


1. INTRODUCTION

Recently, much progress has been made toward understanding
the role of the fractional quantum numbers on solitons/1/,

There has been found that the interaction of a quantum soli-
ton with charged fermion can lead to degeneracy and fractional
charge of the soliton ground state.

Independently it was shown that a nmatural way of incorpora-
ting the fermionic sector in solitonic theories is via a super-
symmetric extension /2.

The degenerate fractionally charged ground states of the so-
liton arise when the spectrum of the physical fermions exhibits
a zero-frequency mode, which was firstly obtained in the second
paper of ref.’?/,

However, the class of models in which fermion zero modes can

appear is much greater than the class of the supersymmetric
models.

In this paper we study fractional quantum fermion charge only
from supersymmetric point of view.

2. SUPERSOLITONS

The basic lagrangian density for supersymmetric solitons in
(1+1) dimensional field theories has the following form:

L=1 13,446 - V2@ + dly-a-V (&0 1, (2.1
which is invariant under the supersymmetry transformations
dp=7cy, 8¢ =(-iy-dd~- V(). (2.2)
The conserved supercurrent has the form:

au[y.a¢> +iV(en yl=0. (2.3)
From (2.3) it is possible to obtain supercharge:

Q = [dx{(y-9 + iV(¢)y Oyl

and to show that the superalgebra has the form:
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where Qi+ =1/2(1 £iy5)Q.
We used the gamma matrix representation:
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It can be directly seen that the Fermi part of the lagran-
gian (2.1) is also invariant under the internal phase transfor-
mation:

Yooy, Joeiel, g real, (2.5)

which is generated by the conserved charge:

QF=_21_{dx[¢,+, vl. (2.6)

This conserved charge is called fermion number and this num-
ber is carried by generators Q4. It is clear that the only way
to introduce such a quantum number in supersymmetry is by means
of the transformations for supercharges: Q - e¢%YQQ and for chiral
components we get: @ -1/2(1+iy%)e?Y°Q = eti?Q, . Now we
shall use as examples of supersymmetric solitons two theories:
a) super sine-Gordon theory:

___1_ m a 1 - - B
L= 5> 0, B¢~ —B-Q-(l-coquS)+—2—¢:(ly-a ~VagCos5¢)y, Q2.7
which is obtained from (2.1) for sine-Gordon potential

U(#) = V¥ () = 2 (1 - cosps);

b) super “¢*” theory:

1 A2 1o o oA
L == iy o N2 g2y 1 g9-24 2.8

g u® Pb- o5 - N 2 d Gy -220)0, (2.8)
which is obtained from (2.1) for "$%” potential
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U(s) =L vegy = AZ (2 42)2.
() 5 (C)] 2,7 We - ¢2)

At the classical level the solution of equation-of motion,

which is obtained from lagrangian (2.1) for the Bose sector,
satisfies:

2
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- bs@=VBe5) o Ped O (2.9)

where the sign (+) is for soliton (8); and (-), for antisoliton

().

For our examples they are given by:

-

bs3) = 5 tang”! exp(i\/Tz_ox), (2.10a)

¢K(K)‘ 4y tahnAx. (2.10b)
With ¢g (or ¢ ) being the soliton solution the equation of
motion for the Fermi sector satisfies:

(iy-d— VidgNy=0 (2.11)

and possesses a stable normalizable solution yg localized at
the position of the soliton ¢g (we shall confine ourselves to
studying the case of the soliton, because the same results would
be obtained for antisolitons).

For the supersymmetric sine-Gordon theory the solution g
satisfies static Dirac equation:

(iy,9) = Vag cosLpgug -0 (2.12a)
and ¢y ¢ nhas the rorm:

N
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where N is finite normalization constant.
For the super “¢#”’ theory the solution of the Dirac eq. (2.11)
with ¢k from (2.10b)

iy, d, -271"-¢K)¢,K =0 (2.12b)

Al .
is given by: ¥k = Nexp(-—2;— fdx “tahnAx ") ( i) .
0
The supersymmetric Lagrangian (2.8) and supersymmetric soli-
tons ¢, Y in relations (2.10b) and (2.12b) were proposed by
R.Jackiw and C.Rebbi in condense matter theory, without know-
ledge of supersymmetry /1.3/,

The static solutions ¢, ,ygare zero—eigenvalue solutions.
It is clear from the following:
We shall write the stationary solution to eq. (2.11) as usual

—~iE
U, t) =¢ ' l‘t:/;k(x), then from (2.11) follows:



(iyl al -V ,(d)s)) ‘l/k (X) = —Ek )’Olllk(x) (2. 13)

and eqs. (2.12a,b) are obtained from (2.13) for ¢Ozz¢s and
Eg= O.

