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I. In t r oduc tion and Theore t ica l Back gr ound 

In r ecent ]0- 15 years much a t t ention has been paid to t he 
nonl inear t wo-d imens i ona l model s hav i ng so liton-l i ke s ol ut i ons 
such as, fo r example, Kor t eweg-de Vr ies equa t ion, s ine-Gor don 
equat ion , nonl i near Schr Hdi nger equa t i on, etc . Such e qua tions 
are o f ten comp le t ely i n t egrabl e . They have the repr esen t ation 
i n t he f orm of c ommuta t or of t he t wo l i nea r oper a tors (Lax 
r epr e sentati on) and solved by t he inve r se s cat te r i ng me t hod. 

It wou l d be in te re st ing t o c ons i der the multidimens i onal 
equati ons wi th soli ton-like s olu t i ons e spec ia l l y phy s ically 
import a nt cas e s wi th t wo and three sp a ti a l d imen s i on . Unfor t u
nate l y , the multid i mens iona l general i za t ions o[ t he i nver s 
sca t t e ring me thod of full va l ue are nonexi stent. On t he other 
hand equat ions which a re integrat ed by t he i nver s e s ca t ter i ng 
me thod have high h i dden s ymmetry . They ar e inv<fr i ant: \.J i t h r es
pect t o the Lie-B Hcklund tran s f orma tion gr oups' ) ', N-sol i ton 
solut i ons turn out to be invar iant wi t h re spec t t o suc h gr oups . 
Thu s s earch and investi gation of th e i nt e r es ting mu l t i dimen
s ional models ma y be carried out supposing that t hey are inva 
riant with r espect to nontrivial Li e-B~cklund groups. The suc
ces s ful appli ca tion in recent year s o f t he Lie-BHcklund gr oup s 
t o inves~i~at e the nonlinear paraboli c equa tions (see, f or 
example, 2. I ) should be also menti oned. Thus the de t e rmi na
tion of Lie-BHcklund s ymmetri e s of dif f erential equa ti ons is 
appeared to be an important problem in th e mathematical physi c s 
and aoplied mathema tics. 

Lie-BHcklund group i s de f i ned as the t a ngent transforma tion 
of the infinit e order, that is, t he coordinates of the Lie-al
gebra depend on unlimited numbe r of derivatives ' I I , Li e- algebra 
vector c a ll ed Lie-BHckl und operat or ha s the fo rm : 

iJ c1x r, i t TJ~ a ... ~ TJ a , ( I ) 
rl X i (J u a s ,::1 11 ", I S dU a , 

J 1 " , I s 
awhere xi (1 = 1, ... , n) - independ ent, u ( a = ] . ... . m) - de

apendent var i ables, u J, J - jet bundle coordinates' corre s
1'" s 

apondi ng to the partial derivatives of u with respect to 

xit , ... xis Fur ther we sha ll ca l l these coordinates breafly "de
. . "F . c a add . blrlva t1ves. unct l ons S l' , TJ •••• , TJ ' '. .. . epen on va r 1a es 

J 1' " I S 
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uaXi , u a, •• • , . , ... and are connected to each other by
11 ... 1" 

usual prolongation formulas 

a 	 a 
= D(1/i )_u a .. D( ~ j).1/ i i 	 i J I11'" s1 s t- 1 	 1 s 

where D (D 1 , ... , D n ) is the operator of total differentia
tion 

D. _a_ + ~ u a . . __L.__ ria _ 1/a.
11 11 i " 0 .. . a o ax 6.::. 1 s au . . 


1 l ' . . IS . 


Lie-Backlund operators of the form X * = .~~Di' where ~* 
i 

are 
the arbitrary functions of the variables Xl, u a , ... , ~ . . 

