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Experimental distributions of • events. ···usually· have 
--~ ·-· .• ' · .. :. 

c~rtain distortions du~'to.·flnite resolution of the. detector: The · 

/detect'or resolution is define'd by its technical characteristics . . \ 
and the pr~cision of their" paranlEitrisatlo~s. 

.-
To obtain. the •true event distrlbuti'on . the·. distortions. 

1. . 
information· about the sbouid be. corrected. certainly, 

( -- - -. . . ' .· ' . . . _: ~ " . . . ~-=--- ' ~ ._' . . 
resolution of. the detector, should be ·used. ··This information is·. 

obtain~d from calibrat;ion. ·measurements ·and /or· simulation '\ of 

the. measuring proces.s; 

Heuristic· itei:ative methods of correction; making use of the 
t : - . ' . ' . -"' ' . . ~ . 1 

acceptance· are applied in .many. experiments 11,21, where ·the . 

acceptance is defined as the ratio "of simulated. reconstructed arid 

...... ' ' ; -

simulated· generated dis-tributions. lnitially, for· the 

simulation .some assumed- distribution is used and further 
. . ' 

iterations proceed with re~pect to· ·the corrected 

. distribution or.its parameters.; The parameters are ,obtained. 

• :.~ .!; :' Li~:: a:~;;~~z:-~-. "") 



-
by fitting ·the corrected distribu.tion 

model; 

with : the . theoretical 

There exist more rigorous -approaches to this -unfolding 

procedure, and. the best known ·of · J:h,em .are based on ·solution· 

of the Fredholm -integral equation of:the .first kind- 13,41~ This .. 

is an ill-posed problem and a stable solution of equation ·.is 

obtained bsing' additional infoi::mat.ion ·about. .its 
.! .. / • 

properties , 

·(smoothness~ correlation-relations and so onl~ 

The main di~;advant<lges of the- known methods 

a)difficulties in·· the ~analysis ·of biases caused. 

method-itself; 

.bldifficulties in .the interpretation of -~tatistical 

are: 

by.· the-. 

errors 

for .. the corrected distribution. For example, 

a discrepancy between the . error :-valu~~ 

distribution. being ·smooth:·-

there may exist 

-and the corrected'·· 

In this .. paper.· we . propose .. a new -'· unfoldi~g method. 

It is ,,essentially, _a p~ocedur~ ·for .chaos ing a stable 

result·_ that ·may -.be obtained by. the le.ast squares method or by. . '~-~ _.. . - -
.!. 

maximum likelihood method •. · the 
--: r--,.._· ~I 

.Stability- of results is. achieved at : the expense' . of: its 

information _conten~ and··/--or ti'Sing a priori information on-:the 

shape ~-·the true distribution·; 
.. 

The ·paper·--i~ _organized as_.following;I~ ·section .2 .. the 

unfoldi~g_ method consisting ~f two parts; is. d-escribed. The· first 

part,detec_tor identificati.()n, ·is described in section ~3.The 
·. ' 

second part ,unfolding th~·true .distribution ·;is- described 
~ 

in 

section 4.In'section 5-;he new. ·~ethod --i~ illustrate~· by a 

num~rical example 
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2: The Unfolding-Method--

·:The distribution to be<measured with a_ detector ,Is. further· 

termed ·"true". The measured distribution ,has statistical errors 

and it is distorted due to the resolutio6 of ~he detector. 
'· 

Wit,hout.limiting·the .. general·nature 'of· the. discussion, we 
. . . 

... _represent the t,rue distribution with· values at discrete_ 

'points and the. measured .distrioution:as_a histogram. 

Let bs denote the true distribution. :with· a· n-dimensional. 
-> 

vector_$= f$1,,·$2 ,. -~~~ ·} and the nie~su:ie'd 'distribution ''with_ a 

m::.dimensional -.ve~toi f = u1 ~ f 2 , ••• fm 1. The components: of 
. -> .. · . . ' . . 