Eq. (2.13) also gives positive fre?uency modes ¢é+) (for
Ex>0) and negative frequency modes ¥~) (for Eg <0).
These eigenmodes satisfy the orthogonality conditions:

fdx yo (x) g () = 1, (2.14a)
fax gt @) fikx) =0, (2.14b)
fax 0 o) @ =8y Bus BiT= e (2. 14¢)
and the completeness relation

+ =) (=)
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The charge conjugation matrix C:=—y° transforms eigensolutions
as follows: yL=CyT=y¢_and ¢HC =y,

Therefore the zero-energy solution ¢4 is selfconjugate and
positive eigenvalue is paired with negative one under charge
conjugation.

The fermion number operator Qp given by relation (2.6) trans-
forms under charge conjugation as

Qh--Qp. (2.15)

The quantization of the Fermi field is achieved by the inves-
tigation of the structure of the Fock space and by the expansion
in eigenmodes:

yeay, +3 o ot +a g0 ) (2.16)

the anticommutation relation is valid:
{a.a+&‘—‘1, {bk’bf(’zzidk'dt,§:8kk’ (2’]7)

and other anticommutation relations vanish. The operators
b;(bk) create (annihilate) one-particle states for nonzero
energy fermions and dt(dk) for antifermions in the presence of
the soliton.

However, the further operator a when operating on the solution
state produces another state of the same energy; hence in the
presence of the soliton, the ground states are degenerate in
energy. To distinguish between them, we may label them as |t s -
and the following relations are valid:

+

al+, 8>=[- 58>, &'~ s>=+ 8>,

N (2.18)
aj-,s>=0, a'|+ s>=0,

Substituting the expansion (2.16) into (2.6) and using (2.17)
one finds

Qp = L~ [da(y*y - gyt =a"a - 7+ B Ofby - dfdy). (2.19)

Thus it is usual that Qr changes sign under charge conjuga-
tion, because aC - at, bf:dk,

Consequently it follows from relations (2.18) and (2.14):
Qplt, 8> = £1/2|%, s>, Since operator a is associated with the
fermion zero mode, which is a zero energy wave, Y, 1is localized
at the position of the soliton (s g=0 and E(é,,¢,)=E(d,).

The lowest energy states |t s> represent solitons with fer—
mion numbers +1/2, i.e., each of the two fermion soliton states
carries 1/2 unit charge. In such a way the fermionic soliton
affects a transition between the lowest energy states:
<~ s{ygf+,8>#0.

3. THE VANISHING MASS QUANTUM CORRECTIONS
From the superalgebra (2.4) we obtain:

Pt b =T+, -w)5,

P.+P =-T+@,+Q)2 so P +P_ >|T|

and for a single soliton at rest P, =P. =M and so we get:

1
M2 > |T]. (3.2)

From (3.1) the inequality (3.2) is saturated for these states
{s> such that

@, £Q )is>=0. (3.3)

+

It is clearly satisfied classically, because after using (2.9)
we obtain: Q_- Q, = [dx(d; ¢ - V) W, -¢_) =0, and also Q, +Q_=0.

Explicit calculation shows that classically the solitons
satisfy

1
M-S IT]. (3.4)

If Q4 are interpreted as operators, (3.3) can be stated:



@_-Q,)|s>=0. (3.5)
Then for a soliton at rest
2<s|Py|s>=<5]Q2+Q2%|s>=<s[(@_-Q,)% s>+ <s|T|s>. (3.6)

But from (3.4) T is a topological invariant and its abso-
lute value is equal to2M,then from (3.6) we get /4 M=M-

It means that in theory of supersolitons, which respects su-
persymmetry, there are no quantum corrections to the mass of
the soliton, when (Q_-@Q,)2/s>=(Q)2]s>=0.

It can be explicitly shown using the results in ref.’8/  where
it is shown that Q -a and Q ~a'.

If we use relations (2.18) we obtain for ground states fol-
lowing expression: Q2|+, sp=0.

In this way (3.6) is valid in quantum case without assumption
of the relation (3.5).

4. BOSONIZATION AND SUPERSOLITONS WITH FRACTIONAL CHARGE

Bosonization is a procedure which was used by S.Coleman ’5/
for showing equivalence between massive Thirring model and sine-
Gordon model. Also the formation of fractionally charged soli-
tons can be visualized by bosonizing the system/6/,

We shall study the supersymmetric lagrangian (Z.!i) Dy LUSU~
nizing the system using the basic rules of the boson represen-
tation as follows:

_zf—ilzy.a,/, - é1--(9“0 #'o. Uy = Gcosy dno, Gy, v = -}-_. e s (4.1)

Vi

where ¢ is a scalar field. v
We shall write the fermionic charge Qin terms of ¢

+oo
Qp= [dxdygy = —= (0(+=) -0 (==)) = L= Ao (4.2)

