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· i · I~troducti~n 

R~cognition of-objects on the~ basis of th~ir spectral' reflective· cha:racteris- · 
ticsis pne of. th~ centr~lprobiems in remote sensing of the :Earth surface. 
(Note that similar pr~blems involving emission or absorption_ spectral char
acteri~tics instead ofthe reflective ones arise in many other fields of applied . 
spectroscopy.~ :well.) In most of the sensors, used in remote sensing, the 
spectral range IS split into~ separate ~on-overlapping. bands (or ~channels") 

·and the output is vectorized: The number, width and location: of the chan
nels 'are important_ characteristi~s of the. sensors and may vary in very large· 
limits.: Her~ are a few examples: the Nimbus-7-systeni h~ 4 cha~nels (20 
nm wid~ each) in ·the visible-region (VIS) an~l .o£.100 nm ~ in the near. 
infrared region (NIR); Landsat MSS has _4 channels, 100 nmwide.each; the 
width ofthe 4.,channelsof Landsat TMvaries from 60-to.l40_ nm; Skylab 
MSS hits 12 car:.n~ls in VIS ~nd NIR, abo~t 50 nm-~ide ~ach [1], Therussian 

• earth resou'rce satelites·"Meteo'r~- aresupplied with scanners MSU-M __:with 
4 - and MSU-S - ~ith ~-2 chan~els; "Fragment" has 8 cann~ls in VIS and 

NIR-[2]. The tracespectrometersdeveloped in theBulgarian Academy of 
•. ··sciences c~noperate upto 256 ~arrow·spectra:fba:rids in VIS and NIR~ange 

[3, 4]. The datcivolume from aircrafts can be still higher [1]. . - - :-
-:...: -·:. MultichaiJ.p.~l e~perimentaVdat~ may be rep~e~ented bY, points iri the n~ 

dimensionaf linear space Rn; referred to as· chdracteristic .space ( n standing 
for, the number of Channels, of the sp~ctrometer ). Points that correspond to · 
_different measurements of the same object normally lie close to each other, 
thus forming clusters; point'sfrom different objects .are expected to belong 

. to separate .clusters [i, p. 76]. --Most of the methods for classification and 
recognition of objects acquire :quite a' simple geometric meaning in terms 
of characterisicspaces; these methods can only be applied, however, if all'''' .·
the experimental datauitder· consideration belong to the ;arne characteristic 
§pace, i.e. if they a~e obtained with spectrometers with the same nuniber,: 

<location and'width of tlie channek If this is not the case,. the spectral data,, 
fromHifferen't' spectroxhet~rs cannot be' compared direCtly. The ·common:ly · 
used procedure here consists in constructing models for the spectral~densities 
that ?-re being compared, _with some parameters which are later deterniined 

. from the experirriental9,ata; If thedifferent.sets of pa~ametel"s (as extr~cted 
from the different sets of data}' are consistent within the uncertainty related 
to their specific statistical properties, the 'corresponding objects cannot be 



J ,>' 

distinguished; and vic~ persa [5, p;25]. In the. present paper we sugge~t an, 
· alternative method for comparison of experime~tal data· obtained with dif~ 
ferent spectrometers. We <{erive a model~independent li~ear t~ansform~tion 
of the experimetal data that maps the characteristic space associated with 

. . one of the sp~ctrometers ontothe characteristic space of the other one. The' 
transformed data - now belonging to the same· characteristic space'- are 
shown t9 be distributed by the multivariate normal distribution that allows 
for standard statisticalmethods to be applied in the classification and object 
recognition tasks [5]; · : ' . ,..J, ' . • · .· • • _ 

. . ~ . " .. 
··~ 

2 The iinter.p alation formula 
-": ., 

Let p(A) be a smo~then;ugh f\inctionof A: p(Af_E cn[Amin, A.;.:.,], anddenote 
' . - -. . .. ,, ./ .. .. 

·· .... b<· ' .: . . L .: . ·. . . .·. ·, 

Y,. = L." p(A)di., · Amin;<_ak :<b1e ·~ A~~.,·,<k.~1, .. , n 
' ' . . -~ ' _, ' 

(1~ 
-:. ·, ~ 

~ ' 

We shall now derive an interpolationformuhi:for the integral 
. ~7 ·. . . . - •'. ~-"" .. ;, 

I 

·' ·Y =:tp(A) ~>.:. -\~i~ ~.a< b<A~.; .. , ' {2f 

in th~ form.ofa: linear [~:m:bin~ti~n ~f Y,. with coefficients u1e d.~pending mi.· 
· a~e,b~e,a;b only:. ". ·· ·. :. ·. ··: .. ·. · ... · -· · ·· · · · 