·vector $·are distribution_ yalues at some points , the ·components . . -> . . . 
of~- v~c-tor• f. ,are.-channelcontents of a histog~am: 

The true distribution 
I 

is related to.the measure~ one-b~ the 

P-transfoi:mation (see Fig. 11 

-> '-> ..:.> 
f=P$+€ ·' 

-> 
where € ·= {€1 , e 2 ,. ·.em·· 

(noise) with an av~rage value 

inatrix V 

-> 
V·= Var € 

"' 

2 diag <0
1

, 

- "-: 

( 1 J' 

is. II ·-'dimensional random ·_vector 
-> ·'. 

E ·€ = 0 -.and •· diagonal/ var fance 

...?'' 

.. 2 . 
Om), 

/where a. . is the statistical error 'of the measured distribution 
. 1 

for the i-th charinel. 

-To -~e~i:ore :(urifoldJ. the true.di~tributio~"fr~m-the measured 

one it is n~c~ssa:iy,f~rst, ,, 

-- ----- .. · 
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-,. 

to stndy the _relationship ~~tween the distiibutions and 

obtain the·P-transformation and, second, 
! , ' . T ••• ,.··· , , --'> 

to solve equation (1) and obtain _the true-distribution $_. 

'--.--' 

~~Detector Identificati~n-

- ' -_., 
In this chapter w~ consider the first-part of_ the. method. 

It i~ classified _as a system identiflc_ation problem _{5;6I. 

The P-transfor.;at~on· ·can be~- represented by - its) components. 
-- -> - -

the P
1
, i=1,m; where

Wig. 2). ~ 

.P. component t~ansforins · ·$ -into f. (see · 
- 1 -- ' -- . - 1 . " 

--,T.he P 1 transformation can be -linear-_ or-· nonlinear._.-· For 

-_example, .transformations: 

and 

fi = Pti~ $1 + 'pi.J': $3 

/ 

-. 
2 

fi =:.Pn _$1 + Pi2 $2 
'\. ~· ' 

are linear and nonllnear,respectively. --

In this paper we only discuss the- linear case because: 

a)the linear case is more studied; 7 

--

-·b)the lin.ea case -is an approximati~n for the no~lineai::_-case; 

c)the linea case is a _.goo?- way to describe d'istribution· 

distortions related to particle transportation through _the 
-, 

material of the detectors [7]. 
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_The· identificationprol?1em for·' the linear case consists.: in 

finding p .. _, j=1,n for ea'ch P._ transformation. 
·- - lJ ·, ._- I 1 

To calculate:Pi we use ·a set of e_quati«;Jns obtained with the 

simulated data: 

fi, 1 pil$1, 1_ ~ pi~$2~ 1 .+. Pu~ 1 • • :..+ P1n$n 1- + ~i ,1 
·-~---'-/"' '·, 

f i, 2. p'il$1,2 '+ p~2$2,-~ + p.kdl -2_: .• +_pi <P.~2:+ 8i 2. 
_ .1 ~, . n n, , . ' - { 

. ( 2) 

·" 

c fi, t P\i$l,t + Pi2$2,t +'p.kci1-t .•• +p.<P, t'+ 8 :--t"._ 
~ ~~ ~n n, ... / -1,~ 

'._ 

fi, 'q· :,;pil$1 q -f. Pii$2 q 
- -.' , -· , ' 

+p.'kdl. - •• _.+ p. '<P, + 8.,,. · 1 TJt,q .. 1nn,q :1,q. 

-where 4\t;t is the -k-th compo-nent .. of 
/ ; - . 

the t-th vers'ion of -the 
. \ .. -

generated:. disti: ibution (true.distribution analogue), 

fi;'t is the i..;th component- of 'the ,t..:~h- version' of the 
- -- ·'!'·· '-

reconstructed -oist~ibution (measured d'istributi_on 

analogue), ' 
' \ 

_.---- .. -,'/ 
• A 

· 8.-- t_' is the random value ( noiise l wi~h an average value-
1, 

E: 8. t,- = 0 
1, 

arid · variance v:ir 8. ·t 
1, var fi,~-

·Solving the. set· of .equations (2) _with the feast square' method 

we !obtain -P. ·-and 
...... 1 ... 

its complete matrix-of. statistical errors 
·----~ . 

