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I'·\ 
I. INTRODUCTION 

One of the most powerful mathematical techniques in the con
temporary quanturn field theory /1/ is the method of functional
 
. . ( f /2/ ) h
lntegratlon see, e.g., re. . One of t e great successes 
of the rnethod is the developrnent of the lattice gauge theory/3~ 
T~e introduction of space-time lattice turns functional integ
raIs into ordinary ones of high multiplicity (~I05) thât are 
usually evaluated by the Monte Carlo method. In order to do it 

')"1 

one needs to use fast computers with large memory. At presont 
there are in some works /4; (see a1so 121) being developcd t ho 
ways of computation of functional i.ntegrals that do not nccd 
the lattice discretization mcthods. In thi lattor scnso th~ 
approach, based on the mathematicnlly d.~orouR s tudy of Iunc 
tional integraIs with Gaussinn measure lõ appeara to bo pro
mis ing. \.,ri thin the framework o E the mant ioned approach in tho 
present paper we derive for functlonal integraIs soverol now 
approxi.mate formulae exnct on a class of polynomial functionnLa 
of a given degree. l1sing thC9C formula0, wo ahow, how to compute 
certain characteristics in Eucliucan quantum mochantcs anu on 
the models of linear quantum osciltator nnd anhnrmonic oAcJlln
tor we compare our results with the results of comput9tionn nP 
the funct ional integraIs that have been obtainod in 11 via chc 
approximation of paths in the functional and a1so in IBI and /71 
by the "Monte Car-lo method on lattice. The emp10yment or thc 
der-ived appr-oximate formulae replaces the evaluation of tho 
considered functional integral by the evaluation of an ordi
nar-y integral of small multiplicity, allowing the use of the 
deterministic methods (Gaussian quadrature, Tchebyshev, etc.) 
and leading to a significant economy of computer time and me
mory. The comparison of the numerical results confirms the 
higher efficiency of the method employed. 

2. APPROXlMATE FORMULAS FOR INTEGRALS WITH GAUSSIAN MEASURE 

We will study a functional integral *F[xld~(x). where F[xJ is 

a real Eunctional defined on a separnble Frechet space X. ~(x) 

is a Gaussian mensure on X defined by n correlation functional 
K(~, TI) anti by n mcan 'la lua m(TI) , (: ,1] '- X ~ In the s equ e I we 
wi Ll use tll'\ "Iurmu lu of mIxcd into,p,rntlon" la/ 

<:1: 
,; 
~ :~f

2 I , I 
I 

• -..!L-, .. t· -' 
JF[x]dll(x) = (21r) 2Jexpl-2(u,u)If:F[x -Sn(x)+'Pn (u)]dll.(x)du, 
x R n X 

where 

n n ~. 

Sn(x) = 1 (ek ,x)~ek ' 'Pn(u) = '1 ukek and lek Ik- 1k=·l H k= 1 

is an orthogonal basis in Hilbert space H that is generated 
by the measure ~ and also the approximate formula 

J F[x]dll(x) ~. In F[Om(v)]dvm(v). (I-) 
x R 

exact for polynomial functionals of degree ~ 2m+ 1, where a mea
sure v m in Rm is a cartesian product of symmetric probabilistic 

. m 2 
measures 11 in R ; 0m(v) = 1 c~m) p (vk ) . ; [c~m) ] are the roots of 

k=·l
 
the polynomial Qm (t) = I (-1 )k t m-·k/ k! ; p(r): R ... X is an odd func


k= O
 
tion that satisfies the conditions
 

f < ç, p (r) > < n , P(r) > d 11(r) = K (ç, .,,); 
R 

j 
Il < ç i ' P(r) > G- L (R, v), 1 ~ j- ~ 2 m + 1 

i == 1 

for any ç.n, Çl ~ X'.
 
Combining these formulas we get the tollowing "composite
 

approximate formula"
 

n 
JF[x]d~(x)=(21Tf2Jexpl- ~ (u.ur] JF[Om(v)-O~(v)+'I'n(u)]dvm(v)du+R~(F)(2) 
x R n Rm 

exact for polynomial functionals of d egr ee z; 2m+ 1, where O~ (v)=
 
= Sn(Om (v)). We will prove the convergence of the approximations,
 
obtained accordíng to (2), to the exact value for n ... ~. We will
 
assume" that for almost a l L v ~ Rm with respect to measure v
 
holds the convergence O~(v) -Om(v).If X=C[a,b] this assump

n~OCl 

tion is fulfilled. 

