; can only be solved 

by approximation methods. '-lUi te cor.unon are the finite element method 

that uses discrete representation not only of the don1~.in but also of 

its bound~~ry, and t?1e i.Joundnry element net!wd tim.t, on the other hand, 

uses onJ.y "tne u~scre"t~za"t~on OI "tne oounuary. TO so.Lve tne non.L~near 

boundary value problem of magnetostatics we have constructed combined 

alc;orit~~s that unite differential equations for a vector er a scalar 

potential and boundary intet.;ral equntions/1 ' 2/. ;.,at;lerno. tical aspects 

in the theory of combined methods in the problems of magnetostatics 

wi ti10ut the preliminary discretization vtere studied in/)/. Here we 

c;ive some fundo.mental results without proofs, o.ttention is paid to 

three-dimentionnl probleos. ·,,e also c;ive the condi tiona of the conver-

gence of iterative processes in the decomposition method of an unbo

unded domain \7i th siople iteration as the tre.nsi tion operator and in 

t:1e ;;evrton nethod. 

L:t the end we :::;ive some nwnerical results to illustrate the com-

putations of spatial distribution of the DAcnetic field of a configu-

ration vri. th a dipole type macnet. The conputo.tiona were performed 
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using the packet of procr=s EOKJ1, especially written for this sort 

of problems. 

G2.::Ir.CRALiz;;D l"ORL;tn:,;,TION OF TlE PROBiill'L. 

Let n ( c 'R3 be D. bounded domain with Lipschitz boundary G (it 

corresponds to a nonlineP.r medium)·; and Jl~ ::>12 Han auxiliary bounded 

domain with a smooth boundary r3 . Tl).en the stationary L'iaxwell Is . 

equation vii th two scalar potentials can be transformed into a boundary 

vnlue problem (with a nonlocal botmdary condition in Jl.2. ) 

.:1.._ ;) . 
Eu..u =- L.. ,-)( Cl-<- ('11 w>- 0 

7 .i•-1 u "" , 

w -= FdA.-£ ) AA E. })( £~)) 

with the do=in of' definition 

]){Ey)-= f-<-< l.,u..EM(Elf),C.uJr,=O>[~Jr,=y.(x) J 

.,_G,.u -+f.S~."' t{x) 1 xEra., (.U,~~ ::-OJ, 

( 1.1) 

where M ( E' 11 ) .,. c .. (li. ) u c·-cn J 'd.l..,). The functions 

a...; ( x 1 .w-) 
1 

..._· = I, .i, 3 1 w = { t/' • :J.~., )';,) are defined by 

where 

[ 
d~ ) 

a . {x,w)~ 
"' tvfX,I~l)~~ I )(E .. Il.) 

( 
.;J, • )~ t "'~ = 2_, "~< 

<1 -t•>f r! 

.(E Jl2 '_?i, =:Jlo, 

, the sien [ · ] defines the jump of the 

given function on the boundary ~ , .x , fo? 0 , the operator 

G
4 
EL~ U3) is symmetric and positively d.efinite, 8o is the den

sity of the Robin potential, I<,.<J• :o go , l.j(x), J(x) are given func-

tions with the properties dependine on the type of problem. The mae-

netastatic pr&blem is represented by 0(: j3 = ./ r-= o • 

G = t'"~ ( E -+I<) 
f ' 

( 1. 2) 

where the integral operators K and L are defined by 

z 

.( f c.o~ (kpl'1,..up) 
l<u = ..l7r i!t- 11 .u{P)d6f., 

f; Mi' 
3 

( 1. 3) 

j 
L 11r = ifi. j I )L M t ,-

4 
ttJ" ( P) cl <fp , 

r3 
where IJz.NP I is the Euclidean n&rm ef the vector kMP , connecting 

the points M , p E r3 , ""'r is the inner normal vector at the po

int P , E is the identity operator. The 0< = 4 , fo.,. 0 , l = 0 

G = E correspond to the homeeeneous Dirichlet problem, and the 
1 -~ 

o<.,.. 0 , /3 = -1 , J E \>'vi,~ {t~) to the Heumann problem. 