1 1 . .. 1 k . 

first, form the ideal in the Lie-algebra of the all Lie-Back
lund operators and secondly, the transformations created by 
them, leave the arbitrary differential mani f old invariant. By 
term differential manifold one call s the system of equations 
under consideration with all the differential consequences: 

[F]	 : F=O ..... F=O. v=1.2 . ... 

v 


The system of the equations F = 0 is called invariant with 
respect to the Lie-Backlund group, if the manifold [F] is in-
variant. There exists the theorem!1 1 confirming that the diffe
rential manifold [F] is invariant with respect to the Lie-Back
lund transformation group, if and only if (XP)[ FI = O. In other 
words, it is enough to apply operator X only to the initial 
equations but when transferring to the manifold the differen
tial consequences should be considered. i 

As the Lie-Backlund operators of the form X*= e*D i don't 
contribute to the invariance condition, the factor-algebra of 
the complete Lie-algebra with respect to ideal formed by the 
operators X* may be considered without loss of the generality. 
Choosing instead of the operators X of the form (I) equiva
lent to them in the factor-algebra operators with the vanished 

ie we obtain 	the operators of the form 

X = 1/a __a_ 
t- ••• ., (2)au a 

which are called "canonical operators". Transition to the ca
nonical operators essentially simplifies the calculations, as 
it is enough nm. to consider m functions instead of n + m. 
what is especially important when the computer is used. More
over, prolongation formulas take a simple form: 

a
1/ . D. D. (1/a).
il ... IS 11 1 s 
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With the use of canonical operators the invariance condition 
(the determining equation) takes the following form 

(1/a-.£.L+ D. (1/a).A.L + .. . ),. ] = O. 	 (3) 
aua 1 aua IF 

1 

The solutions of the determining equation, depending on the 
variables ~ (correspond to the k-th derivatives) but indepen
ding of the u , ••• called the k-th order solutions. If to 

k + 1 
follow that, when transferring to the differential manifold 
IF] , derivatives of the first order were not expressed by deri 
vatives of more high order, then the first order solutions 
would correspond to the contact transformations. Point trans
formations correspond to first order solutions, linear with 
respect to the derivatives, i.e., to the solutions of the form 
1/ a (x. u) - ei(x. u ) uy. where .;-1, 1/a - are usual coordinate s 
of the Lie-algebra of the point transformations. Note that 
the point transformation group obtained from the solutions 
of the Lie-Backlund determining equations may be wider than 
the classical ones . It may occur in case, if some equations 
of the system under consideration have the order less than ma
ximum order of the system, since when transferring to t he mani
fold the differential consequences of these equations will be 
used. The classical definition of the invariance does not take 
into account the differential consequences. 

Presently, the Lie-Backlund algebras of the evolution equa
tions with one spatial variable, i.e . , the equations of the 
form = F(x. u. ul[' ' . .. ) .x E-R1are the most studied. Thisu t 	 u xx 
is connected with the special form of the time differentia
tion operator inclusion into the equation . The problem comes 
to the investigation of the differential algebra with one in
dependent variable. This algebra is studied completely enough. 

The main way to obtain the solutions of the determining 
equations is in the following. Let the determining equation has 
the fonn: L1/ = O. where L is the linear differential operator. 
The operator M . satisfying t he relation [L . MJ = 0 called re
currence operator is searched. It is clear. that if 1/ (1 ) is 
a solution of the dete~ining equation, then 1/(2) = Mry(l) is 
also the solution. That is why it is possible to create the 
new solutions from the known ones (e.g., point and contact ) 
using the recurrence op er ator. The effectiv e general methods 
to construct the recurrence ope rators do no t exist. I n prac 
tice, they are often searched by comparing between each other 
the low order solutions obtained by direct calculation (see 
f or example 14/ ). When transferring to the multidimensional 
problems the complexity of the calculations rap{dly inc reases. 
Probably the real possibility to deal wi th multidimensional 
equations is to app l icate the computer algebra. 
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The pr ogram wr i tten in t he language REDUCE-2 for det e rmin 

i nr, the 1'oin t and con t act symmet r i es has bee n proposed in '" 

'''hen compu t ing t he Li e-Backlund synnnetries the effectiveness 

of the computer a l gebra sys t em has acquir ed a special i mpor

t ance. Tha l: i s why t he progr am propo sed here is Ivr itten in 

PL/ I - FORMAC. 