Theorem 1. Let F[x] be a continuous functional on X, satis

fying the .cond i t i.on IF[x] I .::; h(A(x, x)), where A(x,x)= I Yk(x,ek)~ 
k=l H
 

is a non-negative quadratic functional, ~ Yk < ec 'Yk z.O ; h (r)

k= 1 

is a n~ndecreasing function, and J Jh[A(Om(v),Om(v))+A(x,x)]dll(X)dvrJv)<oo. 
Then Rm... O for n ... eo , R mX 

Ob"hellfirteHHkii\ Rltcmy1 , 3 
"l:I~iíUd1\ HtC.l1el'mB1Uu8 a 



Proof. Using the mixed integrat10n formula we transform the 
integral I 

'\
J J F[em(v)-:8~(v)+Sn(x)]dv(v)d/l(x)= JT[x]d/l(x)= \

X Rm X 

n
 
=·(271 )2Jexp {- ~ (u.u )] JT [x-Sn (x ) + 'Pn (u)] d/I (x ) d u .
 

R n X
 

However 

T[x-Sn(x)+'I'n (u)] = J F[8m(v)-8~(v)+Sn(x-Sn(x)+'Pn (u))Jdvm(V) = 
Rm 

= ~.F[fJm(V) -.e~(V) + 'l'n(u)]dvm(v). 
R 

Hence 
n

-T: n
J T[x]d/l(x)=(271) LIexp{-~(u,u)} I IF[8m(v)-Om(v)+'P n(u)]dvm(v)dtt(X)du.
X Rn X nm 

n-"2: 
=(271) Jexp{-~ (u.u )l JF[Om(v)-8~(v)+'Pn(u)]dvm(v)du. 

Rn Rm 

For almost ali v and x with respect to measurea v and /l res
pectively the sequence 8m(v) -:8~(v) + Sn(x) converges to x as 
n ~ 0Cl • Consequently, at these points 

lim F[()~-:8~ + Sn(x)] = F[x]. 
n~oo 

On the other hand, for almost a I L v and x 

n 
I F[fJ m(v)-8m(v)+Sn(x)]\ s. h[A(em' 8 m)+A(x,x)]. 

Indeed, 

0Cl n
 
IF[ I (em(v) , ei)- e i + I (x,e.)- e. ] I <
 

i=n+1 H i=l 1 H 1 

n 2 20Cl 

S h[ I y (x, e. )_ + I y. (8m(v),e i)- ] ::;:h[A(8m(v),8m(v))+A(x,x)].i=l 1 1 1 H i= n+1 1 H 

Now we. can apply the Lebesgue theorern "on the passage to the 
limit under the integral sign" to the right side, and that 
proves the theorem. 

The estimate of the remainder Rr:JF) in dependence on m and n 
establishes the following 

4 

Theorem 2.19/ Ef t he functional F'[x] 1ntegrable with r espec t 

to measure Il. can be expressed 'in the form 

for a l l x, x O ~.x,F [xs Xo ] =.P2m+1Ix l + r 2m+1 (x, x O) 

where P 2m+ 1 is a polynomial functional of degree ::;.2m+l, and the 
remainder r2m+ 1 is estimated by the expression 

!r2m+ 1(x,xo) I ::;JA (x,x)] m+1 . [k 1 exp [k 2A (x+xo ' x +XO )] -+

+ k3exp[k2A(xO, Xo )]\, ki > O, i = 1,2,3; 

0Cl 2

1-2k 2 YJ' > a > O, j = 1, 2, ... ; I y. a. < (ej , 8 (v))H c. a j ,
00, mj =·1 J J 

then for the remainder of the approximate formula (2) there 
holds an estimate 

00 0Clm+1 m+! 
IR~(F)I.$:Gm<' I y.) +.H m(. I y.a.) , 

J=n + 1 J J= n + 1 J 

where G mand H m are positive cons t an t s , dependent on m. 

Remark , The proof 'of Theorem 1,2, for the special case m= 1 
is given in :/8/. 