Let V be reflexive Banach space, V'' its dual space, and, 

moreover, V can be continuously and densely embedded in a Hilbert 

space H , D {E'I) C V , R (E't) C H , Y a Banach space. We construct 

an enereetic extension of the operator £¥ using the formula 

A=T*A,T A E ( v --"' v>j ) 
I 

(1.4} 

where T E ( V-. y) is a continuous linear operator, such that 

liT -u.lly :. 1/J.A II'V • A 0 E ( Y --:> Y,. ) is a nonlinear operatflr, 

T., € {Y' -:-.. V"") • To achieve it, we use the space L.l(.fl.) , the 
I 0 I 

Sebolev space ~ {Il) and its subspace ~ {_o_) • We also define the 

subspace w2:'Jo (12) c \X{' {Sl ) ef functions with the trace y.. .u 

or the genal te CJo on r :::Oil , i.e. ( ro .u I :;. } = 0 • We use the Se

belev spaces ef fractienal pewers, i.e. vv:a (13) 141 and their du-
-1/.l { ~) al spaces ~ 13 • Similarly, we define the space 

X :: w ... ;;. ( ;3 J c w/~ ( t-;, J ·of tunctions orthogonal to [J. on 

r3 , i.e. (.loll 9•) ::: 0 • Since ( ~·, -1) -:10 , we can consider that 

W -l!.r. (,~ J :: r w. ~ r r.3 ) r c ~ -~v ~; J 
2,1 3 .z.,,o 

is a subspace of functiens, orthogonal te unity, i.e. {-tf,J)=O. The 

duality mapping between V and V * is denoted by < · , · > • The 

trace eperator r 0, ff·: ~~~· ( .n.~) _, VV.,~. ( f3) is defined as 

3 



the restriction of the lincc.r continuous operator {o on X /4/, 

I,ct the linear opera tor G1 E ';f ( ,l( ·--,. X') be selfadjoint o.nd posi-

ti vel~' definite: 

< G1 ..u, ..v.) ? mb', 11 -u../1; , 'v'.u E. X , mtG, '> 0. 

.;c define the follo• .. 'iY'.;_; Gl'~.cec f'.J'd operc.tors 

H = L.2. ( I2. .zJ , v = f M I 
( 

.u G w., 9• ( [22 >] 

ll..u.. 11
2 ) I ~d Ll. I'd X .... ~ .t;ld :J M = Oor'j•.U > 

Jl). r; 

3 /;;.. ( - ) Y = L ~ ( llz) l! W7., ~o I ~ Y\= ( (D.Jx X'< 

T f du (l u 'clt.i v u l 
,(_t -~ 0- I~ 1 ~- ) VOI"Jo J f 

)(, o '<~ o.(J 

) 

,. , ~-v.cj!t~o;.~Q,(l,'1),.:;,rx,,J,G~(x,:,),G,~ J'-9 1 cpE)(. 
''OK, ' \J ' I . • ., 

(1.5) 

(1.61) 

(1.62) 

(1.63) 

(1.64) 

( 1. 65: 

- y" where the linear functional 9 6 is, o.ccordin;:; to the Ec.rn-:Sn-

nnch theorem, and extensior:. of the linear continuous functional 

onto all L~ (Sl.) = Ll (Jl,.) ~ LL (12..) X L...( nJ) 

~ (n,) -: 

Lenuna/J/, Let 

) ~(slyo ~l!.lds, 
r. 

G • ~ ~ (X _, X • ) 

V'tv E v, 'If~ w .. -'12(i~ )_ c1.7) 

snti:Jfy the condi t:!.on ( 1. 5). 

Then the operators and 8paco.s defined by (1,61)-(1,65) c;ive nn ene:c-

cetic extension AK.::: T,.Ao"' T of tl1e operRtor (1.1), 

iie remind that the opel·o.tor equation 

A)J.=D ) Ll € 'v (1.8) 

is the functional-o.nn.lytic (or ceneralized) formulation of the bour..

dary value problem (1,1;, if A is the enerc;etic extension of the 

operator E'f • 
The function f' (X, r) c C(.n.,) .1( C[o, 0()) can be subject to 

4 

~C!Y of t;1c follov;inc conditions ( for XE il t i:., ..t. t [o, oa) 

fA {x, 1: ) ~ ln'J,t ). 0 ' 

p-C><
1
t) t -j-A(X,k)h '? 17?1- (t -~) 1 f: "G/!. 1 ~>0, 

~~(x,t)t -f-t(X,h.)h...j ?M/t->!.1 J 

() l~r{ll,tH) ~M Vt. E [ o, 0<.)) J 
I 

(1.91) 

