


I. INTRODUCTION. BASIC DEFINITIONS 

In the present work a Computer Algebra System REDUCE-2 is 
applied to obtain finite-gap solutions of the modified non
linear Schrodinger equation (tffiLSE) in terms of theta functions: 

(I ) 

General aspects of the method of finite-gap integration 
(periodic analog of the inverse spectral problem) are discussed 
in review articles /1, 2/. The periodic problem for }ffiLSE was stu
died in /3,4/. Our work is based on the paper/~/. Next we pre
sent some basic definitions and necessary formulas. Let us con
sider the following system of differential equations 

(2) 

When w = ±q this system reduces to ~ffiLSE. 
The Zakharov-Schabat representation for the system (2) 1s 

~"---- L-- /~/. 

(3) 

where 

U = A 2 ( -i 0) + A ( 0 q ), 
0 i w 0 

(4) 

(5) 

Let us consider the following system of linear differential 
equations: 

ax'~'= U'l', 

at 'I'= v•. 

Definition (Baker-Akhiezer function) 
Let r be the hyperelliptic Riemann surface 

2!:1"2 
y 2 = _u (z - E i ), E 2 ~+2= 0 

J=l 

•.• ,...,a-: •• ., 
,, .... 
~ ...,..., 
1,1 1: .. _. ·.,.;;,-~ ~-... . ;.... .: ' 

"'--·~.~·-,---.;~.•- .. "'"' ---

(6) 

(7) 

(8) 
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of genus g. He denote by p+ and p- the points on 1 of type 
P = (oo ±), D is a nonspecial divisor. 

A Baker-Akhiezer function 'P = 'P (x, t, P) is called the solu-
tion of the system (6),(7) with the following properties: 

I) 'P = ( 1 . ~) rf;, A= /Z. is unique on 1, meromoprhic on 1 I Icc± I 
0 yZ 

and its pole divisor D=.~ Pi doesn~t depend on x and t. 
2) rf; has the following1=a1symptotic behaviour near P 

rf;~ = u1 (x, t) 1<:\~ + tt2z-l + tt4 z-2+ ... I expl-i(zx + 2z2t)l, 

.p;_ = U. (x, t) 11 + ( 1-2 z- 1 + (j"
4 

z-2 + ... I expli(zx + 2z2t)!. 

,p
2
+ = u2(x, t) tzl/2+ (~1 z- 1/ 2+ ,f~3 z-3l2 + ... I expli(zx + 2z2t)l, 

tJt2 = u 2(x, t) I( ;_
1 

z- 1/ 2 + ( 23 z-312+ ... 1 expl-i(zx + 2z2 t) 1. 

(9) 

The function is determined up to indefinite multipliers u. (x, t), 
I 

I, 2. 

Definition 2 (Realization of hyperelliptic Riemann surface) 
Let us consider the hyperelliptic curve: 

2 2g+2 
y = R(z) = ll _ (z - Ei ). 

j=l 
The Riemann surface 1 is constructed from the two copies of 
the complex plane with cuts ((oo,E 1-), [E 2j,E2j+l]• [E2g+2•"")). 
There are two infinities on this surface ""+ and oo-, on the 
upper and on the lower sheet,respectively. On 1 we take a ca
nonical homology basis ai, bi, i=l, ... ,g. Forai we take a clo
sed contour which surrounds clockwise the cut [E2j, E2j+Il· 
For bi we take a closed contour which starts at E2i+ I• goes on 
the upper sheet as far as E 2g+ 2 , then it continues on the 
lower sheet and ends at E 2j+ 1 (Figure). 

Next we introduce the Abelian differentials of the first kind 

~ k g-k dz 
dw. = ,:., [' z --- , 

I j=l l Rl/2(z) 
(IO) 

where the matrix of constants fjk is fixed by the normaliza
tion conditions (dwj = Okj. From these differentials we define 

8k 

the "period matrix" (Riemann matrix) 13 = (3kj) 

and the Abel 

by f dw. = Bk.; 
bk I I 

p p 
map A(P),by A(P) = ( Jdw. , ... , (dw ), P c;. 1. 