Practical example.Here we estimate the speed of convergence 
of Formula (2). We consider an integral with a conditional 
~~iener measure dw* x: x=c =dc [O, 1], x (OI) = x (1) = O I , mean va
lue mít ) =·0 and correlation function B(t,s)==min{t,sl-ts. 
Then 

n
-"2: 1 1 1 1 n nJF[x] d Jexp{-2(u,u)l-;n J..! F[8m(v,. )-8m(v, .j , 'Pn (u,.)]dvdu +Rm(F >,

w*x=(271)
C Rn 2 -1 -1 

m (3) 
m (rr1)

8m(v,t)= I C. 8(vi,t); - t . sígn r , t '::;.1 r I ; 
i=.l 1 

8(r,t)= (l-t)signr,t> [r ] ; 
n m (

8n(v, t )=·2 I sín k71t . -1....:. I Cim)sign v.. cos k1TV. 
m k= 1 k71 i= 1 1 1 

_ n 1 
'Pn (u, t) =y2 I sin krrt .-:. uk . 

k=·l k7T 

1 
And, if we ehoo se A (x.x )« Jx 2 (t ) d t then we get the order of 

O 
convergence equal to O(n-(m+1)). 

5 



3. APPROXlMATE FORMULAS WITH WEIGHT 
f

FOR CONDITIONAL WIENER INTEGRALS 

Here we will study in more detail a significant to quantum 
: li,mechanics case of Gaussian measure, namely th~ conditional Wie


ner measure. An important role in constructing the approximate
 
formulae for
 

I(p . F) = f P [x ] . F [x ] d * x 
C (4 ) w 

with weight
 
1
 

P[x] = exp{ f [,\p(t)x 2(t) + g(t)x(t)]dt I. (5)

O
 

,\ 4;,R ,p (t) ,g (t ) <:-' C [0,1 J. plays our next 

Theorem 3. An integral (4) with weight (5) can be written in
 
the form
 

1 1 1 1 2
 
I(p.F )=exp 1-2 f(l-s)K(s)ds Jexpl2"JL (t )dt J. fF[ep(x )+a]d w*x (6)
 

O O C 

where 

t t 
ep(x(t ))=x(t )-.l::L~ fK(s) V(s )x(s)d B; V(t )=exp 1 f(l-s )K(s)d s l;

V (t ) o O 

K(s) is the solution of the differential equation 

2 2 • 
(l-s)K1s)-(1-s) K (s)-3K(s)-2,\p(s)=O, s E- [0,1), (7) 

2 
K(l) = -T''\P(1); 

t 1-t t s
 
a(t)=fL.(S)ds-_()·fK(s)V(s)[fL(u)du]ds;
 (Ba)O V t O O 

1
 
L(t)= f[K(s)V(S)H(s)-g(s)]ds+c;
 

t

H (t) = !g (s) ~"(: )d s , (Bb)
O 

and the constant c in (Bb) is determined by the condition 
1 

f L (s ) d s = O . (9) 
O 

Proof , We will consider a transformation x (t ) .... y (t) 110áefined 
by the relation 

6 

. t . 
y(t)=x(t)+(1-t) fK(s)x(s)ds, K(s) ~.C[O, 1]. (lO) 

O 

Transformation (10) maps the space Conto itself in one-to-one 
correspondence. The inverse transformation x(t) = ep(y(t)) is given 
by the relation 

t t s
 
ep (y ít ))=y (t )-(1-t},exp {-f (l-s) K(s ) d s Jx f exp { f(1-u) K(u)dul K(s) y(s) ds .
 

O O o (11) 

For a general case of linear transformation 

y = x + A x, = (E + A) x, (I2) 

1 
where Ax(t)=fQ(t,s)x(s)ds, analogously with the formulae for 

O ' . ,/U/. 1the Wlener measurê ,we obtaln a formua for the change of va
riables in conditional Wiener integral 

fF[y]dw*y= ID I f F[x+Ax]expi-!.2 } [-.JL(Ax)]2dt- }x d (Ax)dt ld,w*x, (J 3)
dC C O dt O t 

where D is the Fredholm determinant of the kernel Q(t, s). For 
the special case of transformation (10) 

(l-t)K(s), s ~ t;
 
Q (t, s)=
 { O, s > t; 

1 1 1
 
and D=explT fQ(s,s)ds I=expl ~ f(1-s)K(s)ds l .
 