(1.92) 

(1.93) 

(1.94) 

..?rom t!lC results on solvabili t:r of nonlinear opera tor equn•iOl!~5/ 
there follov:s 

T!1eorem 1, ...;uppose the operator G1 f~(k-,X~) io s:,.'T.unetric nntl 

positi·rely definite, and t:1.e funct~_onf-f'<,t) satiofie::; the condi

tions (1.91)-(1.93). Then the operator AI<. i::; ro.dially continuous, 

coercitivc o.nd strictly monotonic and therefore, there exists uni-

- . - - • • - 1/ ~ ' . '"" ,.....,, (]_Ue t:;ene:!"RJ..LZ"t:!U SU..LU t...l.U.L.L """""<;. V VJ. v.LJ.'t: t::l.;it..l<.J.L...._v ..... \ I ev ,/e 

,;inilar result holds for t!1e proble::J { 1. 1) with the Eeumnnn or 

Dirichlet conditions on G • Suppose v1e take the Heumann boundary 

value proble.r.1 for (1.1) in c;eneralized forG : ""''ind a. function 

.M- E ~,;0 ( .Jll.) sa.tisf:'ins the intecral ider:.tit~' 

r i_a ... (li.,W)kdJ).,_- ~ 1.J Y'o~d5::: <9) yo,9.~ '>I 
) c.•l ~ r; 
~.. 1 

(1.10) 

for any ? G W.,~. (.J.1.._)" , :!ere the function <g t X* , There 

exists a unique c;eneralized solution of ( 1.10), \7i th uniquely defined 

trace (o.~ • .u £ X. 
./e define a :ri'onlinear operator 5 E {X"-..,.X) by the formula 

( S(~), t-z_'>::: <yo,~.u, 7 > , i?~ X". (1.11) 

The operator S is the "nonlinear Poincare-3teklov operator" , The 

linear case was thoroughly studied in 16,71, 
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~m.2.!. If the conditions (1.92)-(1.93) are fulfilled, then 

the operator S is strongly monotone, continuous and has a Lip

schitz-continuous strone;ly monotone inverse S -'E (:X_..,. X"), If the 

condition ( 1. 94) is fulfilled then the operator 5-1 is Gn. teauJ:

differentiable und there holds the estimate 

I I 2 < (s-4 )(~)-ul..u. > & 1'14 1/..u l)( (1.12) 

If the conditions (1.92), (1.93) are fulfilled and the function 

i 1---> lt f{X, t) t is continuous for a.lmost o.ll XEJ1. 1 , then 

the operator 'R= ( s-• )' is positively definite 

2 
(R(.v-)..ql.u.';> '?Mo/l..ulf)( 1 V..{.(tXJ 

and symmetric : 

<R('ll-)v,r;'> -=<v ,K/11-)~ > > Vv17E'X. 

(1.13) 

(1.14) 

Remark. Since A is a potential operator, it follows that the ope-

rat or s-1 is also a potential operator, 
r ue a :Linear roincare - uoeK.tov opera<;or Ior tne pro-.Ut:" .JI!. 

blem ( 1. 1 ) , where we set Ey =-D. in J1 2 and lJ : 0 , Then the ope-

rat or 51!. is completely continuous on L2. ( r~) and can be repre-

sented in the form 

S - (E -Kr• L "b.- ..aEL2 (f3), (!{.(' J) =- 0 
' (1.15) 

('-I 1 -1) -::: 0 implyinc; (54 M' 9• ) == 0 • The inverse opera tor 5£1 with 

the domain of def'ini tion D ( s l: c L2. ( r3 } 
the formula 

can be represented by 

s;,.' = C 1 (E- 1<) ( U 1 <Jo) = 0. (1.16) 

That is why we turn our attention to the family of operators G ~ G~ 1 

( G, has been used in the definition of the operator Ey in ( 1.1) ) 

satisfying the followine; conditions 

T>(cr-') = D ( c'(E-1<)); 

c-' is symmetric and positively definite in L2 (t-;) 
6 

(1.17) 

(1.18) 

' 