< . no . . . ··: 

.Y ==· I:U~Y!.+R..(~,b), . ' (3)' 
. . ' ' . : ' . . ' . ' ..• le=l . :c ~ ~ ' ' . ' . . 
· such that Eq.3 is exact (i.e: the remainder. R..( a, b) vanishes) for (a, b) >= 
_(ak,-b~e),k=l; ... ,n. , . •· :·' . ... · :·;_.. , ....... ·· · 

· Consider the· polynomial P( A):= 'Ei.:C: ci~i-t with coefficients ci neter-
ininen froffi.the requirement that 1 .~ ' 1 · ' · ·· • · 

~ 

Lb" P(A)dA.= f:co(bi._:_ _ai)Ji ~ ~. ~= 1, ... , ~- .. , . 
• . . •=1 .. . . ... · .. ' 

. ' . l 

/" 

. . b • . '. ' . '' . ' . . .. · . ' . .· . ..·' ;·. ·. ·. . . 

Since Ia:(P(A)- p(A)) dA = 0, there existn po~nts (le, a1e < (le -~ b~e, k =:·· ·. · 
1, ... ,n, suchthatP((~e) = p((~e); thereforeP(A) is aLagrange'sint~rpo~ation · . 
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polynomial ?f p( A) through the points (I., k = 1, ... , n: 
.· . ~- " . . .- . ·. . 

p(A) = P(A) + r(A), 
. : . ·. ~ .. ~ . p<n>(e), . - ... · , . 

r(:-\) =·ll(A- t.) · -- min a·< t < maxb· . '-• I , . • '- . . . • .. 
i=l . ~· ' . ·, -. ·' . 

. The coefficients .. co satisfy_ the ~ystem of linear equ?-tions 
n . 

L M1e,i~ =:;; Y,., Ms,le ~ (bi - ai)ji 
i=l . . . . 

(4) 

(5) 

. For noncoinciding (alc,b~e),· · k = 1, .. :, n (with the excepti~n of the few 
peculiar· cases when occasionally-det(M) = 0) Eq.5 }las a-uniq~e·solution 
~ = I:i:=1 Mi~zy,.~ After substituting these _co's back in P(~) we obtain for 
the integral of.:P(A) over an· arbitrary interval [a, b] the expression:. . 

• _, ...... • }, 4 :· • • • -· •• • 

J!P(A)dA·~ti=i~(li~ai)fi=.L:i:=1 u~eY!. . -- -(6)' 
. . .- , ·"n b0:._a; M:._l _-, . .{7) 

.,..__ U1e = . L.ti=l. ---y:::- . i,le · · ' · · . 

Here are the explicit expre~sion of Ufc' for the few iowest values of n: 
I ~, ' .-

:~ .. :_-(b_:a)(bi+a]-b:-'a), . __ 1~ 2 . ·..::. .. 
3

.:·· 
... n- 2. :u.- . _ . . . . . , .'.:-. , , 3 - -' 

· -~. -(b·-a·)(b·+a·_-_b·-a·) __ · .. '-• ·' • J . J - •.... • ' . • 

{8) 

. . ' . . . 1 3 ' '. . . - '( 2 2), ( 3 > 3 
·n = 3:. Ui = ._d- I:j,le=tfijle [(b'- a) bj- a; b1e- a~e)-+ 

.• (b2--a2) .(b;- a;) (b1e -a~)+ 

: 
(b3 ~ a3

) (bj ~ a;),(bf~ a~)( 

.! 

- o:: • ~ ' 
{9). ". ' ~ . -

d --.. .: 3 . ;_. (b.. '. :) (b2 . 2) '(b3 ' .· 3) .. 
- = "· I:i,;i,1e;,1 f;jle - . i ...,... ai . j - a; 1e - (l1e 

' 

fi~le being th~ 3-~iiJlerisional' antisy~~tric ~ensor, €123 ~ 1 ~ _ F()r higher n the .. 
expllcit expressions 'of Ule ·become far too complicated; solving· numerically. 
Eq.5 is much~impler_ in th1s case. . . • _ . . . . .. 
. Integrating. EqA with respect to· A over [a-; b] now leads to . the iriterpola- • 

-tionformula:ofEq.3 with thefollowing:explicit expression for the remainder· 
R,.(a,b); . .· . ·.. -- .. · ·. · 

. . ,· : . b . . ; • . . . '" ' ' c. . 