O f . °f h ..Af ter some trans ormatlons o t e expresslon lp the expo
nent of the right side of (13), we get 

fF[y]dw*y=IDI fF[x+Ax]x
 
C C
 

2(t)dtl dx exp] ~ f[(1-t)2 K2(t)+3K(tl)-(1-t)K'(t)]x :iX · w

O
 

Hence, if K(t ) is the 'so Lu t í.on of (7), then 

1 -1 
f F[x]exp{,\fp(t)x 2(t)dtld *x=IDI fF[ep(y)]d *y. (I 4)
 
C O w C w
 

1
 
Substi tu ting F[x] =exp I fg(t) x(t) dt I· <1l [x ] = G[x ] <1l Ix l into (I 4) and
 

O
 
performing still one more change of variables
 

t 
y(t)=z(t)+ fL(s)ds == z(t)+w(t),
 

O
 

7 



where L(s) satisfies (9), after some transformations we obtain 

-1 1. 2
 
fP[x]<I>[x]d *x=jDI exp{-.!.:fw (t Idt ]x
 
C w 2 O
 

1. •
 
x fG[cp(z+w)].tl>[cp(z+w)].exp{--!w (t)z(t)dt ldw~=:
 

C	 O 

-1 1 1 2 1
=\DI exp{-.JL (s j ds ] j exp l fz(t)[g(t)-K(t)V(t)x
 

2 O C O
 

1 1-8	 t 
x[fg(s)-V() ds]+L'(t)]dt\.<l>[cp(z(t)+fL(s)ds)]d * z , 

t s	 O w 

Assuming the conditions (8) hold the assertion of the theorem 
follows directly from the last equality. 

Now, if we apply the approximate formula (1) in the case of 
djl(x)= dw*x (t.h í s case has been studied in:/12 7 

) to the func
tíonal integral in the right side of (6), then for an integral 
(4) with weight (5) we obtain a famíly of approximate formulas, 
dependent on a natural pa~ameter m. 

Theorem 4:/13/Under the conditions of the above theorem the 
approximate formula 

1 2
f exp {f [À P (t ) x (t ) +g (t ) x (t ) ] dt \ F íx l C\,* x ~ 
C O 

1 1 1 2 
'" exp{-;-2 :f(l-s)K(s)ds lexp{1:.- f L (t)dt Ix (15) 

O 2 o 

1 1 1 
x-: f f F [8rn(v,.)+a(.)]dv1 .. ·dvrn,

2 m -i .. 71 

where 
_ m_ 

8 (v, .)=: ~ c~n:e(vk ,.),m _ { s ign r, t -:;,.k= 1	 IrI ; 
p (r, t)= 

O. t > [r] : 

8(r, . ) =: cp (8 (r, . )) = f (r,. ) - P(r, . ) , 

, mi oIIrI.t]
 
f (r, t ) = sígn r .!.:.!-{1+ f K (s ) V (s ) ds ]
 

V (t ) O . 

is exact for every polynomial functional of degree ~2m+1. 

8 

Particularly, if p (t)== 1 ; g (t ) ~ g =: const; À < "2 /2 the for
mula (15) acquires tne form 

1 .
 
I (P·F)= fexp { f[Àx 2 (t )+gx (t ) ]dt \ F[x ]dw*x~Irn(p. F)=
 

C O
 
"	 ~~ ,: (16)

2À' g2 À À 1 1 1 
=: j .JfL.. exp] =w. [tg~2,-Ji-]l-:f f F [Om(v •. )+a(.)]dv1 ••• dvrn•smy2À 2Ày2À 2 2 -1. .• -1 

rn 
It ought to be noted, that in this case the function a(t) can be 
represented in explicit form: 

a (t)= g 7t:! .sin 1ft .sin )4'0- t lo 
ÀCOS, t-: 2 2 

the fact that must not be generally disregarded in actual ap
plication of formulas. The transformation cp(x) acquires a simple 
form, too: 

cp (x ) =: X - Âx	 (I 7) 

where Âx(t)=sinj2ÀÜ-t). }1(s)x (8 )ds, 
O 

1(s)=: &s~l-S)'cosJli.Ü-~)-:.sin~(~-,~: 
(1- s ). sin 2 J2À(1- s ) 

To es timate the remainder of Formula (16) we need some pre
liminary results. 