( G.v I 3· '= 0 ~(1/ (:. L.2 (r;J I (/If, 1)-=D ) 
(G-~<, -1) :0 f/~EX. (1,19; 

LerJI!k'\ 1 • '~'he op eret tor G = ( c + 1< f
1 
L 

the conditions (1.17)-(1.19). 

de~'ino'1 on L2 ( r,) satisfies 

lleraurk. 1.L'he opero.tor G= (E:.+J<)-
1L corrc~Gf'OHds to t~'le uacnetostc.tic 

problem. In thin cnse tl1e .=enert:.1.lizcl~ :.C'o::.· ,.~~_:_.' .~j_o-i (1.·3/ i.e cc~uiV{l_lc·r~-~ 

J,;o t~:c opero:'cor eq\'.o.tion 

l"ff s-' · c-' o · 'f'ur =: Mr + .Mr == 1 Ll r E X, ( 1. 20) 

w!1ere ..Ur = yq~, .I.L .U.. is u. solutio,l of (1.-_)). ,jince the operu tor 

o.tion cpu "')[ has n unique solution A.A E X fo:: o.ll 

X , the eC[u-
\i .. '5 ' 

[€"' ''· 

cp is strongly monotone c.nd T .. ilJ sc~i t z c o:1 tinuous in 

;Juppose that .Ml<¥ '> 0 is the conotrmt of stronc; uonotonici ty and 

Mq, the J,ipschi tz constant of thG opercJ.tO:' ¢ . ~o solve ( l. 20) 

Yle shall study the method of sinple i tero. tiona 

j ( ,u,_~~ )<_,. ) =- <Pfu., J I h), .., 0, I I .2,. '. ( 1. 21) 

The above-mentioned properties of tl'e opera. tor cp rml{e it possible 

to use the resulto of/5/: 

( 
.lrm~ 

Theorem 3· The method ( 1, 21) co;1verc;es for t' E. 0 1 M~ ) to u 

unique solution of the ;q, ( 1. 20) ut tl:e ro.te 

~ [ k (<t))""J ,-~,. I 
1/n..,-..u,.IIX ~ 4- K{"t') }'+'M.IX,.' 

J = G-'' I<. I "h)..,. (.1- .t""q cr: + 114 <t;') h 

(1.22) 

where < 1 
'rhe tro.nsi tion op ern tor of ( 1. 22) has the fo:::-m 

,u = T"'.u :=: { U- <t-)E - <b G s-t) u,..., 
,t>-t, T to> 

~· Similar result holds for J -= $h"4 
, 

-u'h 6 X. 
too, 

To solve (1,20) v;e can o.lso use the continuous newton method~ 

Theorem L)., Suppose thu t the conditions of the Theorem 2 hold 
7 



and thGt the function t ,___.,.ttf(X,t)t is differentiGble in t for 

nll!lost all 

d. A.! 

d~ 

)(t Jl1 ' t ~ [0,""' ) • Then the process 

': - c.j/( /.1./'t)f.{ <jJ (.U('I:)) .,u(O/ =-Vo (1.23) 

converces to the unique solution of the equation (1.20) with an ar-

bi trary initial c.ppro:;.-irna. tion /.J 0 • 

Hemurk. If the di:::cretizcu cq1w.tiorrs c.pproxinate the opcrc.tors s-l 
r-~ 

and ~ with sufficient c.ccuracy, preserving the correspondint; 

properties, then suci1 fini tc-uinensional systews can be solved by 

the above-r:~cntionecl o.lc.;orit!rr.w. 'd:e ::.'ate of converc;ence doe::: not de-

pend on the discretizction step. 

IMTJlliL!ATIC,,L POHI.!UL-','l'ICJIT lJ}' TE; L .. '.G~i-oTOCT.'~TIC PHOBLlcl: 

l.lar;netic field is expressed via the two scalar potentials 

,u,4 (X) and M"- ( )() throuch the followinc forrrrulae: 

H ~ -= -v .u 4 ( ><) , l( f JL ) ( 2. 1 ) 

o I 
H1 -= H - \7 A1 (><) 1 XLSl.z. , ( 2. 2) 

I 
.11~ is a vacmun reGion cont:-tininc the point at infinity, 

.Jl4 u r4 u J).; :: R 3 
• H .) is taken to be knovm. The ste.tiono.ry 

Maxwell's equations ;:;et the forr/ 13 / 

J., d (" sL ) - .L dx /"" J ~ u 4 := 0 I )( E J2 I 
..c...-=4 (. (. 