R(A}'::: l r(A) dA, ·, 'IR(A)I ~ (b _·a) mr-x lp(n)(A)I (b~ .- alt /n! . (l'o) ' -

3 
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3 Transformation of the ~haracteristi'c space 
)"' . . ~ . f. ) • 

Let p(~) be the spectrarch~racteristic ~fan ~bject as· a fun~tion ~f the 
wavelength-~. and ·let the spectrometer we are using have n channels with 
-. . . . . . . : . ./ . 
constant sensitivity within the bands a,. < ~ < br., k -= 1, ... ; n, and 0 
outsid~ them. What we shall obtai~ a.S 'an outpti:t from our spectrorriete; 

. ·are the quantities .. Yi. {see Eq.l), andY {see Eq.2}" should be measured !n 
the spectral band a .< ~ < b. The interp~lation formula of Eq:3 allows 
for expre~singY in terms· of Yi. in a model-independent 1 way, provided that 
p(~) is smo~th enough; R..(a, b) {see'Eq.lO) gives an estimate ofthe. possible 
inaccuracy of our guess. ; . . . ; 

In case the ~ 's are experimental values, they should be rega~ded as ran- ' 
d~m-variable~: Under' quite ge~eral assumptions[!, p.209] they can be shown 
to be. independerit and" th~ individual distributionof any ~f the Yi.'s fo be ./ 
no~maLwitK-mean valu~ Yr. aU:d dispers!on o1 (also' denoteda~ N(Yt<,u~)). 
Leaving· out the remainaer R.. we now inay interprete theinteq)olation ,for-
mula . . ( .. ·, __ . n . . . -

"J' 

Y .•.. -·~ 'tr 
= L..;.,UToLTo 

k=l 

{11) . ' 

~ a linear transformation ~L th~ random variables Yi. ~ . Y* . will then also be 
.a random·~ari~ble with N(y;·u~)-distributiori, where (see [6]): . · 

...._. . n _ n ... 
~ . 2 '. ~ 2 2 

. y = L..;., ur.yr.; u = L..;., u,.u,. (12)''. 
-lo=l ·lo=l ·< .. 

. Eqs:ll;12 may be u~ed in. solving the follo~ing p;ohlem, cldsely~elated 
to object rec~gnition:-~ Let yr., k ~ 1, ... , n be the ~xperimental data from the . 
-spectral measurement of. a sampl~- object in n spectral banch, and_ Y' ~ _ ~e the_ 
result from the ~easurement ofsome unknown object in··a_spectral-band that 
may not coin~ide with' any ofth.e former n. What is the pro_bablity.p that the 
unknown object be distingti.ished fro'm the siunple- one on the bas~s ofthese 
spe-ctralmeasuremen~'l Or,;.ce versa, what is the_ p~ba-bility p ~ 1-_ p that 
Y* be a measurement-of the same' sample spe~t~m as the Yi. ';?Her~ is the 
algm:ithm w~ ·suggest: -.. . - · . . . -

1.. Calc~late the coefficients ·u,. ··in the tra:n~formation f~rmula {3} {by ei~ 
the! using Eqs.S-9 or solving Eq.5numeric~lly and th~n using Eq. 7); 

• ·. • • . ~ • : ~ : • . .. _ ·, ~ t ;-· . . • . ·; .. -- • ,, ~ 
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· · 2. C~lc~latefrom Eq.12 th~ para~eters y and u2 of the no-mial distribu
-tion of the transformed variable Y* (using the sample values for y,., o1 
if no other estimates are available}; 

. -
' 3. Apply the app~opriate statistical criteria (see [6], [7] or any other hand-

book iirmathematiCal statistics} to check the consistencyofthe exper
im~ntal value Y'-~ith the N(y, ~2}:distribution obtained·above~ (For . 
example, in the simplest 'case. when .y,. and o1 are the exact {rather than 

· sample) values.of the parameter~ ~f the distribution ~f Yi., andY' is a· 
single mea.Sm~e~ent,ji = erf{~Jf).) . . _ · _ _; _ · 

-The' g~n~raliz~tion to multicha~n~l data is quite straightforward. Let· 
Yi., k ~ 1, .. ~, n be the' experimental data from the spectral measurement of 

. ci sample object in n speCtral bands, dna Y,', l =:= '1, .. "m, m ~ n 'be. the . 
sp~ctral measurements of some~ Unkno~n object in m speciralbands that may 

-~-not -coincide with any- of the.form.er n. What _iS the_ irobablity p ·that the 
· unknown_ object be disti11gujshed fr/,'in the -sample . one o~ the basiS. of these 
spectral measurements? Here is the "multidimensional" form of the algorithm 
described 'above: /;_ •·.. · - . · 1 

, • -. · -· • -· - __ , -:-· • .• •·. -· • 
. . I . . - ' . . . 

l. Si~ilarlyto' Eq.7 'define ... .. . . . ,/ ·' 
n bi ' i • 
~ ,-a, -t .. 