2 . Des cr ipt i on of the Pr ogram 

The space coord inates Zk (x . u . u ..... u )are put in a l exi 
1 k 

• • 1 5 / T h d ' h PL cograph1c order as 1n . 0 r e present t ose coor 1nates t e 

symbol ic a rray named ZK i s us ed. To repre sen t the functions ry 

f r om t he formu la (3) and their deriva tiv es a lso put in lexico

graphic ord er the symbo l ic PL / l a rra y named Z # is used. The 

determi n i ng equa tions o f t he Lie- Backlund algebra contain the 

de riva tive s of the functi ons 1/ wi th respect to the deriva 

t i ve s of the func tions u . To reduce the complex ity of the ex

pr ess i ons a t ' the output .\le accepted th e restriction ,.;hich is in 

the us e of on ly one-letter symbols for the independent and de

pendent var iables. Let us demonstrate by example the corres

pondence be t ween the mathematical designations and those used 

i n the progr am. Let there be indepe ndent variables, x. y and 

dependent ones, u . v . The vector field (2) takes the form 


* (J '" cI '" a * a '" d ' a x u - • V- + D.(U) - - D (U)-- + D (V)-- ~ D (V)---- + ...T aU av x a(U . ) Y a(U) x a(V ) Y a(V )
x Y x Y 

. . il 2 U ,
Then the der1va tlve T xa-- takes the form UXY both at i r:put 
and a t* output , and the J'eriva tive of the vector field coordi
nate V having the mathemat i cal designation 

3 ., 
a V 

d XaUa(V )u 

wi 11 take the form V#. ex. u. VXX) a t output . 
The program execute s sequently t he fo l lowing operations : 
I ) Reading and pr in t ing of the inpu t dat a . 
2) Computation of the dimen s ions of t he used space s and t he 

creati on of t he work ing ar r ay ZK fo r the economical re 
pres entation of the I'm.; (x u, u , u, ... ).

1 2 
3 ) Computation of t he differential consequences of the nee

ded order and exc lus i on of t he depende nces ou t of them. The 
f ollowi ng remark s sh ou l d be made he r e. We cons ider the d if fe
r ential c on sequences up to t be certa in f i xed order k . I f t he 
system of equa tions under cons i deration is not i n inv olu t i on 
t hen it may occur t ha t the unc al culated d i ff er en ti a l conse
quences o f the hi gher t han k or der crea t e t he rela tion of the 

4 

order .$ k as t he i r a lgebr a ic consequences . The inc l us ion of t h is 
ne,.; relations may lead t o the s ynmetry group inc rease . The 
reduct i on of t he i ni tial sys t em into involut ion is not car ried 
ou t i n the pr ogram. Thus, i f t her e is a suspic i on t ha t t he in
pu t system isn't i n invo lution, then in order t o ob t a i n t he 
maximum i nvariance a l gebra wi t h guaran t ee t he sys tem must be 
pre l i mina ry reduced i n to i nvolut i on . Note, that the r e are s ome 
compute r p r ograms for reducing i n t o i nvo l ution the sy s t e:ns o f 
di f fe r ent i a l equations , r e a li z i ng the Cartan' s exter i or fo rms 
me t hod lSI as we ll as t he Ri qui e r-Janet-Thomas me t hod 17 1 

4 ) Creation of the \-lOrk i ng a rray Z # f or t he economi cal r e 
pre s enta t i on of the r ow fr om the vecto r fi e ld coordina te de r i 
vatives . Comput a t i on of t he ve ctor f i e ld pr o longat i ons. Computa 
t ion of the i nvar iance condit ion (3). When computi ng th i s con
d i t i on the t r ansition to the manifold i s execut ed . In this 
s t age i t ma y occur that some equation of the inpu t sys tem i s 
not expl i ci t ly solved wi th res pect to any der i vative s . Such , 
f or ex ampl e, is the equation from !S! : 

D U +)" si.n(ou) + ..\ s iD ~.!!.. = O. 
1 2 at 

2 
where 0 = ~ - 6. - d' Alembert operator. I n the simi lar case sat 
when transferring to the manifold the program used only the 
equations which we re so lved and the following mess a ge wi l l be 
p r inted: 

• • TRANSITION TO MANIFOLD IS NOT COMPLETE. 

Of course, in such cases the invariance algebra may turn out 
to be not maximum. 

After transition to the manifold the used differential con
sequences are printed in the form solved with re spect to s ome 
derivatives (i.e ., pair derivatives and the corresponding r i ght 
parts are printed ) . Then the differtntial consequences are 
delet ed from the computer memorv. 

