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- Summary
‘HThe problem of reconstruction of particle
multlpllcity dlstrlbutlons from experimental da-
ta is discussed. Because of statistical errors
involved in the data the problem of reconstruc-
tion is "incorrectly posed" which results in

the oscillatory behaviour. of:+the: direct:solution:
when the detection efflcrency € 1s substantlally;

lower than 100%.

: It is shown that the method of statistical
- regularization used reconstructs - the real dis-
tribution and allows one to estimate the rms

errors of the results; for € -2-25%+, The, poss1b1-— o

lities of the method are examlned on the basis ”

of the measurements ‘of. the mult1p11c1ty :distri=;.

buE&on of neutrons from spontaneous f1s51on of
Con < E

The application of the method:to:;determina=.

tion of the multiplicity distributions for three
Fm isotopes is presented.

~
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l Introduction

Experiments on determmmg the average number of particles
per interaction and their multiplicity distributions are quite
common in low- and high-energy nuclear physics.

For a detector efficiency lower than 100%, or when an
indirect method of registration is used, the observed multiplicity
distribution is different from the real one and this difference
should be suitably taken into account in an analysis of the data.

The problem of accounting for the efficienty of a measuring
device consists, as a rule, in the solution of a system of linear
algebraic equations of the type

n

Sk ¢ i =1,2,0m, m
i=1 ji

where: ¢; are the unknown components of the particle multi-
plicity distribution, f; are the experimentally measured com-
ponents of the registered multiplicity distribution, k“ is the
matrix of the coefficients, converting unknown components P?;
into measured ones (f; ).

Very .often the errors involved in f, cause difficulties
in solving the system of equations. The direct ‘solution of this
system: of equations gives reasonable results for detection
eff1c1enc1es higher than approx. 70% while for lower’ efficiencies
the solution has usually an incorrect and oscillating nature.

The aim of the present paper is to extract as much informa-
tion as possible on the real multiplicity distribution of particles
from the experimental data obtained with a low detection efficiency.
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2. Fission Neutron Multiplicity. The Direct
Reconstruction Method and its Incorrectness

As an example, the measurement of the multiplicity distri- .

bution of prompt fission neutrons emitted b i issi
the
fragments, is discussed. ¢ excited fission
In these experiments neutrons are co i i

) unted in coincidence
with fr:'igments. The neutrons moderated to thermal velocities
are rgg‘lstered by'proportional counters-or scintillation detectors
cont::_unmg materials with high thermal neutron capture cross
sections (Cd,Gd ). The detection efficiency () of one neutron

varies from 209 to 80% depending on thé type of the detector -

used.

‘ It is reasonable to assume that neutrons from a fission
act are registered independently. In this approximation the
detection probability F, of n neutrons is obtained by summing
up the partial probabilities of detection for the emission of
v=n,n+1l,.., v, neutrons: - S : '

S kP, =F n=0,1,2,un,0_ " ‘
W e 2
._.___en(l—-e)vr: ' ()
Cal(v-n)l -

k R u—

where: . P, are the compon on distri
’ P, nponents of the real neutron distribution
(the emission probability for v neutrons), v,., isthe maximum
possible gumper of neutrons emitted per fission.
The distributions F . and E, ‘ are normalized as follows:

fmax - Vmax i
I, -1, EO P, =1.

" The 'exact solution of "the system (2) (which is the only

possible one for an exactly known right-hand side) can be found -

according to /1:2/  as follows: -
- d " max n! : n-v’ . ‘
RS L L S R e o
. v n=yp V.’(H-—V).’ € (I' £ ) F ’ - . (3)

. “oen

: v=0,1,200yv .
o . L ; ) ] ,, max ’

It is cltiear. from physical considerations that the real‘.distri-
bution pf ‘flss_lon_neutron multiplicity , reflecting the ‘excitation
energ.y_mdlstx"ll?utlon of ‘the fragments, i$ the ’’smooth’’, non-
negatlvt_e, function ,ij“ f(v): At the same time, both the m:'lltiple
production process and detection process are essentially sta-
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tistical and, consequently, the measured values of F, are
purdened with errors. The system of equations (2) can be solved
by the direct method using formulae (3). However, owing to the
fact that the right-hand side of .equations (2) is known only
approximately, we ' can arrive at solutions containing large,
oscillating, and sometimes even negative components of P,

The strong dependence of the direct solution on the errors
involved in F, is observed in this case. As a consequence,
the problem of reconstruction of P, using the experimental
values of F, appears to be incorrectly posed, at least for
¢ <609 and not very large statistics. Under these conditions

- the ’exact’’ solution is void of sense and has to be replaced by

an approximate, »’regularized’’ one.