- o
1

• The' ·p tra'nst'or~ati.o!l in ·this ·case· is_. a n .* m matrix. .. 
with'matrix elements p .. , 

' 1J 

w~ choose theyer~~ons, :of the ge:'!erated ·distrib~ti~ns · from 

the distribution set that may be , kn~wn from theory, from 
,-_-
kinematics , from the:'phys ical sense,· etc. 

.. ,.·r .. · 
. . J • • 

"-._ ·The poi!lts_ for 'the generated distribution and the channels 

_-,_ 

'· 
5 
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for the reconstructed one. must be . ch"osen to . provide' . for the 

relation: between the ,~iitrilbutio~s=~being '·"linear. The x? 
: •• •> ..,., -, 

criterion can ·be- us"ed to -check this" 0 

.The . choice o'f the distribution set. used for det'ectoi 

·identification determines·: the correlations "betwe~n - t.he 

distribution values--at .. different _.points.The-;correlation{. allow 
. -' > . . 

to describe the rela'tion betwe~n $ an·d f. ·• utilizing . only a. . . . . . ~ 1 

part. of the elements~p .. of the P. :transfoimation .• The 
. .. .1J 1 elements 

not used,are 'equ.ited to zero. 
. -·-_... .. 

The choice of elemer1ts 
1
1\j of the Pi transformci'tion~ in this 

case, .is not unique.In the ge-neral ·case one can s-peak. aba"""ut=-: a 

set·of tra~sformatii:ms {Pi 

non-zero-element~ pi .• 

that. differ · by the" choice of 

. J 

4. Unfolding the True D.i"stJ: i~ution . 

With-the P tiansfoi:niation,obtained in the ·pre~ious chapter~ . . -
'equation ( 1) "can 'be. solved by_ the least squares method minimizing 

2 ' the X :· I 

'2 
:. X 

·-> '·*->·* ., -> ·*-->··· 
cf- P <P > v-1 cf- P q>·J. . . 

·-> 
. The $: that ·yields the minimal-

.. -> 
estimator of 4> [8]: 

-> 
~-~ . * (P 

'e..-'~ 

• :.:.> ·. 
v-1 P!-1P* v:-1 f ·, 

6 

2 X , is . taken as the 

(3)-; 

\· 

. ,~ ~ 

I 

I 
I . 
I'' r 
'' j. I .,., 

l 
L 

"I 

.·__.., 

\ 
'~ •\ 

where i · indic~tt~~>inafrix transposition 

The est!mator <I>' is_>unbiased 

statis~i~ai errors for~ is !81'. 

,.:.) 
;t.. . * -1 -1' Var ·'I';=. ( P · V P) 

•'· 

and 

--

the· ·complete matrix of: 
'· 

( 4} 

Another: solution of equation• (1) takinq' into .. account· 

statistical errors of P matrix ei'ements can; be obtained within 

'the' framework of the. maximum likelihood_~ethod 0 

Considering the noise of matrix/elem~nts and the_ e_xperimental 

d'istribution to be Gaussian'. the logarithm .. of .. the likelihood 

fu~cti6n~i is. the· following~ 

ln'L. ! '\'(f.- P.~>J-2/'0. ~i-'(P.- G.)-o-:-1 
.2 ~ 1 .1 . . 1 1 1 1 

1 

+ const .. ,_. -
. . "* 

(Pi- Gil 
! 

-. 
whereGi}s.:he true value of P 1 . 

Maximizing the .function~!· only_ for · Gi,. we obtain< the· 
. .. 

functional· .,: 

ln L 
-> """ ->* -> 

= !. '\' cf> P.$>2!, ca:+·$ o.<!J> 
2-~ 1 ·.1 .. ·· 1- 1-· 

. 1 
.... · 
. .:.> \ . 

only_for .-.<!J~. ·-> 
Minimization of ( 5 J. yields ·<I> a~ an .e'stimator;<of 

_The complete matrix of statistical 
. ' ' . 