5) Sepa ration of the determi~ing equations. Un l i ke / 5 ! here 
the separation of the determin i ng equation is carr i ed out not 
only wi th re spect to different powers of the "free" de r i va
tive s but with r espect to arbi trary different independent func 
t i ons o f such de riva t i v es as well . The cau t i on is ne cess ary 
he r e, a s t he program does not take i nto account tha t t he func
t i ons may be dependen t with particula r values of par ame t ers. 
I f such values occur . then t he particular f orm of t he equa
tions shoul d be proceeded by t he progr am separatel y . Be low the 
explana tory example wi ll be cons i dered . Hhen the separat i on of 
t he de te rmin ing equa t ions is execu ted . zeros a re del e t ed a t 
t he s ame t i me . i . e. , when the one-terr.. de te rmining eq ua t ions 
arise th ey substi t u ted at once into all r ema ining expre s sions . 
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----------------------------------------
------------------------------------

6) Exclusion of the linear dependences from the system of 
determining equations by reducing to the Hermite normal form 
using Gauss-Jordan method. 

7) Replacing the working symbols of the arrays ZK and Z# 
by output symbols and printing of the determining equations . 
The determining equations are printed in the form solved with 
respect to some derivatives. 

3. How to Use the Program. Example 

The user must input the following information: 
I) The order of the determining equations in the form of 

PL/I integer constant. 
2) The name of the equation or the system of equations in 

the form of PL/I character string of the length not more than 
78 characters. 

3) Symbols used to represent independent and dependent va
riables in the form PL/I character string. At first the inde
pendent variables, then the symbol" (double quote) and fi
nally the dependent variables are followed. 

4) The equations are introduces by pairs - the left parts 
of the equations in the form of PL/I character string and the 
order of the equations in the form of PL/I integer constant. 
The designations of the derivatives must be in agreement with 
the order specified in the symbol string of the independent 
variables. 

The elements of the input are read by PL/I operators GET 
LIST and, hence, must be separated by blanks or commas. 

Short example 

The first order determining equations of the one-dimensional 
, . 

l~near heat ,au
equat~on - -at 

2a u 
-:-2 = ax 

0 
. 

Input: 
1 

'HEAT EQUATION' 
'XT"U' 
'UT - UXX' 2 

Output: 
INPUT DATA 
SYMMETRY ORDER 
HEAT EqUATION 
VARIABLES XT"U 
EqUATIONS 
UT - UXX = (/J 2 
DIMENSIONS OF THE SPACES 
N = 2 M = 1 NE = 1 NZK 8 NDPZK 5 ID1XZK 12 

EQUATIONS OF THE ~~IFOLD 
UXX 
12~E!L=_l1! 
UXXX 
DFF(2) = UXT 

UXXT 

DFF(3) UTT 

DETERMINING EQUATIONS OF THE ORDER 1 
U# . (UT, UT) 

0(3) = (/J 

U# . (UX,UT) 

0(2) = -U#.(X.UT)/UT - UX U# . (U.UT)/UT 
----------------------------------------~ 
U# . (UX,UX) 

0(1) = U# . (T)/UT2- U# .(X,X)/UT2 

UXL U# .(U.U)/UTL - 2UX U# . (U.UX)/UT 

2 UX U# . (X,U)/UTL - 2U# . (X,UX)/UT 

Here N is the number of independent variables; M, the number 
of dependent variables; NE, the number of equations; NZK,NDPZK, 
ID1XZK are the dimensions of the different subspaces of the space 
Zk; DFF(i) is the right Dart of the i-th equation of the dif
ferential manifold; O(i) is the right part of the i-th deter
mining equation. 