Lemma , Linear operator cp, defined on C=t C [0,1]. x,(O)=x(1)=O 1 
according to (17), is bounded on C in L2 -morm , 

Proof. The parallelogram ~aw in L 2 yielqs 

2 . 2 li'" 2Il.cp(x)II .~;,21Ixl[L + 2 ,AxII L •
L222 

From the inequality 

t .... 2 t .... 2 2 t .... 2 2
 
[f f(s)x(s)ds] ,$;,t fr (s j x (s)~:ff (s ) x (s j ds, O~t~.l,
 

O o' o
 

after the change of order of integration with respect to t 

and s we get 

.... 2 1 ....2 2 1 2 rxr, 1 2 
11Axll s.Jf (s)x (a j j sín V2ÀU-t)dtds=:fx (s)ú.>(s)ds, 

~ O B	 O 

9 



ProoL S'i nc e Formula (16) is exact for P2m+ l[x], it followswhere 
that 

w(s)=f2(s).1..u-s-, sin2@1-s) ) \Rm(P.Fn:e. IRm(P .r 2m+ 1)1 ~ II(P.r 2m+ 1)1+11 m(P.r 2m+ 1)1,2 2J2i:' .. 

I f" T == r(s )=$(l-s) we have :i
\ 

where, according to (18) and (19), 
I 

_te: 2 2 /0'7"' 3 
w (s )=( rCos T -sin T .)2. ~(T-~')S (l,-!.....-+_T_) ~.~. II(P.r 2m+ 1)1'::;,c (m).M(g,À+c 2(m)) 

r sin2 T 2 2 6 sín 2 T 2 sín T 2 3 :,. 1 

1 1 1 
Considering, tha t for Os. s ~ 1 we have T ~,j;;.; -/s.ín T $....j2À.!sin .;v..=!O Ilm(P.r2m+ 1} I ~C1 (m).M(g.À)·lm, f j exp] c 2(m)xf[1>(Om(v,t))+a(t) ]2dt \dv. 
we obtain the following estimate 2 ·1 ... -1 O 

----m----'
 
2 2
 

ro À r 2
w(s)~, ~ '(T'+ 1) . Using the result fonnulated in the preceeding lemma we have 

2 1 2 1 2
Therefore, the inequality 111>(x)lI2 $. allxl1 where a exp lC2(m)l [1> (em (V.o» a (t)] dt \$.C2(m) . exp 12e 2(m)· a .j[em(v,t)] dt \. 

L 2 L 2
 
1 2 2 t 2 .
 

= 2 [1+-g-I'o À (t-+ 1) ] holds for all x (t ) ~ c. Thus the proof of 
Applying the Cauchy - Bunyakovskii inequality and the property 

the lemma is complete. 1[c,<m)]2 = 1 we obtain 
j= 1 J 

Theorem 5. Suppose the functional F[x] can be expressed in 2 m < 2 m[em(V,t)] =[ 1 c, m)O(v, ,t)] < 1 [e (v. ,t)]2.
the fonn j=l J J -j=l J 

F [x] = P2m+ 1[x ] + r 2m + 1[x] , 1 2 
Since f[e(v. ,t)] dt = v.2 - Iv, I +.L, there follows for w c- R 

O J J J 3 

where P2m+ l[x] is a polynomial functional of degree ~ 2m+1; 'h
IIm(P .r2m+ 1)I.:S C1 (m)M(g,À)~ 2(m)[2 f exp 12c 2(1'11) a (w2 -w + t)\dw ] m. 

1 2 O\r 2m+ 1(x]1 ~.c1(m)expl c 2(m) fx (t j dt ] ,
 
o
 

(18) If we take into account that for a:;; x :;; b 

"2 -1 
c 1 (m ), c 2 (m ) 2.,O; O S À + c 2 (m ) < T' exp x ~ (b-a) [exp b - exp a ](x~a ) + exp a, 

we get
 

we have the estimate ) Ih
 

f expI2c2(m)a(w--w+ 31)\ dw( 2(.!-exp~ac(m)- exp.l.ac (ml) <
 

Then for the remainder Rm(P.F) = I(P.F)-Im(P.F) of Formula (16) 

IRm(p·F)1 ~c1 (m)lc2(m).M(g'À){~ exp(~ aC'2(m))]m+ M(g,À+c 2(m)) \ , O - 332 62

~I
 
·1where < -exp82\l-ac2(m) . 

