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1. INTRODUCTION 

/ 11 In the recent paper an algorithm for finding a "closed
form" solution of the following differential equations is gi
ven 

y ~~ + a(x) y ~ + l:X:x) y ~ O • ( 1) 

where a and b are rational functions of the independent vari 
able x . The "c.losed-form" solution means the Liouvillian 
solution,i.e. one that can be, expressed in terms of algebraic 
functions,exponentials and indefinite integrals,see(Kovacic /11, 
for precise definition. Kovacic's algorithm pravides 
a Liouvillian solution of (1) or reports that no such solution 
exists. The main result obtained by Kovacic is the following. 

Theorem. Equation (1) has a Liouvillian solution if and 
only if it has a solution of the form 

y = exp 1[(ú) - ai 2) dx I , 

where co is an a l geb r a í c function of x o f degree 1, 2, 4, 6 
or 12. The last means that w, satisfying the Ricatti equation 

co I + W 2 ~ R(x), R = al 
/ 2 + a 2/ 4 - b 

solves a polynomial equation G(w, x ) = O. where G(w. x) = 

N	 . 
=	 ~ g. (X) wi. g. are rational functions of x and N f; 11, 2,4,6.121. 

i ~ O I I 

An algorithm for finding the polynomial G is based on the 
knowledge of the even order poles of R and consists in construc
ting and testing a finite number of possible candidates for G. 
If each candidate is not a desired polynomial then eq.(l) has 
no Liouvillian solutions. 

Kovacic' s algorithm has been a}r-eady implem,nfed in the 
Computer Al geb r a Systems MACSYMA 2/ and MAPLE 3 .Our implemen
tation is based on the Computer AIgebra System FORMAC, se~4~ 
In the second section of this paper we give the comp
lete algorithm description in such a way that an interested 
reader can innnediateIX_..~_t:art to ~~?lement it using a su í t ab l.e 
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Comptiter Algebra System. In the third (final) section some 
implementation aspects and the computational experience in the 
FORMAC are discussed. 

if 1 E L then begin 
Find the roots c i 
for i : = n 2 + 1 to 

of 
n 

t 
4 
· t 6 • •••• tE; (i = n2+ 1,n 2+2 ••••• n ] 

do begin 
v: = m

i 
/ 2; [m i is the arder of the pole c i in R] 

2. ALGORITHM DESCRIPTION 

'" " 
for k: =0 to v-I do À v-k: 

dk v -
= -«x - c .) V R (x) )( _ ;dx k 1 x-Ci 

Notatioil: 

C denotes the complex numbers; C(~, the rational functions 
di: = 2À 1; 

end; 

• 
f) i' = 

v 
2 I À k / (x

k==l 

k 
- c . ) 

1 

over C; C[ x ] , the polynomials over C, Z the integers, L a fi if m> -2 then begin 
nite se t . For s, t E C[x] gcd(s, t) denotes the greates t common n:=n+1; 

divisor of S and t, deg t the leading degree of t and 
the leading coefficient of t. 

Problem: 

Given R E' C(x) N 

.fFind G(cu, x) == I g. (x) (Ui , gl" E C(x), N E u. 2, 4, 6, 12 L 
. - O 1

such t hat" (UI + co 2 = R and G(ú), x) = O. 

lc(t) 

end; 
end ' if 1 Ç, L' ; 

d n:=2À_1 

v: = m/2; 

for k: = O 
d k v 

to 1.1+1 do À.v_k:=--(x 
dx k 

v 
0n: =2 I Àkx 

k.; 

k=O 

VR(l:/x))lx=o; 

Algorithm: 4. Testing of candidates 

1. Partitioning of 
L': = :fl1 

R for each N ç; L [in increas ing 
if N:.: 1 then k: = n else k: 

or de r ] 
== n 2 ; 

do begin 

R: = s/t; [s, tE C[x], gcd(s, t):= 1', lc(t) = 1'] 
m: = deg s -, degt; 
Computer the square-free factorization of 

t: == t 1 . t:. ... . t ~; [te 1= 1]. 

2. Necessary.conditions for N 

t : 

for 
for 

j: = O to k do s.: =  N/2 ; 
E: = 1 to (N + 1) k J do begin 
j: = 1; 
while s j = N:/2 do begin s : = -N/2; j : = j + 1 ; 

Sj:=sj+1; 
k 

end; 

if 'i t 2k-tt=1' and (m/2 E l' or m < -2) then L: L U {lI; d : = N . d o  I Si di; 
k>O . i= 1 

if :3. t 2k+l 
k>O 

I: 1 or t 2 1= I' then L;: = LU {2 1; if d (; Z and d 
k 
~ O then begin 

if 'i t = l ' and m < - 2 then U: = LU 14.6, 121;
k -

k> 2 

if L:= ~ then return 'no solution exists'; 

O: =N.Oo +.I 5 i 8 i ; 
1 == 1 

d 
P: = I a.x i ; [with undetermined a.]

i == O 1 1 
3. Constructing of candidates 

do: = ~(mln(2,-m) - degt - 3degt1 ) ;· 6h: = lÁ(t' /t + 3tí/tl); 
P N : = P; 

for i: = N step -1 to O do Pi-l: =-P.j -8P i -

.~ 

Find the roots c i o'f t 2 ; [i = 1; 2, ..., fi B] 

for i: = 1 to 02 do begin di: = Vl.+ 4lim(x  ci ) 2 R;. 
Oi: = di/ex - ci ) ; end; x-+Ci' 

if m ~l -2 then begin ni = n2 + 1; (Jn 
2 

: == O ; end : 

( 
I. 