4. Some Results of the Program Application 

Let us demonstrate some exa~ples of ~he pro~r~m usage to 
solve the problems of mathematI cal phYSI CS. In B. the problems 
f or investigation of the symmetry properties of some equations 
of mathematical physics were stated. In particular, it was 
proposed to find the invariance algebras of the following non
linear wave equations. 

a u ri u 
o U ~ Au+Al-- 0, (a ) 

(/ x/1 rl xl' 

a u au k 
o u - A - - A (-- ) = 0, (b )

l ri l 2at 

2 riu a u ~ A U T A (1 - A \I ) --- 0 , ( c ) 
I 2 3 at 
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OU -;. Alu+ .\ (~ ) 3= 0 (d)
2' ell ' 

a2
U k.. k 

- + A 1A(a , + ,\ 2( 11 u ) 0, (e)
at 2 

Here 

a2 a2 a2 _ a2 
11 = -+--+- o ~ --" - li,ax 2 ay~ ,,-2 at 2 

au ~ := (~ 2 (~)2 _ (~)2 _ (~)2, 
aX axfL at ax ay azfL 

A , A1' A2 , Aa .. It are the arbitrary parameters. 
Let us pr e sent the invariance algebras of these equations, 

obtained fr... tIle first order solutions of the determining 
equations . The first order symmetries for all these equations 
turned out t~ be equiva lent to the point ones. 

Equati o ns (a) 

In case .\ lOwe have the following set of the infinitesimal 
generators: 

a a a a-, e2 =-,e l at ,ax, e 3 ="a; e 4 = az' 

a ,; a a a a 
=0 x--y~ . ee = x - - z - " = y - - z e 

,5 ay ,ale " rJz ax ' 
e 7 az ay 

e =x-L+lt~, a a a ae =y-+t- e =z-+t-,
8 at ah 9 at ay 10 at az 

i. e., when A # 0, the invariance algebra of the equation (a) 
is the JD-dimeasional Lie algebra of the Poincare group. 

When A = 0 £he invariance algebra includes IS-dimensional 
conformal al~ehra. generator of the shift of u and infinite
dimensional ~~algebra. The following generators are added to 
the Poincare al ~ebra: 

e =tL+:sL+yL+z_!l_ 
11 at ilx ay Jz 

= (t
2 

+ It 
2 

... Y + z2)-.L + 2xtL + 2 yt L + 2ztL _ ~ Le 12 at ax ay az Al au 

8 

a 2 2 2 2 a a a 2x ae 2xt - + (t + x - y - z ) - + 2xy - + 2xz ____

13 

at ax ay az A 1 au 


e 2ytL + 2xyL + (t 2 _ x 2+ Y 2_ z2) L + 2yzL. _ II .JL 
14 at ax ay az Al au 

a a a 222 2a 2z ae = 2zt - ~ 2xz - + 2yz - t , (t - x - y _ z )_ 
15 at ax ay az auAl 

-A u 
e 1e =-a e l/J(x,y,z,t)e 1....L 

00 au au 

where the function l/J is the arbitrary solution of the equation 
ol/J = 0 . 

\ofuen A = 0, the equation (a) turns out to be automorphic, 
that is, all its solutions may be obtained from the anyone 
solution with the help of group transformations. Solving the 
Lie equation corresponds to the subalgebra e 

~= e-Alu 
d!jJ 

(infinite set of the ordinary differential equations) we obtain 
the linearizing substitution u = In l/J / Al transforming the equa
tion 

au au 
ou + Al -- = 0 

rl XfL axfL 

into the equation 01,& = 0, Note, that suc.h a substitution trans
forms the arbitrary equation of the form 

au ~_ 0 
ou -;- c,b(u) + A l ax- axfL 

fL 

into the equation 0!jJ +A!jJA-(~~ o.1 't' -) 
Al 

Equation (b) 

We shall as sume, that k 11 as the ca se k = 1 is equivalent 
to the case A2 = O. We shall not consider also the cases k = 0 
and A2 = 0, as leading to the linear equations. 

Case k12, AI "! 0 

The symmetry generators are: 

a a a a 
= at" e = --, a; e = ' ea =e 1 2 ax 4 Jz 
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e v-2- - x~ e x~-z...iL e y~- Z~ ,
5 . fix fi y ' 6 az ax' 7 . az ay 

l 
e ¢(x, y, z) - c ,

co au 

where ¢ is the arbitrary solution of the equation /:,, ¢ = 0. 

Genera tors e 1 ' ••• , e 4 corre spond to the shifts of ,x, y , 

Z , generators e 5 - e 7 - to the three-dimensional rotations and 

e <X> generates the symmetry consisting in possibili t y of adding 

the arbitrary harmonic function of the variables x y, z 

to II. 


