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1 •. Introduction \ 
.\. 

~B.sides .statistical errors,: ·the experimental measured 

distrib~tion · of~~events ~has gci~ c:~rtain ·distortions ·due to 

the finite resolution o.f .. · t'he detector; The detector resolution is 

defined ·by· its . " tec:hnii:a"l c:harac:teristic:s and c:alc:ufation 

method of. event: parameters .. , .• 
-"' . 

To interpret .. the: exper iniental. distr ibJtion ·with· theo~etic:ai 
' • . .' ' - c '· . •·•• .•. ' - / ! . - : .. 

models, the distortion ·should · be · c:orrec:ted •. Certainly, ·the· 
. -. I -· . , • 

. _ ... 
information about; the resolution of the._ detector, should be' used. 

This information could be obtained ·from calibration .measurements 

and 'simulation of "1:l'le measuring process. / 

'-'The. heuristic: method .·of: correction with ·ac:c:eptanc:e was used 

· in . many ·experiments £1,21: Acceptance is .a ratio of true 
' .•. ·""''> 

distribution 'to the measured one. .The acc:~ptanc:~: is 

calculated with-simulated data. . \ 

At first1 for.· the simulation a ph~si~ist uses. a · more 

probable, in· his opi~ion, theoretical dis~ribution~ · Further, 

the iteration·~~es with respect to the. corrected distribution 

or. its parameters~-; . The parameters are obtained by, fitting 
' I • . 

·the c-orrected distribution ·with the th~-oretical model. 
•• ••••• --~- ~ "~-'. ---~.:.:.:-...~-- ~:::-:.~..:.-.;:__• "!...- ': :~ 

~-- :1Ti~~:;~~~J~:~~ ~::~}_:::;rf~-~~::.-~~ · -_ 

· .. 



' 
" 

~ ' ! 

~ .. ' .~ . '': 
~ I 

The~~ ~re more ri~orou~ approaches to~ this problem~. and th~ 
' ~ ' 

most famous of them~ are r~educed to <the ~solution. of Fredholm 

integral equation of th~.:~first 'kind [3,4). 'l'his problem· 'is an 

ill-posed preble~ and the .solution i~ ··abtain~d · usinq · .;a priori 

information ·about. the .solution' . . . ,-·--- -smoothness~ 

relations and s9 on). 

The main' dem~ri ts' of the .famou.s :methods are:. 

:a)di~ficulties. in' bias ~nalysis; 

itself; 

glven · 

correlation 

·:._-.:..~ 

.by the method 

' ' 

b)~iffi~~lties i~ intei~retatior of· statistical :exror~~ofor 

the correcte'd 9istfibuti~n .• For example; discrepancy of_ error 

values ,and smoothness- of, t~~ corrected dist;r:il:iutio~ •. -

.In the' .'presented 'work the' problem: .. of' 'data process in~: 

will be discu'ssed · irL connection with the oroblem of::· 

information. parametrlzation a~out the .detector 'ana . ~correction· 

procedure· of the measured distri-bution.,. \' 

To obta'in a stable solution- of the_ problem ~~ o~; stable variant 

of ·~he. p_roblenil with m~~-im~l bias_~-nd statistical _errors, ,we: 
.. ~ 

propos~' a c'onstructive metho·d:based on: 
r ......._:_ . .. ' •• 

a l ·using a priori ·. info'rmation, . agree'able ~~--~theoretical ,. . . .. . . - ~· . •, - - . 

models;_ '-. 
;"-. .. ,,'-· 

b) choice of! ~points riet' for :the corfected a'ist~ibution;· .. 

c) reducing th~- experimental distribrition to the_. 

distribution with. a better resolution .ftmction'. " . I' > , 

.A new method of data processing'_will' 'be 

exampl~ from [3] -where: 

illustrated ,bv .. an 
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true distribution, .x is det'ined 'on interval r 4, 16 J 

16' 

F(xf = ;J<P<x' )E(x' )K(x,x'.ldx 0-
. 4 

measured distorted distribution, 

·~(xl ~ -'~=!Ql2 
·' 6 

effici~ncy function,. 

2 

[
' .. (.x-x• J ·] 
- _; ~--~-~ ' ' 

' :1'-
~K(x,x'l = --------- exp 

' 1 2'1tl 112 ·a 

the detector -resolution· fu~ctian· •. 