uz,r. = L..;., -.-.-M, r., l = 1, ... , m 
. -· . i=l ! "~ ' ' '~ ·' 

wher~( a1, b1) denotes the spectral barid of the 1-th charinei~fthe.second 
spectrbmeter~- and considerthe iinear.transformation: .· ·· 

.,..:_-n-· ·, 

4 . Y,* =-L uz,r.Yi.- -- {13} 
.. lo=l· 

• ,I·· • - , •" ·. ,, ' • • "cU. .• 

~ ;:= { uz,r.} is a linear mapping. of R" onto R"": R". ~---+ ~- If m ~ n > (l.rid rank(u) = ni, Y,* _will have multivariate normal distribution [6] 
· with_.de~sity ' . > · ' .. · .•. . 

~ ~/. ... ,Y~(i, .•. , Ymi·~((21r)m?~t(E)F112 e~p (--·~{lr- ytE~1 (Y -·1/)} 

Note tb.at. theJinear tran~.forniation {13} .leaves unclumged the val~es 
of those of the Yi. 's fo~ which the spectral band (a,., br.) is not altered. 

" 
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. 2: The pa~a.'metei~ ofthe.distrib~tion of Y/ are now given by£ 
".. ' ; . .'' - ':< /,, 

n . n 

Yl = L: 1it,1o'Y1oi -:Ei,j = L1Li,1o~j.To0': (14) 
lo=l. '1o=l 

-~ 

where -yi and ·ul·. stand for ·the sampl~ ;Tiean value and di~persion of 
-. -v., i .= 1, . ; . , n_ (or for some other estimate of the latter). 

,-- ' - "' ' . . -

3. Both Yj':. and Yj', ·z-::::; 1, ... , m will now belong _to. the characteristic. 
space Jl:7l a.Ssociatedwith the m.:channel spectrometer, .·and will have 
mu'ltivariat~. u'ormal.distribution. The statistical criteria}or studying 

. the hypoth~sis that the .t:andom _vectors Yj* and Y,', 1 = 1,.: .•, m have·. 

. '. (or have. not) the .'same distributio~,. and: t~er(!fore, the cor.t:esponding 
objects may not (or.·may) be di~tinguished oli.the basis of the available 
'experi~ental data are described in_details,among other, in [1, 5] and/ 

·. will notbe discussed here. Just note that the~general criteria can be 
s~bstantiallyoptirilizedwhen appliedtri'specific classe~ ofe~perimental 
data· [51 p.89].. . · . · . . _ . ..-,-·· · · · · :_: · ·.. · . . .. · ... · 

"' ..-· 

4 . c.onc-Iud.in.g ~rem ~rks 
. ' .. ··.·. 

The present work was b~ed-on two assumptions that need to he discussed 
inmor~-details:' .· '.· ' · · ··• .... ·.. •. . 

. . The requirement tltat the sensitivity !Jf the_sensors be constant within the ' 
-spectralba~dsa~d·O outside is of great importance foithe derivation of the 
interpohi.tion formula of Eq.3>We believe we shall b~' able .to derive in the . 
future similar f~rmulae fo~ other speCific shap~s of the sew;iti~ity too (e.g~ - . 
gaussian); for the nioinent being we suggest to use ill. Eqs,5,7 the -effective_ 
. width of the channels. ·. . • . . . ·.. . , _. · _.~ .. · ... · . , . . . 

The requirement that the dimension'of the characteristic space associated 
with the saniple spectrom~ter; n, be gieater or equai'to the dim~nsjon m of 
the space with the data about the: tmknown object, n ~ m; is' not ~uch a 
severe restriction: you always can ~ap Rm onto R" and:compare th~ spectra 
in. ~--instead. The symmeti:yhetw'een Rm and izn .is broken, because the 
mapping Rn ~ Rm; n -~ ,.,;_ pies.erves the inultivariaten(_>rinal distribution 
of th~ transformed variables :Yj*, i~-1~ :. ~-,711, :thus ~llowing "for 'standard 

. - -~ . ,. ..-. --. •. ' -,.-. . . ·,·_:·--_ ~:..::_-_•' ' ~'.-.~_ ... : -· .--~··;,·-:· .. ·· , 

\ 

;r 

-: . . ~ 

~ethods for· the comparison of thespectra to be applied, while the inverse 
• -1 . ' ' . ' . . . ·. 

mapping Jl:'l.'t--+ Rn leads to linearly dependenLf,;, k = 1, ... , n [7]. 
·The work on. the present paper has been partially supported by the Bul~ · 

garian National F:und for Scientific .Re~earch :under contract FI34. 
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