0 I 0 g 
2 

Let us also define Abelian differentials of the third kind 
on 1, 0 1 , 0 2 and o3 with zero a -periods,whose singularities 
are in oo±. The explicit form of these differentials is: 

0
1 

(P) = ±(z - E
0
/2 + R1z - 1 + R2z-2) + O(z - 3 ), P .. ""± 

~ (P) = ±(2z 2'+ N
0

/2 + F1 z-1 + f2 z-2) + O(z-3 ), P .. oo± 
(I I) 

0 3 (P) = lnz/2 + yz- 1 + YI z-2 + O(z-3 ), p .. ·"'+ 

0
3

(P) = -lnz/2 + lnw
0 

+ oz- 1+ o1 z-2+ O(z-3), 

\ 

'· \. ' --... ___ .,....., ~I 

\ ', ,"" I ' ,, , ' ..... __ , / 

' -- / 
'..... "" ', "" ... "" "....... ____ ., 

----o----
010-

Definition 3 (Theta function) 
The multidimensional theta function of argument v is 

O(v!B) = l expbri<Bk, k> + 2"i <k, v> I. (I 2) 
k c;. zg 

where B is the g -dimensional symmetric complex matrix, < • > 

denotes the 

' g 

scalar product <k, v> = _f ki vi • <Bk, k> =. ~ _ Bij ki k i 
1=1 1,1=1 

and the sum is over the lattice Z g, i.e., the set of g -dimen
sional vectors with integer (real) components ki (ki = 0, ±1,±2, ... , 
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+oo +oo 
i=I,2, •.• ,g), ~ =~ , •••• ~. Theseries(l2)will 

k (.,Z fll k l=-oo k =-oo . 
be convergent if there ex1sts C > 0 ~uch that Irn <Bk, k> >C <k, k>. 
If matrix B is the Riemann matrix we define g -dimensional 
theta function associated with the Riemann surface. 

Using Definition 2 we have the following explicit expres
sions of 'I' =('I' 1 , 'I' 2 ) in theta functions 

'1'
1 

= O(A(P)- g(x, t))O(g(O, 0) + r) . 
1
.,., (P) .,., (P) ixE 0 itN0 (I 3 ) 

- - exp Iu 1 X + Iu2 t - ---+ --- I, 
O(A(P) - g(O, O))O(g(x, t) + r) 2 2 

'I' _ O(A(P) -g(x, t) - r) e (g(O,O)-r) 
1
. p . ixE0 itN0 

2 - O(A('P}':"'gco:O))ecg(;;t})-- exp 101( )x + 10 2(P)t+ OaCP)+-2 -·--2-1. 

where (14) 

(!, 

g (x, t) = -2if
1 
x- 4i(l. 2 + Lr 1 ~ E. )t +g. co. O), 

J J J 2 J i=i I J 
i = 1, ... ,g, 

Pm 
g. (0, 0) = -i { dw. + j_- _!_ ~ B . , 

J m=lo J 2 2 m=l rnJ 

00+ 00+ 
r = ( ( dw I .. · ( dw ) , 

0 0 g 

gi (x, t) and gi (0, 0) are g -dimensional vectors. We take the last 
integral along the left-hand side of the cut of the upper sheet. 

2. DESCRIPTION OF THE PROGRAMME 

Module I 

We define the matrices U, V and the series (9) at the be
ginning of the programme. Next we write the equations ax'I'-U'P= 0, 
a 1 'I'- V'l' = 0 near the point at infinity oo± and obtain the re
lations between the terms of the series (9). These relations 
are coefficients at different orders of the local parameterz. 
We illustrate some of calculations with the following expres
S1ons 

+ DF(K12P(X, T).XhUl(X, T) + DF(Ul(X, T),X)*K12P(X, T), 

i.e., 

2i.f;
4
u 1 -qf;3u2 +a,e,;u, +a,u 1 ft2 ~o. 

2'" hK12P(X, T)*Ul!X, T)- Q*K21PlX, T)*U2(X,T) 

+ DF(K1j.JP(X, T), X) *Ul(X, T) + DF(Ul(X, T),X) *Kl~P(X, T), 

4 

,J 

i.e·, 2ilt2u 1- q~+l u2 +a, ft0u 1 +ax u1 ~\~= 0, 2*hK1!-JP(X,T)*U1(X,T) -Q*U2(X,T), 

i.e. , 2i~·'t0 u1-, qu 2 = 0. 