. .,_ •.,.,.·· 

2. The'Problem 

· .. , 

is 

is · 

is 

• • _1-

The distr.ibution. that needs to be ·measured, further' 'is · 

called ."true", and· it is measured ·with a ·detector cons.istino - ·. - .· -. -- . ·. . ' -~ ·. - ' - 'of 
, r 

an appar~tus and'calcuiatio~ brooram~ ~f event oa~ameters .. 'l'he 
'~ 

measured distribution h~s statistical errors and .-. . ' .,...._ ' .. distortion ~ue 

to the r~solution of the detecto·r·: 

Further withorit .limitinq the general .nature· of_, the 

. discussion, we represent ,the true distributio-n. with the. 

.values · on 'the discrete points net ·and the measured 

d(st~ibution as a. histogram. 

Lei us d~note-~iue ~istribution w~th~an 
->,.· ', ' ..-.· ' 
<j>,~ the measured ·distribution' m..:dimensional 

3 

n-dimensional vector 
~> 

vector f, .,~omoonent~ 
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of 

"':..> ' 
vector .<1> are distributi,on values _on -the points net,' components 

->'. -·----~.·----

of vector ·f ·are· channel 'content:s 'of· histoaram. 

~he true distribution (s conne~ted wfth tne measured / 

distribution by P~transfoimation /·""" 

-> ·..:> ;_-> 
f = /p <I> .j.' s , 

-> 
where S is m -dimensional random.,~ vector '(noise l 

-~r . · c · , 

(1) .. 

with ' ' an 

.average value E S = 0 and diagonal variance matrix ,V ;< 

! ' -_-/ -, 
-> ' . 2 Var S =•dtag co1 , a2 i, • • • . m ' v " 

___ ,', . .-;. 

oi are the statistical errors of th~ measin-;~ 'd~strtbhtion'. 

T~is relation:between ·the distributions can. be represented 

i~ the scheme (Fig. 1!~- ,/ 

-> 
Fig.2.shows' true distribution· <I> ·that is <t>'cxl_on the•net 

of points for our _example here,A1 =2, A2,;,1; B1 =io,, B2=14; c1=_~ 2 =:1, 
0=1.5. 

Fig~3 i~ a. ~istogram of 
~> 

the measured ·distr~b~tion f 

represented for the exarnpl~ m~Ationed abov~,n~mber ot true·evenis 

equals 1_0000 ~· 

The events·for the·histograrn of the mea ured 
. ' .·. \'. : "·. ,·.' ; -·, ' ....... ·.· 

st~ulated · accordi!!q to the· scheme (Fla. 4 • 

distribution 

are 
' . ~ ·' ·. / 

To solve a iestor~tion pro~lem of the tr~e distribution from 

the measured distribution, it is riecessar~: ., ,. • ~p 

a') to study the relation.sh.ip between the -measured and true. 

distrib_utioris and obtain .. P~transformation; ' '''' ' ' • ' ...:> 
b)to solve equatfon· (l)to obtain tz;,ue distribution cjl.;. ' 
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'Fig_. 1; Relation• scherne·.l::!etween 

true ci'nd mea~ured--dist~ibut,ions 
e, el f. m 

;~.-' 

~--CI)Oc.l 
~~-/ 

I 

'.-:_> ' 
Fiq. · 2. True distr.i'b'uti~n <I> · 

'· 

·- / 

' • '. •dt •• 1 

t • •••· +· ++ tTr. ... .. .•• ft•' ; '," t ••ttt 
. t + ' ' ·, 1 ' ' ••. '•· 

' •• '' .l t ' - ,. lfthf ' ' . . T · Tr +f 
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• •+tt ' ' ' ' > ' '++ .... 
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·) 

X 
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-Fig. _s~· Relation sche~e between 

!_rue distribution· and· i-th 

channel measure_d _distribution· 
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"3.Detectot id~riti~icatfon 
·--._ 

In this chapter we consider the 'first part of· the oroblem:· 

. 'It ·is classified as a .proble-m of system ident'ification __ f5,6). 

To get P-transformation it is ne~ssary to __ reduce the ·m~oblem 
j 

L· 
J 

.-.to· obtairi ·components of -transformation p·., i=l.~m. 
·, : ' .. .-- > :' ' ' : ' i 

\ ' 

r'· 
-I, 

I 
1'~-. 