7 NE2
The bosonized version of the Lagrangian (2.1) is given by
L= -;— (9, ¢ 96+ 9,0 9%~ V2(4) - GV'(¢) cosydral. (4.3)

In order to identify the particle excitations of the system
one should identify various classical vacua of the system. They

consist of the configuration (¢, 0} which minimize the poten-
tial W(¢,0), where

6

%/

W(g.0) =~ 2 (V}(#) + GV (¢) cosyana). 4.4)

One can see that, in general, the minima of W(¢, s) are for
super "¢ 4" model:

a) a=(n+~2l-)\/5_
b) o= n\/;_

when ¢ = ¢min s

when ¢=-¢ ..,
where '¢,;, 1s the solution of OW(qs, o) /d¢p = O, 82W(¢,a)/32¢1 >0.
From this follows Ag =+1/2y7 and from (4.2) we can see that
two solitons acquire a fermionic charge Qp= *+1/2.

5. A TWO-DIMENSIONAL BAG MODEL WITH FRACTIONAL QUANTUM NUMBERS

One of the applications of supersymmetric solitons in the
elementary particle physics is obtaining a supersymmetric bag
model by analogy with the SLAC-bag /7/.

It can be shown that in the super “¢ %" theory given by lag-
rangian (2.8), that the kink solution ¢k (2.9b) traps a quark
YK (2.12b), because the trapping of the quark doesn't play role
in the kink energy, i.e., g ¢ K= 0.

So for classical energy of the kink with a trapped quark we
obtain:

By vy - By - i (3 g oo o 12 (5.1

In this way as in the SLAC-bag the solutions ¢,y represent
a field theoretical bound state with strong binding and may
describe hadrons with confined quarks.

A two-dimensional bag model with fractional quantum numbers
is obtained by extension of the study on Fermi fields with
SUM) x U(1) global symmetry.

The lagrangian density has the form:

L=L1g,6 0%~ Vi@ + ToGra-VieNw 1, (5.2)

where 1/2 V2(¢)= /\2/(2uz)(u2 - d>2)2 and d;,? is a two-component
spinor field with internal-symmetry index b= 1,...,n.

With & being the kink solution the equations of motion for
the Fermi sector satisfy:

Ay-8-V (3N =0 A (5.3)

and again the physical fermion has a zero-frequency solution.
Since L is assumed invariant under ¢ - e”i%,1% and y-el%y,

where 1® are classical generators of SU@); (I 1Y - ictbere,

the following conserved charges exist: :



i . . .
Qpatgigﬁﬂ-[dx[¢+b,¢d], (5.4a) A candidate for this model in (3+1) dimension has the lag-

rangian:
1 +
Qp = — fdx Tr[y", yl. Lptp? L g Lv? L Try (i ’
F 3 l/l l[l (5-4b) l.4=—---4--F‘a FM-V +—2(Dﬂ- ¢)8(D ¢)a*'2—'v (¢a¢a)+'2_T“/’(W'D"V(¢a¢a)i//,
) Following ¥.Leb1anc and G.Semenoff’8/ we obtain the multipli- where (5.5)
city of the kink states, which increases withn and all these
states a}ways carry nonvanishing quantum numbers. FfV::aﬂA:ﬂ_aVAi +e(¥bcAﬁAZ’
.Denotlng.the diagonal generators of SUm), U() as F,» F and L
using notatloq Fi |s>=1f;]s>, i = lye005n-1, Fls>= fis>, so (D%)a=8“¢a +ecabcA‘ll>¢c'
that |s>=1f,ﬁ,,",fi>, then examples of the fermionic quantum A2
numbers up to SU(3) x U(1) are following: Vg, b,) =—5 W - ¢, 6,08 Vg, ¢ )=:2:5IB¢ ’
a’a l~’~2 a’a a’a u a
u(): f n B_ a1 @Ak
D%y = - iel "A .
‘ y=@"-1el"at)y

-1/2, For SU(@) group (5.5) gives exactly Jackiw-Rebbi extension
: of the Hooft-Polyakov monopole, where zero energy solution and
fractional quantum numbers are found /10/.

SU(2)xU(1): ¢ f, A . .
The utility of the lagrangian (5.5) and connection of the
1 0 fractional fermion charge with physical charges is in progress.
0 -1/2
i] 1/2 6. CONCLUSIONS
-1 0. In this paper deep connection between supersymmetric solitons
and thenrise with fracrional auantum charee was shown.
SU@3)xu(1): ¢ f, fy The support for old result, that quantum mass corrections
in theories with supersymmetric solitons vanish, was given.
3/2 0 0 A super—-quark-bag model with fractional quantum charge is
1/2 -1/2 -1/2/3 presented. ) )
There can exist connection between fermion quantum numbers
1/2 1/2 -1/(2y/3) and central charges in superalgebra with SU(m) internal symmet-
~ ry, the exact quantum mechanical mass spectrum can be determined
-1/2 0 -1/v3 v from the mass formula.
1/2 0 1/v3
~1/2 -1/2 1/(2y3)
- 3 )
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