'1\ 
- (N + i)(i + 1) RP i + 1 ; 

Solve equation ; P-1 = O; for P 
(linear algebraic system for ai] 

if solution P == fi is found 
if m < -2 then dn : 

2 
= 1 else if m == -2 then N 

d n : 
2 

= Vi' +' 41c(s) /lc(t) then return O: 
i 

L 
= o p =:p 

end 'if d ..• '; " 2 3 



end 'for l'; 
end 'for each N ; 
return 'no solution exists'; 

3.	 IMPLEMENTATION IN FORMAC 

The above algorithm is implemented in the FORMAC Computer 
AIgebra System. The choice of FORMAC is caused by its high 
execution velocity and comparatively small memory needed, 
so that one can run our program in IBM and derivative compu
ters with 512K memory. To implement Kovacic's algorithm we 
developed a number of routines extending the capabilities 
of FORMAC, such as polynomial division, polynomial gcd's 
computation, square-free polynomial factorization, determi
nation of the rational roots of polynomials, partial fraction 
decomposition of rational functions, solving the linear al 
gebraic systems. 

The algorithm requires exact numeric computations to be 
carried out in a quadratic extension of the iqitial number 
field F, which includes the coefficients and the even order 
poles of R. The current version of our program can be applied 
to the limited class o f eqs. (1) with F ... Q (rational number 
field). It means that the program works with the numbers of 
the forro.. q 1 + qsyqs-which are automatically simplified to the 
canonical form: qí + q;v' m (q l' q'1 ~ QI m is a square-Ere e 
integer). To extend the class of input equations it's suffi 
cient to modify the procedure SIMP implementing the simpli
fication of "numeric expre's s i ons". 

The program has been te~ted successfully on examples 
in /1,5/ Moreover we tested 70 equa t Lons for which the infinite 
power series solutions are given in /8/ Among them about 
30 equations were found to'hav~ Liouvillian solutions. 
For example, a power series solution of the equation 

00 

y " + --y3 -x.. - -y5 = O presented in/8/ is y I (n+3)(n+4)xo/n I 
x x 0=0 

q. 

Using the program developed we found a closed-form solution: 
y = (x 2 + 8x + 12) e x. AlI tested examples take from 3 to 
~O	 seco of ES-l061 running time and less than 200K memory. 
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lKapKoB A.IO. E 11-87-455 
Pea.n:H3au;mi Ha R3biKe FORMAC anropHTMa KoBa<mqa 
,!I;nll pemeHHli 06biKHOBeHHbiX ,!i;HqxpepeHIJ;HaJJhHbiX ypaBHeHH:H 

PaccMoTpeHa pea.n:H3aiJ;Hli Ha R3biKe aHa.n:HTHtJ:eCKHX Bbi'IHCne
HHH FORMAC a.n:ropHTMa KoBa'IH'Ia ,!!;nil Haxo~AeHHR nHYBHnneB
CKHx pemeiiHH AHiiJiiJepeHu;Ha.n:bHbiX ypaBHeHHH BH,!I;a y "+ a(x)y '+ 
+ l:(x)y = 0, r,!l;e a, b - paiJ;HOHaJJhHbie liJyHKIJ;HH X.IlpHBe,!I;eHO 
liJopMaJJhHOe OITHCaHHe a.n:ropHTMa, TI03BOnliiD~ee nerKO pea.n:H-
30BaTh ero B niD60H TIO,!I;XOAl!~eH CHCTeMe KOMIThiDTepHOH 
anre6pbi. 

Pa6oTa BWITOnHeHa B fla6opaTopHH BW'IHCnHTenhHOH TeXHHKH 
H aBTOMaTH3aiJ;HH OHHH. 

Coo6weHHe 06oe,nHHeHHOrO HHCTHTyTa R,nepHbiX HCCJie,nOBIUIHH . .LJ:y6Ha 1987 
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An implementation of Kovacic's algorithm for finding 
Liouvillian solutions of the differential equations 
y" + a(x)y' + l:(x)y = 0 with rational coefficients a(x) 
and b(x) in the Computer Algebra System FORMAC is descri
bed. The algorithm description is presented in such a way 
that one can easily implement it in a suitable Computer 
Algebra System. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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