. I 
I . 
-~ 

. Pi ·component transforms . <P ·into fi that. is the i-th. component 
-> . . ·, ,· . 

of f.~ Schematically it is represented in Fio. 5. -

Pi. tram; f~rmat ion .can 'be ·1i.r\'ear. or nonlinear;-· As an exa~ole 

of lin~ar· transfor~atio.n we .can ·consider transformation:' 
J • ./ . 

[; 

fi ~ii' <P~ + 0 i3 <P3 

· The nonlinear transformation is .a· m~re extensive class of 

'transfor~ations and as an examp-le' we can ·consider· the folloliind I - . . . . 

.. ·expression: . .. 
,. 
' 

·,, f:; 
1 

2 

Pu <P1 + 0 i 2 1<P2 

;---,· 

' 
... , 

In this publication'we discuss only. linear ·case''because: 

, a llinea.i''case is ~~r~- studied;', 

:b)linear_case; is 'approximation'for nonlinear 'case;'· 

.. 

c)linear ··case is· a· good :way :to describe ''.distribution 
. , . . 'I . . 

distortion connected wit~'particle transoort thtouqh~ th~ matter 
• j - • -.:..._ • • • • • • 

that most-detectors consist of ·(71. ·, · 

' The identi-fication problem for linear .case is to ·find.oii 

~=l,n for each P. transformation~ 
'> 1 • ·,. . 

. 'l'o calculate• pi. we use a. system of -equations obtained 

with the si~ula~ed data: 
·'• 

7 
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f i , 1 = pi ~ <Pl, 1 + pi 2 4>2 , 1 +p··,n +8-
ln't'n,l · i,l 

p il <Pl, 2. : pi 2-4>2 , 2 + D. <P, 2 + 8: 2 _1n n, · 1, ·fi,2 ( 21 

fi;l 
i;>.lcpl· .l·+·p_2cp2 ... 1. ••• +D. <P, 1. +' 8 ;.1··, 
. 1 , .. 1 , 1n n, _ .1. 

where cp. -
1 

is the variant 
1, 

of ·aenerated distribution Ctrue 

distribution analogue), _and fi,l is a reconstructed distribution 

·(measured_distribu_tion analogue) for i'-:th· _ _channel, 8 1 ; 1 ,is . the 

data.- Salvina ttiet calculation'·noise of f. 1 with the simulated 
. -1, 

system of equations (Z_) with the· least square niethod for all ·r, 

we obtain i:> t:i:ansformation --matrix ~*m witti pij matrix elements. 

To solve identification probfem accord-ina to : this scheme . we 

should answer.ihe f~llo~ing questions: 

a) haw·~·o_:·~hoose- ·v~riants ~f di~tributions. and:· how ·m·any 

variants. of distribution are/necessary;': 

b) how to choo~e,.the' n'et of 'points for true distribution; 

c)_- how to ch~os~ channels f-o~ lne~sure~ distribution'; 

We choose variants of equations so· that· c P transformation 
-, . - .· __ .. ," .. , . 

in a aci~d way desc:ripe·the relation between the· generated 

re~onstruct~ddistributions on· the dis'tri.bution.set that· we 

going .to measure. That.sei:: of distributions could be known 
- ./' '.· .. ·- ·. 

the theory, kinematics and ··the physical s~nse, -etc_~-

In our exaiapie we shall obtain var_ian-ts/ simulat:ing 

with,random law ·on intervals: 

[1,3] for <Al_ i 

[0.5~1.51 for A2J. 
(8,121 for _Bl; 

;"" 

.[10,181 for· B2 ;· 

ro.5;L.51 ·. •for .c
1

; .• 

[0.5,l.S.r f~~--c2· 

8 

.. 

it'\:. 

. : ' 
. .. I 

"('') . .I 
:' 

'· 
!. ,\ 

! 

--' 

-:· .·' 

./ 

To calculate reconstructed distribution we simulate .events 
: 

with more probable, ·in 

distribution <P<xl,.for 

our opinion, parameters of aenerated 

the given example with A1=2,_A2 =~, 
' . . .· -
~1=10, B2=14 ,C1=t 2=1. 

After that all the other reconstructed distributions will 

be obtained histograminq the events with we iqths <Pk ( x l t<Pr xI, 

where ~ (x) ·- generated dist~ibution with simulcited ·parameters 

Al'-'A2, 81, 82~ Cl, G2. 

'For reconstruc:ted distribution we choose as many.channels as 

possible~ But for the second part of the problem it- is important 

' 
' that the error- ·of . the · channel ·content should have · Gauss 

distri
1
butiori ;that' is why there. shoul-d.b_e enouah. -~vents' 'in the. 

cha.nnel·s.· We have: taken more than 20 events per -o.ne. channel- for 
!. ... 