Case k t 2. Ai ° 
Generator 

a ~ .:l a a k-2 ae t -- ,- X -lL- j Y - + z - -t --- U 
B at (Ix ' riy riz k-1 au' 

\.hich corresponds to the scale transformation, ~s added to 
the genera tors e 1 - e 7 , eo.;' 

Ca s e k 2 

Generators e 1 - remain as in previous cases. Generatore 7 
of the scale transf ormation takes the form 

,1,1 ria at--- + x~ y~ z ~ t~ 
eBrit rix riy (Jz 2'\' 2 rill 

iIThe function ¢ from the operator 8", = <t>( X , y,Z ) -a must satis
9 u 

fy the equation '\ ~I) r ( C l'\'~) 1 (2A
2 

) = 0 . 

Equation (c ) 

This equation is the multidimensi onal genera lization of the 
Van der Pol equa t ion. Let"s assume tha t ,1,9 # 0 as otherwi s e 
it is the Klein-Gordon equatioI'. The .i J ~va ;i ance algebra i s 10
dimensional and incl ude s : 

the shifts of t , x , y, z 

e a e = -.L a e ~ = -;;;e 3 <I1 at 2 il x az 
three- d i men s iona l rotat i ons: 

e =x-L_ y x _..L. _ z ...iL z ...iL 
5 a y ri x 6 a ;~ rix e 7 = Y rL. riy 

10 

the scale transformation: 

e t --a + x -a + y --a + z - a 
I- f ( u , t )-,a 

B at (! x riy az au 

and t\vO additional transformations of u: 

a= g ( u , t ) - , e 10 h (u,t)-.Le 9 au au ' 
,,,here the functions f, g and h are defined by the equations: 

~ ( u , t) = C f + c g t C 10 h , s 9 

* * * * 2u + ,\1\I - '\ \I \I u + UtA 2 (1 - u A 3) + 2,\ 1u C S 0,tt 

* * A2 A3 11U + ~ ~ 2 (1 - u 2 ,\ 3) °.utu 2 

Here , C 9 , C 10 are the constants, corresponding to th e geC s 
nerators e ' e , e The last two equations come to t he relas 9 10
tion 

2*u '" 
m + A2(1-A 3U 2 )u* + A 1U* A1'\ 2 '\3u u +tt t 

A1 A 2 (1 2 
t 2 A 3U)U=0,Cs 

which is the ordinary differential equation with the constant 
coefficients. Thus the problem comes to the solution of the 
algebraic equa tion of the third power: 

p 3 + p2 A (1 - ,\ 1I 2) + p A - u 2 A A A = 0. 
2 3 1 1 2 3 

The final expressions are compound. For example, even in cas e 

'\1 = 0 the solution is expressed by the probability int egrals. 


Equation (d) 

The case '\ 2 = 0 leads to Klein-Gordon equation, the cas e 
A = 0 is reduced to the considered pa rticular case of t he equa-

J 
t~on (b). Thus. we shall assume that ,1,1 # 0 and '\' 2 # O. 


The symmetry group generators are the fo l lowing 


a a a d 
= -- ,e1 e 2 e 3 e 4rit ax ay dZ 

x...iL _ a a ae x-.L - z-.L e y --z-5 a y ya;: ' es fiz a x ' 7 az J y , 

11 



e 1> (x , y, z ) .JL 
oc - u ' 

wher e ¢ is the arbitra s ol u t ion of t he Helmho l t z equation 
At/; = A l r/>. 

E q ua t ion (e) 

1{h i le i nve s t i gat ing t his equa t ion , the s ituat i on mentioned 
in i t em 5) o f the program work descri pt i on is occurred . This 
s i tuation requires a tten t ion , t ha t is why l et us conside r it 
in mo r e de t a i l. 