3. Method of Statistical Regularization

We give a brief description of the main principles of the
method (for convenience referred to as the ”STREG” method).
More detailed information can be found in /3.4 and in re-
view 75/, ‘ _ '

The method consists in introducing an a priori information
about the unknown function. In our case it-is an information
about the smoothness and non-negativity of the solution. The
function to-be reconstructed is dependent on the di%cg?te integer
argument. The mathematical methods developed in /7'’ concern,
strictly speaking,only the systems of algebraic equations obtained
as an approximation of the integral or differential equations.
The method is however valid for our problem, as no assumptions
on the necessity of transition .to the continuous function were.
formally made. : ,

The assumption on the smoothness of the unknown function
is done in the STREG method by imposing the probabilistic
restrictions on the value of a certain functional computed using
the values of the function at support points. The commonly used
functional is the finite-difference approximation of Euclidean
norm of the second derivative:

> n B . 2
0d)-E1-506,-2,_, +9,,00 @

where: ¢ is the vector whose components ¢; are the values
of the unknown function at consecutive support points, h is
a distance between neighbouring support points (a step). In our
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case i=v+l, ¢ =B, ,h 1. The value of v,
be equal to. .8, hence n-9,

The approx1mate value of the functlonal Q(qS) is est1mated
in the following way. We consider in -the space of qs vectors
the probability dlstrlbutlon with a density: ’

was taken to

kpa(¢)t=caexpx --%n(‘d?)-l;._ a )

where: a> 0 is a parameter character1z1ng the smoothness of
(t)l:le unknown function, Cq is the normalizing coefficient dependent

a .

It can be shown that the average ‘value of the functional
Q(qS') over this distribution is n/a. The functlons é for which
1) (¢) is noticeably greater than n/a are suppressed by the
exponent in P, ($). If the approximate valie of the functional
Q(é) is known for the sought function &, we can estimate
a - and take Py (&) as. an a priori density of the probability for
& Using the apparatus of mathematical statistics known as the
Bayesian strategy, we can obtain a ’regularized’’ solution and
its rms errors. This is one of the versions of the STREG method.
It ‘requires an a priori information on parameter a, i.e. an
a priori. estimate of . the value of theQ(¢) functional. If this
information is not avallable a_more complicated variant of
the method is used. In this case the a priori information about
¢ is -given in the form .of a ”lammar ensemble’’ (for more
detailed explanatlon see ref /5/. )

p($)=constfp (§)da. | ©6)

The ”layers”, are the ensembles of smooth functions with
different fixed values of @, and the solution is obtained as their
superposition. In .other words, all the a priori values of 2 have
equal probabilities. The solution in this ensemble reduces in

fact, to an aposterlori estimate of « from the’ experlmental
data i.e. from equations (2). In the present paper the two

above-mentioned variants of the method were combined. When
the experiment was sufficiently informative, the parameter
‘a was estimated a posteriori. The value of « found in this
way was subsequently used as anaprior1 one for less informative
experiments. ‘

Errors in the values of F were considered to be mdependent
and normally distributed. In reality, however, the main error
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component which is a statistical one, has the Poisson distribu-
tion. For the components F, computed on the basis of only
a few and zero counts it would be more desirable to use this
distribution, but this is unlikely to affect our results seriously.

For the reconstructions using the STREG method, the Algol
and Fortran versions of programs have been used. The detailed
description of the formulae of the method and the Algol version
of the program are published elsewhere /%. The calculations were
made using a BESM-6 computer.