( :our example. 

We choose the ~oints net for true distribution so ·that the 
• , .. _I • • ·< 

density of point:;s will be proportional .to t_l:le'chan~el·density of 

me~sU:r~ddistribution~and:the number of p_c>ints for true· 

distribution s~ould be less than the numbe~ oi. channels 

of measui~d distribution. 
. ' 

In practice for many detectors · the simulation.· is :very 

l~borious ,and statistics of. the simulated. cin~ measured .even~s. is 

cif the same order~ /' 

This case i~p6rfant~for·practice, is- studied ·in. our work~ 

W_e· take-lOOOO 'qener_ated everit::(for. our example. The number of .. 

points is _n:;l3for.true distribution and number of· channels of 

measured distributi~n -·m=90. 

We-choose P. transformation ~ith~minim~l number of- non-zero 
. .l - .. -

.--Pij~elements ~hit sufficiently-~~scrib~~ the relation of true 

. 9 



distribution with i-th < channel content's. of the reconstructed . . . -~ 

data. 

We calculate P. 
l 

by i te.ratia'n · 'orocedure· with· · re'spect to 
l 

number of·equtiori~· 1~ It can~sh~w tha~ the procedure :in ·most 

cases .converges [5,_61. 

The number of 
> 

-
iteration- is 

;~ : .... 

iimited so /tt1at ... 
max[p .. (1)-p.•.(l+lll < 0, where 

. lJ : lJ . 
0·1~ is .. a·. s_mall number. defined 

J . . . 

before. ~ \ .... 

4. True Distribution Resto;atior 

P transformation has been obtained 'ln-~ the. . . orevious chaoter 

·I 

.· 
and it.describes the relati6n between 

distribu~ions.' 

· tr.ue and mea~u~'ed. 
.. \-

/ 
_,_;-' 

Equatio~ .<1 l .. · can 
,. . :.--·-

be;; splved in the ·.least .·squares· 

with' minimizing;,· 

.. '\. 

..... 
. 2 . -> 
X,·= <f 

.. -> 

·-
. .:..> ... •' -> . ;..:> 

p*q>,* v:::.1 cf ~-p*q> ·,. 
-c.·· ' . 

,_.....-~-:-

i 

·rhe --~-.that· Yields minimal :X'l, is· tak:,en' ¥ls the ,estimator. of 
·-> 

<P r a 1 : 

->' . ·, ·. . . ; -> 
~= cp* v- 1~l~1P*_v- 1 f· 

•. 

-'----,_' 

where ·-* indicate~>i!l~trix' transpo~:~ng. ·· 

The· estimator (!>·· is~>u.nbiased an_d· the 

statisticiai" err~~s#f6r·(i>~i~· £~1 

-> 
Var (!> (P.~ V;..:1 PJ:-:L· 

-. 
. , .• 

10 

< 
J 

·~.,-· 

-'· 

.complete matrix of 

~ /: ~; 

-: .. , 
.. ·, ·:""'·· 

. --· ~ 

.. 

' -·> 
Fio.b sho~s the· results _ot'<l> cal£~lation.for our examole~ 

Salvino eaution I l l we·~av obtain ~with ver~ iaroe errors 

o~_-we mav_ not be able·io solv~ the equation at al~ if there 

inverse.matrix for 
* .:..1 P. V P. 

is no 

. I 

For . the X2 functional· it means the e~istence of the 

direction along which x2 varies too ~ittle and therefore\ its 

. minimum is very poorly determined. 

(/)(X) 

2 

• i 

4 

-. ·'· 

X 

. -> 

~ia. 6. Re~fore~ ~istribuilon ' <ll. 

·,_ 

I~· this paper ,we ·pr.opose 

difficulties; Ttie_y a_re: 

three· ways -~to · overcome· ttie'se 

,. f-. 

a) ~c,< modify the riet of point~ for true distribution; 

b) ~o reduce the class ·.of·-distr·ibu.tions ·us~d for 
- '. ~ . " 

identification.·. I~ our exampl~ we can reduce si·Jll~lation intervals 

for parameter~. A~!· A2, B1 ~ B2 .: c 1 , c;:-

_c) t'o solve the problem by. red.icino· the exoer imenta 1'" 

distribution. to· the ·distribution with a better resolution 

function·: It means to find the ·-experimenta·l .. distribution that 

11 

., . 



could be obtained at the;_ detector with a·· narrower 

fUnction. 

