


,l.'Introductibnf'

One of the f1rst h1stor1ca1 definitlons of the derivative,

‘dy/dx, is based on: the notlon of the 11m1t1ng tran51t10n deve— .:.°

loped by I.Newton: (1642 -1727):

: dy/dx ;XLim:! Z&x L o , b \"'lv;_ B RS

- Z&x — 0 , Sl fff?f
‘where [\y = ya) and : Z&x = (x T~ X, )W are f1n1te d1f— ;
"ferences for Ly = y(x) The second princ1pa1 step 1n developing

. this limiting trans1tion approach is' due to the theorem on’ func—b}

ftlon g\ mean value advanced by A. Cauchy (1789- 1857) -

» The second approach to the problem of" der1vat1ve is asso—f

; c1ated with the name of G.W, Le1bniz (1646- 1716) who con51dered

fas a primary element the differential dx belng a comp051te part
of the absclssa axis, l.e. a value smaller than: any finite valueg
«but not eQual to zero. (an actual inf1nitesima1 value)

‘ The th1rd approach to the same problem was advanced by :

»iL Lagrange (1736 1813) ‘who reJected both Newtonian and Le1bniz1~h

an: definitions in favour of functions, f(x) representable by a’.

fpower series: 11ke o ’ B e

y =if(X)b?:éo,+“a1x + A:f f:ahnnf,‘_ !’fi; ,i(g)tf_vfﬂfy‘/;'

QThen:thedLagrangian derivativevfunction;‘f’(X), is defined as‘yvﬂkﬂ

o ‘n_,1,

Y f;f’Fx)‘=-a1.} 2a,x +‘if,'}'naﬁx i i .;{(3)*“
: 2. Hodern developments
Nl
5 The new ideas concern1ng the notion of derivatlve were ll o~

provoked by " the so—called non~standard analysis based on hyper—
‘real numbers and developed by A Robinson (1918 1974) in the
;early 1960 s /1/ R o .

- The hyperreal number f1e1d "R*, and the usual ﬁumber fleld

'fH, are known to be ordered 1 e. these f1e1ds satisfy the 1ne—‘
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quality relation; a > b. The principal difference between R*
and R is determined by the Archimedian axiom stating that if

|« | <1 ()

for any natural number, n, then x = 0.

The field R satisfies this axiom, while the field R*
does not.

Thus the novel non-standard definition of Robinson’s deri-
vative can be treated as an extension of the primary "atomistic"
Leibnizian formulation.

/2/

3. Reversible mathematics

/3/

Qur studies of global optimization , unstable inverse

/4/ /5/

problems as well as differentiation and integration indi-
cate a widespread - and widely noncritical - use of the equa-
lity sign in "equations" like a=b as a mere substitution for a
left-to-right or right-to-left reduction signs, a —= b or a-e—b,
respectively. This nonevident logical discrepancy between semio-—
tic and semantic sides of one of the most universal mathematical
operations, i.e. equalization, leads to irreversible losses of
information in going from one side of any "equation" to another.
Moreover, in a long chain of associated mathematical transforma—
tions these losses may result even in logical contradictions in

/6/

the form of the well-known mathematical paradoxes

4. Matrix derivative, [D]

Let us begin with an "atomistic" definition of the func-

tion“s derivative taken as

d =f(x) =— - (5)

This reduced equation (requation) can be rewritten as

, "a»m,. #edreacnannty i;
GHBIHOTERA |
e —— .}



D y1 1 »
D = (6)
X, 1
X, 1
in a close analogy to the eigenproblem formulation
AV = vA , 7
where A — a matrix, v - an eigenvector and ?\ - a scalar !j\
eigenvalue. Let us consider the scalar, d, as the determinant ) /J
of a matrix A
]
d d )
11 712
[p]= (8)

dpy dpp

Then the elements of this matrix will be found to equal

Ya ™ %
dpy =+ (9
X2 —X1
Yo = %, .
dyy = -»;—_:—_fl (1o
2 T ¥
Y17 :
d21 =+x——_—— (11
2 T X
Y17 %2
4o = - . _ T - (12)
2~ ¥

A1l usual checks show these matrix derivative components to be i
correct algebraic values.
By taking a sample function like. y = x2, it is possible to

obtain an evident geometrical interpretation of each component

of [D].