- 3 3
 

ê2(m)~expI2c2(fi) la2(I)dll~expl C2(m)~'(2+Cosj2À-5 sj#F- U.
 Therefore
O À2 cos 2ti 2 À
 

.. ., 2 (19)
 I Im(P.r2m+ 1)1 s cl(m)M(g,À)C2(mHtexp( ~ ac 2(m))] m.:
M(g.À)~ fP[xld .x~j ~.exPI iir [lgjJ:-,~]1. 

c W s in \ 2 À 2 À 2 À 2 2 
Q.E.D. 

10 11 



4. LINEAR QUANTUM OSCILLATOR 

We will illustrate the use of the formulae with examples of 
simple quantum-mechanical models characterized by the Hamilto
nian
 

H = ~ :p2 + V (X), X c- (- .
00 ,00 ) • 

The ground state energy Eo of the system is defined,/14/ as 

00 1 
E o= <0 1HIO> = lim -L:ftl .J dx!'exp{-T fV[y'Tx(t)+ 

T-. ÓCl Z (T ) 1TT - 00 C O 

+ X]dt Ht-XV'(X) + V(X)]d w* x 

where Z(T)=_L Z(X,T)dX: 

- 1 1
Z(X,T)= 12 'íf:Jexpl-T fV[jT'x(t)+X]dtJd *x. 

21T C O .w 

(20) 

(21) 

(22) 

The energy gap.between the ground and the first excited states 
is
 

~E = E 1 -.E o = -: lim ~:ln G(r),
 
r-.oo dr 

where the propagator 

G(r)= <O,x (O) x (r) IO> = Iím -1-.~l..-..-..:1' d:X·X fexpl-Tx 
T-.oo Z(T) y'~1TT -00 C 

xIV[JT:x(t)+Xl dt IhfT~(!...-:) + Xld w* x . 
O T 

For a wave func tion of the ground s.ta te we have 

2 EOT
1 'I'O(X ) I = lim [e Z(X,T )].
 

T-.oo
 

The,functional integral (22) for.a harmonic oscillator with 

(23) 

(24) 

(25) 

V(X)= ~:X 2 may be evaluated. explici t ly using the formula wi th 
2 

weight (16): 

12 

.I ,~
I 

- 1 T 2 .Z(X,T)= ..expl-th-X L 
V21TShT . 2 

Consequently, for finite T, 
j X2Z(X,T)dX~. 

(T) -<x>! E o = õ3 _ .. - .l.:cth ..T.:. 
2 2'-L Z(X, T}dX 

(Tl T'cth.1': 2J," I (T) 2 EO T - e 2 . 2 1 -·th Ix 
,\lIo (X)I =e Z(X,T)=~~------.: . ~·e (26)J2 sh T' y'iT' 

(T) 1 T 'T (T) TG (r)=2""cth~;.(chr-.th2shT), ~E = th2""' 

(T) (T) 2. (T ,n)
The values of Eo ' 1'1'0 (X) I for var10US T, and also of E ' o
obtained on the CnC-6500 cbmputer using the composite formula 
(3) with m = I, are given in Table I. We remined that the theo

22 1 -xretical values are: Eo = 1/2; ~E = I; 1'1'0 (X)I = -·e . It follows 

Eci

from Table I that good approx ímat í.ons E~T,n) o~he theoretical 
value are achieved at relatively small values of T and n. We 
cite, for comparison, the results:l6~ obtàined on a lattice of 
N = 51 points and the step a = 0.5. The result of an exact 
evaluation of the Gaussian N -dimensional integral has been 

N
) = 0.447; the computation of the integral via the simula

tions of NE = 100 lattice configurations has given the result 
(N,NE) /4/•I Eo = 0~45. In paper the result of computations of N = 4I 

I dimensional ihtegral obtained in NR = IO~runs each consisting
I of 10000 path simulations is EciN,NR) = 0.4932.1:.0.145, which tookI 

I
19:x100 s of CPU time on the Vax 780. For N = lO, NR. = 100 the 

(N, NR)
result is Eo = 0.4979+0.051 in 67xIOO s. 

\I TabZe 1 

E(T) 1'1' (T) (X)1 2 E (T .n)T O 
n 

O CPU o 
Formula (3) time,Formula ( 16) Formula (16) 

s 

15 0.50678 1.0345 (l/V1T) expl-0.9866x 21 0.5077 1.8 

6 0.50248 1.0150(1/~ expl-0.995IX 2 1 '2 0.5073 3. I 

7 0.50091 1.0064 (l/v;) expl-o. 9982X 21 3 0.5010 5.5 

8 0.50034 1.0027 (l/v-;) exp I-o. 9993X 2 J 5 0.5002 9.7 
_. 