4. Some Examples of Regularized Solutions

To illustrate the different aspects of the STREG method,
the data on the multiplicity distribution of spontaneous fission
neutrons of 244cm were analysed. These data were obtained using
devices/ with different efficiencies. The distributions re-
constructed by the STREG method were discussed and compared
with the results of the direct solution of equations (2) P

The experimental values of F, in fig. la are taken from/7/
The neutron detection efficiency here is rather high (75.6%) and
the total number of detected fission events.is M = 16200. Under
these conditions the error in thedirect solution P, is reasonably

. small and, therefore, it is acceptable. The regularized solution

P,,r coincides with high accuracy with the direct one. The errors
involved in the regularized solutions are equal to those of the
nonregularized ones.

Figure 1Ib fhows ‘the data obtained using the apparatus
described in/8/. The registration efficiency was ¢ = 48.39,
the number of fisglons analysed being M =17169. In this case the
direct solution P, is unacceptable. The regularized solution
P; agrees with the curve P, in fig. la with an accuracy better
than the error of reconstructlon

To estimate the extremal possibilities of reconstruction
using the STREG method, the following exper nt was made.
From the real experimental data obtained in a small part
(M -4039 - events taking account of pulses from only half of
the neutron detectors) was used. This corresponds to a total
efficiency of 23.7%. The resulting curves are shown in Fig. 2.
The dlrect solution B, d gives an absurd result. The regularized
solution P has notlceably larger errors than in. thé previous
case (fig. 1lb) but within the error.limits it agrees again with
the results of more precise experiments.

The regularized solution is not the exact solution of equations
(2) if the real values of F, are substituted by experimental
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Fig. 1. Multiplicity distributions obtained in experiments at
e= 15.69% (fig. la) and «= 48.39, (fig. 1b). The dotted line is
experimental values of £, , the dot-dash line is the result
of reconstruction using direct formulae (P, ), and the solid line-
the results of regularized reconstruction (#:f )e

Py

05 ¢
04
03
02
04

0 |

-0d

Fig. 2. Multiplicity distributions obtained in the
¢ = 23.79 (the same notation as in fig. 1).

experiment at



ones. It is interesting to verify with what accuracy thls solution
satisfies equations (2).

In table 1 the experimental values of F,, (and thelr rms errors

) for €= 48.3% are listed. In the first two columns the
values of F °"Pare listed, obtained using regularized P, -in the
left-hand s1de of equations (2). Note that the difference |F, - c‘"”l
is much smaller than s, . The next two columns compare the
regularized solutions for €= 48.3% and ¢ =- 75.6%.

The prompt neutrons from the spontaneous fission of Fm iso-
topes were investigated by different authors/9~!!/, However,
only the experimental distributions of F, and'the  integral
characteristics v and 02 of real distributions were quoted
in these papers. The trie distributions could not be obtained
because of the  incorrectness of .the” problem in the case of
48 - 619, efﬁcxencies achieved in 9‘”/ These distributions
reconstructed using the STREG method are shown in fig. 3 and ..
in table 2.

The value of 7= 3.756 for 252c; was used as a standard
and the efficiency of the detectors from /%!!/  wereaccordingly
renormalized. Data from’®!!/ were corrected only for a back-
ground, and for data from ref./!9/ corrections for the detector
resolving time were also introduced.

5. The Effect of Errors Involved in F and e

The reduction of rms errors s, in the experimental values
of F, leads to a decrease in the error -of the reconstructed
function P . However, this error does not decrease proportionally
tos, ,as m the case of the direct solution P,,d , but considerably
more slowly. For example, in one of the experiments with
e=48.3%, a 9-fold increase in statistics (from M =7169 to
M=65015), with the consequeng lowering of the errors s, by
three times, the error of F, decreased only by about 309%.
This effect is due to the fact that the significant contribution
to the estimated error of reconstruction is made by the higher
expansion components in the system of orthogonal functions,
which are indefinite both for M= 7169 and M = 65015. Therefore,
for a given value of ¢ (which determines the spectral properties
of the kernel of equations (2)), even a large increase 1n experi-
mental accuracy does not increase the accuracy of P, above
a certain limit. At the same time, as it may be seen from the
above figures, quite modest statistics is sufficient to obtain
a reasonable, though not highly accurate, solution Plf .These
considerations could be useful in planning experiments.