Module 2 

In this module we obtain expressions for the terms of the 
series (9) near the points at infinity ~±, taking into account 
the asymptotics /4/: 

lne(A(P)-g(x,t)) = lnO(g(x,t)-r)-t-1- --Llne(g,(x,t)-r)z-1 ~(-L +i_a_)lnO(g(x,t) -r)t-
2
+ 

P -> oo+ 2 i)x 8 i)x2 at + O(z-3), 

( I5) 

lnO(A(P)-g(x,t))=lnO(g(x,t)+r) _.!_ Lln(:(g(x,t)+r}z- 1 - .l.(..d!+i .l:)lnO(g(x,t)+r)z-2 + 
2 i)x 8 i)x2 ~ 

P ->""- + O(z-3). 

After the transition g(x, t) _. g(x, t)+r we obtain asymptotic 
expressions for lnO(A(P)- g(x, t) - r) near the points at infi-
nity oo±. The programme compares the logarithm of 'I' which fol
lows from (9) and the analogical expression, which is derived 
from (I3), (I4) after substituting the asymptotics of the Abels 
differentials (II). We obtain the following result: 

+ e(g(O, 0) + r) O(g(x, t) - r) . . 
( 

0
= ----------~--.exp (-1E0x + 1N0t), 

1 (:(g(O,O) - r) (:(g(x, t) + r) 
(I 6) 

.f+ = ~ + (.L ~- lnO(g(x, t) - r)- _L,...Q_ln(:(g(O, 0) - r) + ixR
1 

+ iF
1 

t), 
12 10 2 ax 2 dx 

(11) 

l+ = .L Llne(g(x,t)) _j_ -<Llne(g(O,O)- r) + ixR
1 

+iF t + Y• 
21 2 ax 2 ax I 

(2I) 

+ 1 a2 a 1 a 2 . a · . 1 +2 
.f = -(- -+ i--)lnO(g(x,t)) ---(--+ 1-)lne(g(O,O)-r)+ l~X+ 1F2 t+ y 1 +-2 ~ 21 • 

23 8 iJx2 at 8 (Jx2 at 

~- = w 0(~.0S..~.Ltg0~t!i~ 0) - r,L exp(iE
0

x - iN0t), 
21 0 O(g(x,t)O(g(0,0)+r2 

92-3 = r (-.L ~lnO(g(x,t)+2r)+l...Lln(}(g(O,O)+r) -i~x -iF1 t + 8). 
'"21 2 ax 2 ax 

(22) 

(23) 

(24) 
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Module 3 

In this module we derive two basic identities: 

Relations (25), (26) can be verified by applying the relations 
obtained in module 1: 

t"+ t"_, i ax {to _(t_2 + t"+ ' 

.,10..,21 = 2 ---z;- - (+ "'21 
10 10 

(27) 

(28) 

(29) 

(30) 

The relation (25) is the direct result of substituting (16), 
(17), (21) into (27). Applying the procedure described in/4/ 
and taking into account (27)-(30) we obtain (26). 

Also in module 1 we obtain relations which are used to de
termine the normalization functions u 1 (~. t), u 2 (x, t): 

(31) 

(32) 

After the integration of (31), (32) we have the following re
sult: 

( t) -1 ( ) O(g(x, t) + r) . u
1 

x, = u
2 

x,t = -- exphE 0 -2iy)x- (iN -Siy )tl. 
O(g(x, t)) o 1 

In module 1 we obtain the following basic expressions: 

6 

(33) 

u2 -w = -2i- ~ . ' 
U1 21 

. U1 l:+ 
q = 2i- <,1 • u2 o 

(34) 

(35) 

(36) 

Making use of (25), (33)-(36) and the explicit form of coeffi
cients (to• ~2}' in terms of theta functions we finally arrive 
at the exact solution of system (2)/4/: 

O(g(x,t)) O(g(x,t)+ 2r) O(g(O,O)- r) exp I '(E 4 ) '(N 16 ) I w =-2iw
0 

---- -1 - y X+l - y t 
0 2 (g(x,t) + r) (;l(g(O,O) H) 

0 0 
1 ' 

(37) 

q 
= 

2
i O(g(x,t) + r) O(g(x,t)- r) O(g(O,O)+r) I (E ---- exp i 0-4y)x- i(N0 -16y )t}. 

0 2(g(x,t)) O(g(O,O) - r) 
1 

(38) 

The result of calculations is also one interesting basic rela
tion between the theta functions: 
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