The i nvar i ance condi tion has 	a fo rm 

2 ., 	 k - 3 ,,*
D t (u) I .A.1 ik(k - 1)(k - 2) u (vu) -u 

k - 2 . " k -2 " k l k-l lu cD + D + D)u T k(k- l) u ~ uu ... 
It .\' Z 

2k-l 2 2 *' I k-l 2 · 2 . 2 " k tl (Ox I 0)' oz ) u 1 - A 2k (.I~ u ) (D , 0 , + D z ) u 0 . , . . x ) 

The underlined t erms (a fte r t ransferring to the manifold) con
t ai n variabl es lIx x ' lI),y, lI in the power 0 , I, 2 and thez z 
l ast term contains thi s variab l es in the power k -·1 and hi8her. 
Henc e , the cases k "" J, 2,3 TIlUS t be execu ted by the program se
para t ely. 

Let liS conside r the gene ral case , i . e ., let us assume that 
k I J,2 ,3 . The so lu ti on of th e de te rmining equations leads to 
the necessity to d i stinguish 	 t he followi ng cases. 

Case A1 l' O. '\ 2 ~ O. k = 1/ f) 

The i nva riance a l gebra i s 12-dime nsi ona l and inCludes t he 

f o l l owing genera tors: 


a iie = -iL e e	 a e = 
1 at 2 3dX a,Y 4 NZ 

e =x ~-yL e = h ~ 	- zL
5 tJy • a x • 	 e = y-L z..iL o az ax ' 7 az fly 

a a d 5 a= x - + y- .... z- + - u - 
8 ax fly ttZ 2 NU 

e ( x!2_ y2 _ z2)-'.L + a ! a
9 2xy- l' 	2 xz - '- - 5x. u - ax ay .'J z au 

l2 

e ~ ~xy ...iL _ ( V 2 _ X ~ 2 a az 2 ) L yz - - 5yu- ,
10 • ax . rly Jz ri u 

ii a 2 2 2 ae 2X2: - .,. 2.,,1. - , (z - x - y ) - - 5zu ~ 
11 ;)X ay rJz a ll 

rf 5 u Lt - 
e12 ar 2 au 

The ge nera to rs e g - e ll corre s pond to the conforma l t r ansforma
tions . 

Ca s e \ 1 0 , '\2. 0, k =-3 

Th e inva r i ance a lgebra is 10-dime ns ional : e 1 - e 7 are as 

in pr ev i ous cas e, 


e tL . xL + y d_ T Z.iL e = t _fL.. I .!L .JL
8 at ax ay Jz 9 rJ t 2 au 

2 a e = t - t- u t ..L 
10 a t au 

Case A l l' O . .\2 ~ 0, k l' -3 .115 

The invat' i ance algebra i s 9-dimensi onal: e 1 - 8 8 il re as 1D 

previous case , 

1 - k a a 
e =- - - T u - . 

9 2 (.it rlU 

Cas e A1 f 0, ,1 2 t 0 

The inva riance algebra is 7-dimens ional and includes e 1 - e 7 

of t he prev ious case. 

Ca se A l =' 0 , A
2

¢ 0 

The invar iance a lgebra is infi ni te - d imensional. It conta i ns 
t he genera tors e 1 - 8

7 
f r om the prev i ous case, sca l e t r ansfor 

ma t ion generato r 

e = t L + x _i.. + y SL_ ~ z -iL T 2u L 
8 rl t ax ay dZ au 

and inf ini t e-dimens iona l subalgebra 

eoo = I ¢ (x . y. z ) +- t1J(x, Y, z )! 	L , 
du 
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¢ and ~ are an arbitra ry solutions of the equations 	 REFERENCES 
/..\¢ 	= nr/J ~ o. 

\~en k 2,3 four additional cases arise: 

Case AlP 0, A2 f. 0, k = 2 

The invariance algebra is 8-dimensional and includes e -e 
from the previous cases and 

1 7 

e t~-2u~ . 
8 at au 

Case All 0, A2 = 0, k = 3 

The invariance algebra is 8-dimensional. The generator 

e 	 = t-lL + x~ + y~- +z-.!L 
8 at ax ily az 

1.S 	 added to the generators e 1 - e
7

. 

Case A1 ~ O. A2 I 0, k = 2 


Additional generators are: 


e = t _L + x ....L + y.L + z....iL + 2uL 
8 rit rix ily riz au 

e = t L _ 2u..3..-. 
9 at ri u 

ri e 1¢(x.y.z) + t0(x,y.z)I-. 
riu 

n¢= nr/J= o. 