( 2. 3) 

~' 
- /'). M.._ '= 0 )( ( _\L_l. ( 2. 4) 

the conditions on the boundary of the division of media r4 are 

d.u~ du ... 
d Nl4 - Jtrl._ -= lf (Xl 

M4 -=M,~.- q(x) , )(E f; J 

( 2. 5) 

and the condition at the infinity : 

Az (x) -= 0 ( 1~1 .. ) for- I xl -~ oo 8 . ( 2. 6) 

) 

J 
I 

·:rhe frmctions 1.} (X) and q (X) are defined on r; by the formula 

11 (x) = - H
0 
tn4 J 

J( 

cP(x) -= J ( Ho >< ,n,Jd 'V 

( 2. 7) 

x., 
tv is the tangential vector to f'., , X., E r. is an =bi trary 

point. To satisfy exactly the condition (2.6) •::e enclose tho rwnli

near r,ledium into an auxiliary domain .fl3 (sec .:.'ic;.1). On the boun

dary of Jl3 we impose a condition equivalent to (2.6) 

d 1)._ 

( E -+ K) UJ.. : L dKJJ ) ( 2. 8) 

where E. is the identity operator, K and L are the operators 

already defined in ( 1 • 3) with ·'lrr,:o ~ Xp- X ) l»p -= M3 ) .u l P) -= u2 ( x,. ) . 

Fi~.;ure 

In the dor.min J.L2 ~ _1}-3 "-J1, 
we retain the equation (2.4). 

~o solve (2.3)-(2.5), (2.8) 

really ::Jeans to solve the ope-

rater equation defined on the 

bound."J.ry o:Z tho auxiliary do-

rr.D.in in relation to the fun-

ction 14 ., ..u:L I 
<J r~ 

s;'llf -+ sl-~'1 -= o _ (2.9) 

S-1 
The operator 4 is the 

inverse to the Poincare -

0teklov operator, defined on 

the domain Jl 3 and the differential opero.tor (3), (4), (5) for 

<P -== 0 131. s; I -::: c f ( E-+ 1<.) is the linear operator. 

SOLVIEG T!:!:C: PROBLJ..;Li 

,,s we have already said in the introduction the computations 
9 



ViCl"'e perforued t~si11,::: :.~01-31. ln rnrtkinc of LC~L31 \ve 11:::\vC t::.seU one oi 

the efficient l:1PtJ.1ods of aYH.tl~•sis of nonlinear s:pc.cinl r.1.ac;netic sys-

teiilS, based on the represen-::o.tion of the totc.l field H c.s ti1e sw,: 

of ti1e field H~ fro!'! t 11e sources at the vacuum and of the i'ield 

H"" of the: un.sncti~cc. ll8(LL1.u.l. l~orcover, Oll.lJ o1~c ;:;c;_:.::i.::..>.T fuYic·:;io~l 
::, I 

:L0 ~-lcc(iL"C1 -co c~_c:;cri~;t_ C11G- ;lt.:ld H""' 'l_.,. In this case tfle proble!'1 

of COlclpUt:J.tion o.L tile field H0 of a coil and the problem of con-

put[>.tion of the :fu::,ction M-- are separated and can be optimized in-

dependently fron cn.c:1 other ... }Jen usinG this approo.ch it is very 

important to appro:-::L1 1:- .tC' Yli t!1 ncccsse,ry ncctrracy -~he bcho.viour of 

the :::cr~lar function .MJ at infinity • '"n efficient approach to sol

vinL: tl1is problc~J 1, cs iD ol1onn in/7' 1 O/, seeos to be trnnsfol~lnirl[; 
it ir:to an equiv:1lent bonndo.r~" value problem for scc,lar potential 

contc.L1L1~ inside C.l' c:u::iliary dor:min the core and 17i tl1 a special 

condition of inte[;rc.l t~1H? on the boundary of. this domain. 'ffiis spc-

cia.L botmaary cor:u.i ".iuu 
1 - - ~- --·~..t.. 