I 

errors for 

;""" ( 5) 

-> 
<ll 
-:> 
<ll may be 

calculated as the ·inverse matrix of the. .matrix of second 

derivatives_ of the functional ,!5) at .. t~, minimu~ (8) .. 

. Solving equation. (lJ.we m~y_obtal~.j with extraordinary.larqe 

.i 

"" 
",/" 
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, .. ~·, 

errors ,or we· may_ not. be _able to' solve the equatj.on 'at all. 

For the x? -ln L) functional this signifies the 

existence of a di~ection, along '2 ' 
which. X· C--ln Ll varies too. 

little and its minimum is, hence, very poorly determined. 
--- -.. .... -

For the given set of poin_!:s.of the true distribution ·and--- . 

these . the given- distr~bution set' used for the identifi'cation 

dlffi~ulti~s may be overcome by:·'· ... ~ 
' ;J_ 

a)·reducing the channel· widths_ for the measured 

distributio~ histogram 
•• , < • 

and,/ or ;; .-' 
" 

.bl choo'sing another P: from the set· {P> I. 
. 1 1 

c! ,' 

If n·o result is ·achieved one can:· ; . 

a) reduce the derisitypf·the true distribution points 

and I or 
'.• 

,_. 
b) restrJct the_ set of: distributions :.used for detector 

identification 

and /'or 

c) redu~;' the. measured ·distribution to. the distribut-ion of a·· 

-detecto-r with a--better' resolution:· 
,, : 

'• .. 
The latter red~cti'o~ procedure means such corr~ction· of the . . . -:--·, 

measured distributio_ri,that 't~e· result can be ·conside-red as the 

distribution o~taine~ with some hypothetical dete~tor havinq 

better resolution than the i~i tial" one. In this case , we· partly 

compensate the influence of the - dfstortio'n 'on. :··the true 

distribution.To perform such· redllct'ion, we should identify· the 

detector that· can·t~~nsform the reduced - distribution into. 'the 

reconstructed' one.The' re'duced distribution ·can. be .calcula-ted on a 

set of points numerically; 

-' 

8 

') I 
1, 

-~ 

·s 
v 

One of these.-ways, or their. combination, 'fill lead· 

equation that'has a :solution: 

5. A Numerica~ Example 
....:: .·-:-

to· an 

The method canbe illustr.;.ted with a nume~'i'cal example from 

ref.[JJ where: 

c2 .. , 
. 2-

<P<xl·=- Al ' ' - 2 - 2 -+ A2· (x-B
2

l +C2, 

is:the true_distributioncwith parameters· _A1 =2, 

..,. 

A2=1, Bi=lO.; 

:s2=14, c1 =c:2=1 and a=i2s ; x-is_ defin-ed 'on the~interva1 r4,'. 16] •. 

16-

,f(xf.= J <P<x~i~<~')K(x,~';dx'. 
4. 

·.,__.-. 
. ,' •. ~--

is the~---ineasured distorted distribution-, 

E(xl 1 
(x-10) 2 

6 

- ~ .. 
is_the efficiency function• and 

~-<_x,_x' J 
1 ~x_p: [-:!. [·'·x. ~x • __ _.) ~ ····.]. 

, ..• 2 · ·a -. c-:i~Jl/2 a 

is the detector'resolutio~_fun~tion. 

--

For the detector -identification the set' of distributions· , 
<1\c<xJ· ,_~=1,60 was used. A distribution·_ is defined by -random 

~raaeters generated· uniformly _on' the·. intervals: 

9 



. [ 1, 3] 

_[8,121-

_for ~l~ 

for B1 ; 

(0~5,1.S1 for c1 ;. 

·l 

[0.5,1.51 for. A2 ; 

[10,181 for B2 ; ·-

; [ o • 5; i. 5 1 for · c2 • · 

The sample, of -events··obtained with', the g_en_erated distribution 

cpcxl · wa's used, ,for obtaining. the __ .reconstructed distiibution 
-> -·-.. . 
f ·= If

1 
k: -,f

2 
'k , •• ~£ .k}. Reconst'ructed ·events are histoqrammed 

k , -> _, . _ m, . , . 

for each fk with weights' <l>k ( ~ l'/$( X) [7J,where -X is the 

generatedvalue of an event •. ·'. 
.:.) 