To make reduction~ .we should , identify-. the svstem that could 

tran~form' the reduced d-istribution, -to a ··reconstructed one. 
. .. . . "• . :---

-Reduced distribt]tion __ ,<J>R. could <be calculated - on ~he'- net 
. - - .. ( ·.:; 

numerically.In our exa~ple 

, . .J 

q}R (x)_ J <J>cx• ( l((x,x')dx'' 

where K(x;x'l we can f~ke with 0_<-i,~ .. :. 
·---. 

·Each of the· three· 'ways·, or in'combinatlon,• leads us to the 
·~. 

equation that has-a solution~ 
'-

: .. -

; "'~ .. ~ -, 
Solving the -problem with.tne method described above~ we could . . . . ,' . ' - . •'", -~ . ' .. . .. ' 

' # : :,:·· : .-

specify it~rom the point~of accur~cy., . - -. . . . . 

Specification -of _the so,]_ution -can be done taking 'into account 

statistical' errors 'of p matrix element's. 

F~ll mat~ix~oi errors d j_:. for P. could be calculated in the 

framework· 'of the ~-least sqti~re 

identification procedure~ 

• 1 

method~· that 

<--' 

we - use in 

-I . . ' . 
, Dtie t'o the noise of miiltrix elements and. experimental. 

istribution havinq Gaussian- distr.ibution, -we can solve -the 

oblem~ in tbe framework. of .maximum -likelihood method· .. Loqarithm

f_ likelih~~~ ·funciion of the prob~em is as follows: 

ln L 
1 - -)' 2-

- - \' Cf . ..:. P.<J> 1 .J a. 
-i~ l __ l_·· l 

--: \. 

.. ~1 . -* . 
+- (Pc-: K.)- _d;. (P·,-·-K.) + canst 

' l l 1 l l' 

l ;, 

here K i -is_ the true value of P1 
'> 

,/~ 12 .... 

I 

Maximizing functional onlv .for• K .-~'we· obtairi functionaF - _,. ~........ _, 1- ; 

-..:._ 

* ->- -> 
in L : ! s- ( f.·_' p . ~~ 2 / 

f. l 'l 
2 r 

(0.+ ·<t>· d. <l>l 
1 - 1 ' 

- ( 3) 

·->--
only for '<t>. 

Ma-ximization (3') 
1
qives us 

(; 

->! - -:> 
<J> as·an estimator~of <J>'. 

, Fu~l matrix_ of errors could be ·:calculated as ' the· inverse 

matrix to matrix. of second derivati':'esl o_f functional (3) in the· 

maximum with inve~rse si~ns ' [ ~ 1. •, 

"' 5 •. Conclusi-on- ,-

- ; '-". 

We may. summariz;- the, main results· of this' paperc~as. follows-. 

·Data proc~ssing method with -di~tor~iori'. due to the• finit~ 
. /''• . ·. . -. 

resolution_of the detector; is~~proposed. 
,. ' .. - .· - . . 

The bias- of the methdd; i~ ~quai to zero and statistical error 
' - -. ,. -- . -' - ' -· / ' 

'is minimal for distri-butions. used for ', ident(fication and its . 

linear combinations.-
- -

Sta!Jility of .re'storation pr~~lem:· being ~6lved. ih the 

. fiamework of ·the least square· method', is obta'ined ·by: 
. . -· -

a)characteristic identification.of detector-fdi:- distribution 
- - ' 

class being supp~sed for ~easurejeri~sj 

• b) choosing .the 'points net for restored distribution·; 
\,- / . . ' 

cl reducing the restoration problem ofthe tru~ distribution 

to the restoration problem of the distribution- with finite 

re~ol~tion better than'the~measured one. 

--Iden~ifying the detector c_hara-cteristics with finite stat is- • 

13'' 
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'. 

tics of simulated events, the method . creneralization in the 

.framework of maximum likelihood method. is ororiosed. 

The data processing method proposed .in -this·· oaoer, could 

. ',be gel:!era1ized for the detector- with nonlinear. distortion. 

·,, 

The author w6uld .. like to thank I.A.Sa~in and v.u.iiivokh{zhin 

-- .~J . .. . . . .'.- . 
for support of this work, and· A.V.'l'ikhanin for the calculations. 
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