.J...I..I.lJV L~V '-1'-' ...._.," 

-1-1"...-. ,..,,...,'h..,.,,.; f"'n"'t"' nf' t1H~· no-
V~l.J.·,_~..;;~ 

tential M c. t infi:li t~- e::o.ctly. The questions of sol vc.bili t;," and 

i terational metllocls of col·ri;l::; such boundary value problens nere 

studied in /3' 11 ,'. 'ihe '.l.se of specic\l domains as the cu=:iliary ones 

t;ives tlc.e possibility of solving the integral equations that arise on 

the boundc.ry of these doraains numerically. 

As the au:::iliary dor.min in 1.101:31 is beinc used a parallelepiped 

with a square as its bc.se. ~his recion is denoted cs .123 on ?ic.1, 

its boundary as r'
3 

and its inner norml is M-3 • The recion .J1.3 

contains the no11~ineo.r meuiu;::, recion Jl1 conto.ins tl1e ferror.lC.c-

net with r.mcnetic perueabili ty fA' dependinG on the modulus of the 

mucnetic induction B • 'i'&e recion .12_, is bounded by the surface 

r4 with the inner nor=l t1111 , the recion .Jl.A correspods to 

the conductinG coil. The direction of the coordinate a:::~ts and one 

eighth of the domain, nhere the computations were performed are de-

picted on Fic.2• 
10 
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Figure 2 

The method of simple iterations to solve the problem (2.9) 

used in 1!0K31 has the followinc form : 

l"'-+f ~ (1- 't)"Jk t" ~ s,-:r- (2.10) 

It consists of four stages : 
,..,.,., . .. - .. ~- ,.,.1,, . 

•• ..j..J.J.C \.oV.IllJ:lLA.llt:.li.J..UH VJ. lll!e VeCltUL' '"' - -J'f ~h\1 • ~ll~S 1S eqUlVa-

lent to solving the nonlinear problera (2.3)-(2.5) in the domain 

..113 
X! 

and the Dirichl.et boundary condition on 

fj . Then we find 

~ : »1 ()() -=J-Jx) 

11/0f) = 
du.z(><J 

dtn3 
J XG r;, 

2. The computation of the vector r+ft,_ = ..$2 N'" • 

At this stage we solve the boundary integral equation 

(E. -+ K ) J"'~ ~... "' L /(/" on the surface ~ of the auxiliary 

domain and we find the vector :Jn+ 1/,(. = ( £ -+I< )-
1 L llr • All the 

1 2 3 9-13/ used algorithms ~ere described in' ' ' 

3. Relaxation 1111 -+I = {A - "l") ~ ~ ,,.._._ -+ t" ;-..., • The itera-

tional process can be speeded up essentially when the diagonal 

matrix is used as ~ • 

4. Return to the stage 1 • 

ll 



.t~ ,_.~lJ:../~1,.- 0_ ~ L0!J. ,J.!:.!J~l~G 

J.'he comput::ttions of the spntinl distribution of the field corres

pondinc to the (~ipole r.1C'cCJ~e Gic :fielc/13/ YJere performed with the 

i.,OL31, usinc the uetllou described in the previous section. '.i'he conpu

tntions wer€ perforneu on t:te scqnence of c;rids (12,12,7) - (23,23,13) 

- (45,45,25) nsinc the results obtained on a coarser crid as the ini

tial approximation on u finer critl. Or::;anizinc; the computatj_on.> in 

tl1is way econo~ize.a tl1e p:r:-oc(~ssin[..: tiuc ... '~n iden c.bout t~1e beJw.viouJ::' 

n:e· coJWCl':_;ence of t: ,c sC>lH o ic: ::; o:·. t:1c "chrce erich; is presented in the 

Table. The magnetic properties of the iron core are described in/141. 

I:uuericnl c::periinentD rri t~l l.~u1:31 hnve shovm: 

a) nenk dependence of the rate of conve:·cence of the iteration pro-

cess on tho charclcteris-ci~s of T.K'-(_;nctic pernco.bility of the ferron1.'1-

cnct placed inside Gi:.: :m::iliar~- dor.u:'.in1 

b) independence of t:w l':•.te o.L copver;_;ence 0::1. the discretization 

step. ~he nwnber of i t;crc..tio:ns ne0cled for t:1c relo.tivc :lccurn.cy of 

1n-3 ~- 7 Q ~~~ n ~n~ +~,n ·~i~" -- ,,_ ----- --- '1'l 1~), ?.', /~>], ?].,1:/ "lYI(1 /~5-~~5; ?c:) /. 

respectively. The number o:L poinc::; in the ;:;rids has been doubled in 

each direction on co:c::;ecuti ve s~·id::;, \Vhile the mn<.:nctic peraeabili ty 

has been a constant fur:ctior:. 