0

€ = 48.39,

( € = ‘75.6%)
0.007+ 0.003
0.126 + 0.007
0.306 + 0.011
0.342 "+ 0.011
0.173. % 0.008
0.040 + 0.004
0.006 + 0.002

94
v

B

0.011

0.126 + 0.023
0.288 + .0.025

€ = 48.3%) "
0.304 £ 0.025

M,
(
0.030 +
0.065 + 0.018

0.187 + 0.023
10.000 £ 0.017

Table 1
Comparison of experimental and computed distributions for
B

and ¢ = 75.6%

0.2298
0.3836
0.2682
0.0974
0.0193
0.0017
0.0000

comparison of regularized solutions for
l_‘—com.p
n

- 48.3%;
0.2296. + 0.0063
0.3789 £ 0.0087
0.2777 + 0.0071
0.0917 + 0.0040
0.0204 + 0.0018

0017 + 0.0005

- 0.0000 + 0.0001

20,

I”b’V
0
3
4
6



Table 2
The multiplicity distributions offissionneutrons for Fm isotopes,
reconstructed using the STREG method

Isotope 254Fm 256Fm 257Fm
Reference 9 10 11
M 870 204 1499
& 61.1% 48.3%  51.0%

V. 3.98:0.36% 3.73+0.18 4.0+ 0.13%
Oy  1.49 £ 0.20  2.30 £ 0.65 2.922/% 1.27
: : - 1.68
PO 0.003 + 0.012 0.000 + 0.036 0.059 + 0.015
Pl 0.020 + 0.027 0.080 + 0.043 0.042 + 0.029
P, 0.095 + 0.030 0.157 + 0.048 0.077 + 0.030
P; 0.246 + 0.034 0.217 £-0.048 0.163 + 0.035
P4 0.317 # 0.035 0.239 + 0.048 0.232 + 0.036
P5 0.223 + 0,033 0.201 £ 0.045 0.221 + 0.036
P6 0.076 + 0.029 0.102 + 0.040 0.146 + 0.033
P7 0.012 + 0.026 0.004 + 0.031 0.060 + 0.033
P8 0.008 + 0.013- 0.000 + 0.013 0.000 + 0.021
12// 231;3;[}1331{:939}15}% the value of 7 ( 252Cf) =3.765 thgess fll)éstgg)utlonzgfg:nssxon P%%tgon Enlu‘lstllxl)llyxciggs :fsct))r_ szgé }:s:—’
%;ltathfe;&trlllfx: J3Jygs in table 2 were calculated using experimental rﬁ)tazggn as 1—n4?1g3%1') fig. 3¢ - 257Fm, }=1499,"¢ = 51.0% (the same
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The regularized solution is less sensitive to the error of the
kernel of equations (i.e., to the error in ¢ ) than the direct one.
This error is taken into account by the reconstruction of distri-
butions for two values of ¢ (mean ¢ * rms error of ¢ ).
In the experiment, the result of whichis shown in fig. 1b, an error
in ¢ was about 1%. The fluctuations of solutions for such
a variation in ¢ -arecomparable with the line width. The variation
in the nonregularized solution is many 4imes larger.

6. The Integral Characteristics of Multiplicity
Distributions

Two important integral characteristics of the distribution,name-

- Vm
ly the average number of emitted neutrons v = fva and its dis-

1 4
. . 2 max
persion ¢ =2 E (v—v) P can be determined directly from the

experimental data:

"max — .
— - — 1_5)
) l -n 2 <n > n a(
€ n=0 n n € ’ X (2 ( )

Evidently, ¢» and ai, computed using direct solution PVd ,
agree with these values. These parameters obtained by the
STREG method (let us call them ¥, _and g;, ) are, generally
speaking, - different from » and a,,’ . How large can these
differences be? 2 2

In table 3 the values of v. v » 0, , 0,, are listed for six
measured sets of F, , all for?* Cm. The first four are the results
of real experiments, the last two are obtained by dividing the
results of a real experiment into two parts, as mentioned above.
The values of v and ¢2 are given with their errors. The-value
of v = 2.690 for ?**Cm is used as a standard, so the errors of
v reflect only the accuracy of determining «. .