"0 
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Fig.1. Wave function of the 
ground state Of harmonic OS
cil.l.ator. 

On a lat tice wi th N = 1000, a = 1 in paper 161 they have gi
ven,. us í ng the exac t evaluation of the integral, the value 

(N) 2 -1. 1 X 2 1·1. 1 X 2 

1'1'0 (X)! = o.ss e = 1.05---=== e (27)
V" 

In Fig.l the solid curve gives the theoretical value, the dashed 
curve gives the be s t result (27) on lattice 161 and the cross es 
are our results obtained via the composite formula (3) with 
m = 1., T = 6, n = 2. CPU time of the CnC-6500 computer at each 
point X was less than 0.1 s. The information on CPU time and 
a type of computer in / 6 1 is missing. 

In Fig.2 with logarithmic scale, the crosses represent our 
values of G(r). These results were computed us í ng the formula 
(3) with m = 1, n = 2, T = 6. CPU time on the CDC-6500 has been I 
within the range of 10 s per point T. Fittin~ a straight line . 
by the method o f least squares, we have got G l'".n) (O)=E(T,n)=0.5053; 
~E (T,n) = 1.0198. In 161, on a lattice with N = 51, a = 0.5, the 
authors have obtained, using the exact value of the integral, 
~E(N) = '0.9875; while in modelling NE = 100 lattice configura

(N ,N E ) 141 
tions they obtained ~E = 0.99. In ,through NR = 100 runs 
with 10000 paths each, the authors have Iound 

.. 
for N = 4 

~E (N,NR) 
0.8801±0.202, time 100x19 s; 

for N = 10 
~E (N,NR) 

0.9331±0.129, time 100x67 s . 
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5. ANHARMONIC OSCILLATOR 

Our results for an anharmonic oscillator with V(X)~1/2X2+gX4, 
obtained using Formulae (16) and (3) with n~m~1 are illust
rated in Tables 2 and 3, resBectively. The overall time of com
putation for EÓT , l ) and G (T, ) (O) at each point g has been 
"" 10 min for (16) and » 0.5 min for (3) on the cnC-6500. Exact 
values are denoted through E~ ,G* (O) and ~E *. The results, ob
tained in:/4 / via 10 simulations of 3000 paths each, are denoted 
G (N) (O) and ~E(N). The time of computation for each point g 
was 10x25 s for N = 4 and 10xl7 min for N = 20 on the Vax 780. 
~E (T ,1) d~notes the logari thmic derivative o f G (T,l) (r):/16{ 

that we find, analogously with the case of hannonic oscillator., 
graphically from the points obtained using (3) wi th n = m = 1. 

6. nOUBLE-WELL POTENTIAL 

Here we will examine the example of tunneling in double-
well potential V(X)~1/2(X2-J 2)2 on the existence of topological17/ i s effects. The basic effect caused by instantons:/ the split
~ing of the energy leveIs. (Assuming absence of instantons the 
leveIs are doubly degenerated). In this case, the wave func
tion of the ground state is an even superposition of wave func
tions at each of the wells. In the approximation of dilute in
stanton gas y .1:..(3 

E = f _: d; ~E = 2d; (f ~ O, d = 4v~2- e 3 ); (28)
o 

l'P (±()1 
2 V~·· 

2 =.1..: n: 
, o 1] 

Numerical results for Eo 
la (3) wi th n =.m =.1 are 

TT 

(29) 

and E1 = Eo + ~E, computed using Formu
given in Fig. 3 by circles and squares, 

respec~ively. Our results, corresponding to the values ofEo 
and denoted by crosses, were obtained from Ea ~·-(1/T) InZ(T). The 
solid lines represent exact results:l18~the dashed line corres6
ponds to (28). For comparison, the dots show the results:/ /, 

obtained evaluating N-fold integral via the averaging over 
10 Monte Carlo iterations on lattice with N = 303 points and 
step a = 0.25; the triangles represent the resul t of :/7:1. In 
Fig.4 the crosses give the results of computations of \'PO(X)\2 
performed using Formulas (25) and (3) with n = m = 1, T = 4.5 
for the case f2 = 2. The dots represent the resul ts of paper:/