Intensity of the current in the coil is 500 A. 
Table 

Grid H(O,O,O)'C' ''(0, C, H.,J5)'l' :r(o,o, 19.8J'.i' :!(0,0,24. 70JT 

I 0.5485 tL5500 0.5536 0.0373 

II 0.5483 o. 54·77 0.5162 0.0734 

III 0, 548;~ o. 5L·~ 70 0.5706 0.0637 

Intensity of the current in tlle coil is 2000A. 

Grid H(o,o, o)T H(o,o, 14.85JT H(O,~. 8JT H{O, 0, 24. 75TT 

I 2.1454 2.1457 2.1583 0.3348 

II 2-1489 2.14o4 2,0109 0.2818 

III 2.1500 2.1388 1.8304 0.2632 
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The results of computation of the distribution of =cnetic 

ficld/ 1J/ C8.l1 Oe used in procrc.ns modelli:1c_; tl1.c trc.jectol."ie:::: of a. 

beo.r.1 of cb.ar~.;ed p=ticles in acceleratinc syster.1s. 

The authors are crateful to I.P.Yudin for a very productive 

collaboration in applied aspects of the problem. 
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rpepy"-' M. H AP· Ell-88-481 
KoM6HHHpoaaHH~e anropHTMW a HenHHeHHWX npo6neMax MarHHTOCTaTHKH 

AnR peweHHR Kpae&WX 3aAa4 MarHHTOCTaTHKH B HeOrpaHH4eHHOH AByx- HflH 
TpeXMepHOH o6naCTH nOCTpOeHW KOM6HHHpOBaHHWe anropHTMW OCHOBaHHWe Ha KOM6H
HHpOBaHHH MeTOAa rpaHH4HWX HHTerpanbHYX ypaBHeHHH C CeT04HWMH MeTOAaMH. Pac
CMaTpHBaeTCR 06oCHOBaHHe KOM6HHHpOBaHHWX MeTOAOB B HenHHeHH~X 3aAa4aX MarH~
TOCTaTHKH 6e3 npeABapHTenbHOH AHCKpeTH3a~HH ypa&HeHHH. 0pHBO~TCR peaynbTaT~ 
no CXOAHMOCTH HTepa~HOHH~X npo~eCCOB peweHHR B03HHKa~x Kpae~x 3aAa4 B He
nHHeHHOM cny4ae. PaccMOTpeH~ 3KOHOMH4H~e HTepa~HOHH~e npo~ecc~ peweHHR rpa
HH4H~X HHTerpanbH~X ypaBHeHHH Ha HeKOTOpbiX nOBepXHOCTRX H anrOpHTM~ HX HC- . 
nOnb30BaHHR. npHBOARTCA npHMepw 4HcneHHWX pac4eTOB 3aAa4 MarHHTOCTaTHKH 803-
HHKa~HX npH MOAenHpOBaHHH noneH B 3neKTpO$H3H4eCKHX yCTaHOBKaX. 

Pa6oTa ~nonHeHa B na6opaTOPHH B~4HCnHTenbHOH TeXHHKH H aBTOMaTH3a~HH 
OHRH. 

flpenpHHT 06DellHHeHHOFO HHCTHTyTB ll.llep!fbiX HCcneAOBamdi. ,lzy6Ha 1988 

Gregu~ M. et al. Ell-88-481 
Combined Algorithms in Nonlinear Problems of Magnetostatics 

To solve boundary problems of magnetostatics in unbounded two- or three 
dimensional regions, we construct combined algorithms based on a combination 
of the method of boundary integral equations with the grid methods. We study 
the question of substantiation of the combined method in nonlinear magneto
static problems without the preliminary discretization of equations and give 
some results on the convergence of Iterative processes that arise In non
linear cases. We also discuss economical Iterative processes and algorithms 
that solve boundary Integral equations on certain surfaces. Finally, examp
les of numerical solutions of magnetostatic problems that arose when model
ling the fields of electrophysical installations are given~ too. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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