From table 3 it may be seen that the differences |v-v, | are
much smaller than the errors in 7 . The differences (o2, -02 )
are positive. This may be explained by the cut-off of the higher
harmonics of the sought function which generally leads to a small
broadening of the distribution. However, as for v, alldifferen-
ces (a ,-o ) account for only a small part of the errors in

o It should be noted that these errors are quite large, which
is confirmed by the large scatter of values of 02 for the

different sets.
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- . Table 3 ‘
Regularized and directly obtained parameters of distributions

for different experiments (244 Cm).

2
On,

1.410
1.296
1.226
1.187
1.287

2
v

>

7169
48.2 65015

€%
48,3
44.4

vNo

1.388 + 0.076

1.212 +

2.687
2.691
2.688

2.690 + 0.036
2.690 + 0.015

2

0.084

1.173 + 0.057
1.230 £ 0.272

6928

2.690 £+ 0.038
2.690 + 0.025

2.688
2.684

39.9 20359

4

2.690 + 0.071 "
2.690 + 0.075

4039

23.7

4039

1.587 + 0.311 1.661

2.684

22,0



7. Summation of Data from Different Experiments

Let us consider some independent experiments carried out
to determine one particular multiplicity distribution. During
reconstruction of the unknown function from some sets of data
using the STREG method, the usual weighted averaging procedure
assuming the statistical independence of errors cannot be
followed. This is due to the fact that during reconstruction of
different versions the same a priori information is used. The

theoretical error involved in the regularized solution is mainly

an estimate’ of the possible influence of these higher harmonics
of an unknown function, which in the experiment remain quite
indefinite. The other component of the error originates from
the harmonics which are, more or less successfully, determined
from experiment. Only the latter component decreases Wwith
increasing number of similar experiments (i.e., with a similar
value of ¢ ) while the former one does not vary. Therefore,
as the number of experiments increases, or the experimental
error decreases, the error in the regularized solution decreases
at a slower rate than in the case of correctly posed equations
(and their solutions).

The guestion arises as to how to combine the results of
different experiments, obtained using the STREG method, and
how to combine the regularized results with the nonregularized

ones? This can obviously be done by taking into account .

as independent, only the really independent data, i.e., the
measured values of F, . Then, the number of equation in (2)
should be increased proportionally to the number of experiments,
preserving the number of unknown quantities P, which describe
the same unknown function. A similar procedure is used in
combining the regularized results with those of correctly posed
equations. The only difference lies in the fact that the function
P9 is used as input data for the correctly posed problem
with a kernel in the form of an identity matrix. Figure 4 shows
the summarized result of three experiments with comparable
informativity (versions 1, 3 and 4 in table 3). The error in
the result is about 20% less than those in the components. Note
that the combined ’’curve’’ is somewhat narrower than the partial
ones as with increasing informativity the broadening of the
distribution, mentioned in the preceding section, decreases.
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Fig. 4. Combined result of multiplicity reconst ti ‘
. » the
basis of three experiments: crosses corr pond 1op arti

results, points are a combined result. - } espopq to p?}.tlal
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8. Conclusion

For the measurements of multiplicity distributions with

detection efficiencies substantially lower than unity, the direct
solutions of equations (2) connecting the realdistribution P,, with
the measured one F,, appear to be_ unreasonable because of the
incorrectness of equations. In these cases, where owing to a high
efficiency and small experimental error, the direct method of
solution is acceptable, the STREG method gives identical results
and errors. Thus we can conclude that the STREG method is more
general and allows one to find P, with reasonable errors for an
efficiency of ¢ 2259,

The authors are thankful to Dr. Yu.A.Muzychka and Dr.

G.A.Ososkov for stimulating discussions.
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