5. A non-standard illustrative example

Non-standard devices need non-standard applications.
The so-called nowhere differentiable function studied in
1871 by K.Weierstrass (1815-1897) can be presented parametri-

cally as/7/:
x = sin(@) , (13)
o0 1 :
vy = Z ? cos(3%9) (s
n =1

so that the derivative y’(8) = dy/d6 does ndt exist anywhére
within Oﬁé 0 & 240, because the corresponding derivative
series is divergent.

It can be easily_ shown that all the matrix derivatives

(9-12) do exist for y(8) shown in (14). For exampile,

=+ — - (15)

Notwithstanding the non-standard overall behaviour of the
Weierstrass function, which initially has rejected any fea-
sible application at all, now it is widely used as a seed
function in fractal mathematics, in particular, to desribe the

Wiener diffusion process inherent in charged particle tracking.

6. Conclusions

The methods of reversible mathematics have been applied to
obtain a novel algebraic definition of function’s derivative
in a matrix form. The unusual algebraic form of this derivative

appeals to unusual mathematical applications.
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HeCTaHﬂapTHaﬂ ManMqHaH npousaop.Haﬂ nOﬂy‘{EHHaH ) B

. .M3 CTaHD.apTHOM CKaI'IHpHOM I'IpOM3BOJJ.HOM

|-|0Ka3aH0 41O M3 Maremamqecxou d)opmynbl ana: BbWMCI‘IeHMH CTaH' »

~ AAPTHOW -CKanApHON npoussop.Hou d=(y; - ys)X2 - x1), raey = y(x),

MOXHO RONY4UTb HECTaHAAPTHYIO MATPU4HYl0 NpoussoaHyio [D]. AnemenTs!
matpuubl - [D}  MmeoT HecTaHaapTHyto . ¢>opmy — ‘Hanpumep, dy; = {y, -

Saxy ) (xq - X1). Marpwman npoussoaHaa [D] moxert HaWTK NpUMeHeHue 8 - -
aHanuae 'TAKUX 3IK3OTUYECKNX 06BEKTOB, KaK Hurae HeandihepeHupyemsie |

cbyHKu.Mu Ha npmvrepe U3BECTHOW - cbyHKuuu Beuepunpacca noxasaua KOH-
-KpeTHaA anMeHMMOCTb MaTpU4HOM MpON3BOAHON. ‘
-Hanbonee BepoATHOR ‘o6nacTbto npumenienuna [D] MO)KE’T cnymnrb cbpaK- .

© TanbHaA MaTemaTuKa U marematuka Pa3pbiBHbIX cbyHKuMu HosBblit matema-
vrmecxnw oﬁhexr nonycxaer oqesuauyro reomerpwrecxyro MHrepnpe'raumo
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A Nonstandard Matrlx Derlvatlve Obtalned from a Standard
- Scalar Derlvatlve o :
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"It has been 'shown“th'at from the mathematical formula for a standard

scalar derivative, d = {y2 - y1)/(x2 - x1), where y = y(x), one can obtaina non- .-

:standard matrix denvatlve [D]. The elements of the matrix [D] possess a non- -
: ‘standard from — e.g., dy; = ly, - X1)/(x; - x1). The matrix derivative [D] can
X ‘be used for analyzing such exotic objects as nowhere dlfferentlable functions.
o As a specific - application’ example. the author used the ‘well- known Weier-
b ',strass functlon More extended domains for applrcat|on of the’ matrlx deriva-
- tive [D] can be provided by fractal mathematrcs and - srngular functions. -

;The noveI mathematlcal object allows an evrdent geometrlcal lnterpretatlon o

The |nvest|gat|on has been performed at the Laboratory of Theoretrcal s

Physrcs JINR

3 jCor{lmnnicadon of the Join1 Institute for Nuclear Research. Dubna 1992 ' s
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