6
!, 

that bave been obtained via the averaging over 100 Monte 
Carlo iterations on lattice with N = 200, a = 0.25; the stars 
depict (29). The solid and the dashed liries unite the points 

for easier comprehension. 
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Fig. 4. Wave function of the 
. ground state of a s~stem with ~ 

the potentia l: V(X) ~ F(X 2 - 2 ) 2 • 

Fig.3. The ground state and 
the first excited state energy 
of a system with the potential 
V(X)=.L(X2 _.f2 )2 . 
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7. CONCLUSIONS 

Due to limitation of space we were not abIe to di~cuss the 
)' results and the wide spectrum of appIication in detail. The 

method of evaIuation of functional integraIs based on the'use 
of conditional Wiener measure and the derived approximate for
mulae yields the values of the cons~dered quantities with ac
curacy equal to, and in many cases with even a greater accuracy, 
than in the Monta Carlo method on lattice, while requiring 
essentially lassor-dimenaional integraIs. As we have already 
mentionod at tha introduction, wa evaluate these integraIs 
using tho quadratura Pormulao. Within tha bounds of the method 
we use. choro do not appanr undesirable effects such as "jum
ping" of a particlo ovor a potontial barrier instead of tunne
ling throURh it. which woro discovered in'/7/ and connected 
with tho P.initonQ9B of tha lattice step. Our work in the ap
proximnt1.on thoory of intoRrntion with respect to Gaussian 
measure in ntimulntod hy recent adva~ces of measure theory 
in quantum flald theory. 
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fperyrn M. H AP.	 EI1-86-266 
O ,IJ,eTepMHHHpOBLlJlHOM BblLIHcneHHH KOHTHHyaJlbHblX HHTerpaJlOB 
B npnxe nenaa 1( 9.:1p,n4aM KBaHToBoH MexarIHKH 

Ilorryxe nst nonue rIpHáJtHJKeHHble eP0pMynbl AJUI xon-raayarrr-nsrx 
ua r er-pano a no r-nvcco noü Mepe B ce nap aõern.non rtpo c-rpaac r-ae1, 

~ <1lperne. KaK 411c'rllblfr CJIY4<lH p a ccsto-r-pe uo HHTerpHpoBaHHe no sre pe 
Bune pa H no y crtonnoü xepe B'HHepa. ,UJlH HHTerpaJlOB no YCJlOBHOH 
Mepe Bnacpn 1I0JIyt[ClIO c cneüc rno npHánHJKeHHblX ePOPMYII c BeCOM. 
Pa ccno rpc uu IWl\IITOOt1MeKUHHLleCI<He ~1OgeJlH, a HMemw nHHeHHblH 
H aHrapMOHHL{UClmt) o ctturtrtn t-opsr. 3qJcPeKTHBHOCTb ePOPMYJI npone-: 
MOHCTpHpoonlln nu ')TlIX npHMepax rrYTeM LlHCJleHHOrO cpa aaenna 
c MeTogoM MOIITU - «/lpJIO HH p enrer xe . 

'\ 

Paõorn 1II,III()J(II(!1I11 II Jlaõopa r-oprrn Bbl4HcnHTenbHOH TeXHHKH 
H anroxa'ru-rnnun OWrH. 

Ilpenpant OtS'bOnllllOlllloro HHcnnyra anepssrx lfCClIenOBaHHH. Ilyõna 1986 

I 

~ 
I. Gregu~ M. otal.	 E11-86-266 

On t hu liu t e rmi n i s t í c Computation of Functional Ln t egr a l s 
in Appllcntion to Quantum Hechanical Problems 

h 
l;. Nuw	 npproKimate formulae for functional integraIs with 
I' , 

t1w (ll1lJfll3 l an rnaasu r e in s ep a r ab l e' Frechet s pace s are de-I 
f r Ivcd , 1\11 11 spcc ín l case, the integration wí t h respect to 

t hu corul l t l oun l Wiuner measure is investigated. For condir 
tionllt Wl.nl\ur. Intograis a family of approximate formulae 
with waighl: l n cunu t ruc t cd , The quantum mechanical models, 
namely tha llnoor ond tohc anharmonic oscillators, are desc
ribed. The afrLcLoncy of the formulas is demonstrated in 
the numerical compnrlonn with the Monte Carla method on 
lattice. 
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