Case ..\1 = 0, A2 f. O,k = 3 


Additional generators are: 


a a a a a e t - + x - + y - + z .- + 2u 
8 at ax ay ri z au 

a a e 	 = t- - u-,
9 at a u 
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3. 	Dorodnitsyn V.A., S'lirshchevskij S.R. Ins t. of Applied 

Math. Acad. of Sciences USSR, Prepr., 1983, No.101, 28 p 
(in Russian). 

4. 	 Sheftel M.B. Theor.Nath.Phys., 1983, vol.S6, No.3, 
p.368-386 (in Russian). 

S. 	 Eliseev V.P., Fedorova R.N., Kornyak V.V. JINR, 11-84-238, 
Dubna, 1984, p.10 (in Russian). 

6. 	Arais E.A., Shapeev V.P. DAN SSSR, 1974, vol.214, No.4, 
p.296 (in Russian). 

7. 	 Ganja V.G. et al. DAN SSSR, 1981, vol.26, No.5, p.1044-1046. 
8. 	Fuschchich V.I . In: Theoretically-Algebraical Investiga

tions 	in Mathematical Physics. Inst. of Na them. Acad. of 
Sci. of UkSSR, Kiev, 1981 , p.6-28. 

e oo I¢ ( x. y, z) + t ~( x , y. z ) l ....L n¢=n~ = O. au Received by Publishing Department
The case k 1 leads to well-known linear wave equatiGn. on 	Narch 5, 1985 . 
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B 06"beAiitHeHHOM litHCTiitTyTe RAePHblx litccneAOBaHiitH Ha4an 
BbiXOAiitTb c6opHiitK "KpamKue coo6UjeHu.R. OH.HH". B HeM 
6YAYT nOMe~aTbCR CTaTblit, COAepma~lite OplitrlitHaJlbHble Hay4Hble, 
Hay4HO-T€XHiit4eCKiite, M€TOAiit4€CKiite lit nplitKJlaAHble pe3yllbTaTbl, 
Tpe6y10~11e cpo4HOH ny6JlHKa1.1111it, 6YAY411 4aCTbiO 11 Coo6~eHHH 
OH.RH11

, cTaTbl1, eoweAwHe a c6opHio1K, litMeiOT, KaK lit APYrl-1e 
1-13AaHio1R OHHH, cTaTyc o~111.11o1allbHbiX ny6nHKal.llitH, 

C6opHHK 11KpaTKiite coo6~eHHR OHHW 1 6yAeT BbiXOAHTb 
peryJlRPHO, 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR· Rapid Communi
cations which is a section of the JINR Communications 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods . . 
Accelerators. 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. · 

Being a part of the JINR Communications, the articies 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communications will be issued regularly. 

~eAopoBa P.H., KopHHK B.B. 
OnpeAeneHHe CHMMeTpHH flH-FeKTIYHAa 
AHctxlJepeH~HaTibHbiX ypaBHeHHH 
c noMOII\biO cHcTeMbi FORMAC 

E11-85-164 

B pa6oTe onHcaHa nporpaMMa Ha H3biKe PL/ 1-FORMAC ,anH 
BbiqHcneHHH CHI--JMe TPHH flH- :SeKTIYHAa AHctxlJepeH~HaTibHbiX ypaBHeHHH. 
ilpHBep;eHbl anre6pbl CHMMeTpHH HeKOTOpblX HeTIHHeHHblX BOTIHOBblX 
ypaBHeHHH, nonyqeHHble C TIOMOII\biO 3TOH nporpaMMbl. 

Pa6oTa BbmOnHeHa B na6opaTOPHH BblqHCJlHTeTibHOH TeXHHKH 
H aBTOMaTH3a~HH OHRH. 

fipenpHHT 06be~HeHHOro HHCTHTYT8 RAePHNX HCCneAOBaHHA. ~y6Ha 1985 

Fedorova R.N., Kornyak V.V. 
Determination of Lie-Backlund Symmetries 
of Differential Equations Using FORMAC 

E11-85-164 

The program written in PL/1-FORMAC language to calculate 
Lie-Backlund symmetries of differential equations is descri
bed. Symmetry algebras of some nonlinear wave equations, 
obtained with the help of the program, are presented. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1985 