A histogram · of ·the . m~~sured · '·distribution f was· obtained 
, , 4 , 

simulating.lO events with' m.= 90 channel's (se~ Fig.3J. The 

number of points ~ n-.= 40 for .the t~u~- distribution: 
. . . ., , ' , ~ .• 4 .. , . , , : ·: .• 
For-~he detector-identification .10 event~. were used 

' ' .· .. :. ·. ·. r' ',· . . 5- .. 
-_the first case,~9d 6*10- -in_ the 

. \· 
second.Unfolded distribution 

. / 

!.9 
--~--

and' 'errors of ~ were calcula:fed applying (3) '·imd. ( 4) .F'iq. 4 shows 
,\1 ,. ' •.• 

the results in' .the 'fii:'~t case and Fig~ 5 in the second ;· the solid 

line is ·the • true distribution. Comparison of the ·unfolded 
. ·. : : , '. , ·• . . - , :· , , ·- .. •· , 2, 

d stribution and;the true.distribution yields X= 36.8 ·in' .the 
·:. ", ·2 / ·, /.· '• . . , , 

f rst case and(X·= .32.l·in-the second on~~£o~_~o points. 

As· compared to ref·. [3 J, where from the sta:fistical _point of~-
, \ • ~ • • I 

view , the agreement, tiet'w~en the unfolded' a~d 'tr~e . 'd i~tr ibutions . . ...... . . . '-~----:·,· ~-' 

is poor , in' our cas·e ttie 'agr~emerit ~betwee_~ two distributions i.s 

good.Due t~ the prope.ities ~f:th~ le.ast squar-es m~thod' used by us ' 

no bias is 'introduc~d in the data,~·:while the data from [ 31 are 

biased as a result ot' . processing. U~like _, [ 3) no diffi~ulties -

arise in our p'rocedure f~r 'the interpr~t'ation. ·of error:;, and ; due 

to the least squares m'et'hod they. a~e .minimal. 

~-. 

_; ··. 

·. 

6 •. Co-nclusion 
/' 

The main-results.of this paper may be summarized as-folloJIIs.,! 

A . new meth.od for _unfoldin~. the true distribution from 

experime~tal.data~distorted b)a detector with·finite resolution 
. .. . ~- .. ' .. ·,. ~ 

~is . proposed:. The. method reduces to a procedure for -choosing _:a . . ~ -

stable result, thaE is obta}ned by the least squares method. 

_A generalization o~,-the method :is proposed, when 

identification of the detector-is.b~sed on a 

~imulated ev~rits, 

1 imi ted number · ·of 

The metho~ can be applied for det~ctors introducing_linear or· 

nonlinear d istort'i~ns. 

· Application of the ·method :is: illustrated·- by· a _numerical

. ex_ample. 

The author fs very __ gr~teful to I .A. Savin for having read this. 

paper very,attentively and 
c ; •• 

text, 'to V.G.Krivokh'izhin 
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making comments.-· that :improve'd 

f~~ ' su~p~rt/_ to A. v ;Tikhariil1 
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Fig·: 2. -Di:q~am of r:,latfons betwe n the true dist~lbuti~n and 

the i-th; chanriel, 'of £he m~~s~red distr~b~tio~ 
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I' 
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/ ,, 
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Fig. 3. Example· of' ·measured distribution f: 

/ 

-12 

'•, 

·• 

4J.(X} 

•2 
~ i'· 

·t·:·, 

X 
'-, '-:> 

Fig; 4~ Unfolded distribtition $;the solid line is the .. true 

,.distribution-<l>!xl, 'the numb~r of 
- ~ . . - -· ; 

events used' for 

detector ident,ficatio~ is 10 4 

Qi_(X! 

-- ""''~ 

--.. 

f, 

+ 

4 10 t& X 

. .. ->. 
Fig. 5~ Urifolded distribution·<!> ;~he ~olid line is the·· true 

distribution $!x), ·the· riuaber of ·events used for 
,' 5 

dete~tor· identification is 6 * 10 
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