


1 Introduction ' ;
The vertex search is a common and important. problem i in the analysis
of experimental data obtained in high energy physics. ?[‘he difficulty of
this problem increases when the region of the vertex is distant from the
detector, for example in the target. The fact of the vertex presence may
be a criterion for rejectmg accidental everits. In these cases it is desirable

“touse a fast algorithm. The Vertex search in plane is the 51mplest 1n1t1al
a,pproxmlatlon

Usually the least-square method (LSQ) is applied for this purpoae
But in the case of arc tracks the problem becomes non linear and for
its solution it 1s necessary to use cumbersome iterati nal algorithms,
like the Gauss-Newton method. This in turn leads to igreat computer
time expenditure and a necessity of a good initial apprc:)ximation arises
especially for a big target. As a result, the search procedure becomes too
difficult, which does not correspond to the simplicity of the problem.. And
very often, the rejection of the event is decided. Tt makes expenditure
completely senseless. This situation appears, for exan}ple during the
search for rare or forbidden decays, when events are accidental in most
cases.

In this article the fast vertex search method is suggested for plane
geometry. Its essence is using the functional different from the LSQ. The
search for the vertex reduces to comparison of values of t‘he functional in
a few easy-to-find points. This method also provides.a simple procedure
for ‘pulling’ the vertex to the target. The method was exq‘mmed on three-
track events, obtained in the experiment on the search for the forbidden
decay y — 3e on the ARES facility in JINR, Dubna [1 , 3.

2 Problem formul-ation o

| .
The problem of the vertex search consists in minimizing some functional.
The LSQ functional is applied for the detectors with Gaussian distributed
errors of measurements, like bubble or streamer chambers. It has a sense
of a mean-square distance from a point to the tracks. For arc tracks the
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LSQ functional has a form :

3

Su(z,y) =Y (V{2 — a2 + (y — b:)? — Ri)* — min, (1)

i=1

here (a;, b;) are coordinates of centers, R; — radii of the tracks.

But many detectors, like multiwire proportional chambers, have a
discrete structure and here the errors of measurements are not Gaussian
distributed. In this case there is no reason for using the LSQ func-
tional [4]. The more suitable functional is the one equal to the longest
distance from a point to the tracks: ‘

ViE—a) + (v~ b7 - B. o

Functional £ is better to express the discrete structure of the detector
and to take into account the effect of multiple scattering.
Thus, the vertex search problem is formulated as follows:

Vi(z —a)? + (y — b;)2— Ril — min. (3)

L(z,y) = max

L(z,y) = max

3 Solution of the problem

As a consequence of this choice of the functional the vertex search be-
comes a simple and clear geometric problem. Let’s take three random
circles on a plane and any point with coordinates (z,y) (fig. 1). Denote:
01, 02,03 — centers of these circles, [}, lz, I3 — distances from point A
to the corresponding circle.

Later on, according to the form of the functional, we will look for the
longest distance. Let’s I3 > I, and I3 > {;. Then moving point A along
the straight line (AOs) to point O3, one can decrease I3 until it becomes
equal-to the distance to any other circle, for example, I,.

If I3 = I, > I3, then moving along the curve, given by cquation:

l3 = l2a (4)
one can further decrease £. The minimum is achieved if:

either [3 =l = min, I3, > 1y, (5)
or » ll = lg = 13. (6)
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Figure 1: Basic notation.

Equation (4) defines a set of points that have the same distances from
two circles. Its solutions are:!

1. A branch of a hyperbola for separate (fig. 2a) or c1ossmg (ﬁg 2b)
(1rcles

An ellipsis for crossing (fig. 2b) or enclosed (fig. 2c) circles.

[

(L]

A segment and a ray for touching circles.

e

A straight line for equal, but not coinciding circles.

5. Any point for coinciding circles.

Consider the first condition of the minimum of the functional £ —
equation (5). If the circles cross (fig. 2b), then the minimum is achieved
at the cross points. Inthiscasely = l3 = 0but [} > [5, 13, i.e. condition (5)
is not fulfilled. Therefore, it is sufficient to examine the pairs of non-
crossing circles (fig. 2a, 2¢). For them the minimum lies in the center of -
the segment [M N].

Let’s proceed to equation {6). This case of the minimum of the func-
tional £ is a part of Apollonius problem [5, 6], which is formulated as
follows: given three circles, find all circles touching them. To solve our
problem it is necessary to find the roots of the following system of the

equations:
ll = 127 -
T @)

'Cases 3-5 are not interesting for practice.
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Figure 2: Curves lying at the same distances from two circles.

i.e. to find points, that have the same distance from all the circles. But
in general this problem reduces to an equation of forth power. Following
reasoning allows one to simplify it significantly.

Let’s the tracks have a common vertex. Then it lies near each circle
and it is possible to write:

Viz-a)?+@y-b)?2—R =
_ (z—a)’+(y—b)? - L (@@l +(y-b) - R
Vi(z—a)?+(y—b)+Ri 2R;

Using this approximation, we can write the equation (4) as:

2 + (y . b3)2 _ R32
2R3

(.T — 02)2 +(y - b2)2 - R22
2R,

(.’l? —_ (13)

(8)

After some transformation and reduction to the canonical form one can
obtain:

x'- R2(13 :}: R3a2)2 + — R2b3 :}: R3b2>2
R, + Ry YT TR, £ Rs
(9
R2R3 2 2 2
—_— R3)* — — — (b — b
i(Rng:Ra)"[(&i 3)* — (a2 — a3)” — (b2 — b3)7]

Sign ‘—’ corresponds to the inside and outside regions for both circles of
the tracks, ‘+” — to the inside region for one and the outside region for
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the other circle. Thus, the solution of the system (7) cdnsmts in finding

the cross points of the circles (9). »
An example of possible points of minimum of the functional £ is
shown in fig. 3. The points X;, X;, X3 are centers of the corresponding
segments [M, N|, and point X} is the solution of the Apollomus problem.

i
1
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Figure 3: Examplé of the pos-
sible points of the minimum of
the functional L. .

4 Effect of the target

Previous reasonings allow us to find the-point minimizing £ in the whole
plane. But this point may lie out of the target, which is impossible
because of physics restrictions. So the minimization problem (3) should
have an additional condition: |

Val+y? < Ry, (10)

here R, — radius of the target .

Obviously, new possible points of the minimum of the functional £
lie on the target surface. Repeat reasonings of chapter 3, but now point
A will be fixed on the target border. Let’s have I3 > I, 13 > I, as before.
Consider two cases: :

1. Some tracks cross the target (ﬁg 4a). Then moving point A to the
nearest cross point of the circle with the target surface one can de-
crease [; until it becomes equal to another distance, for example /.
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Figure 4: Additional points of the possiblé, minimum of the functional L.

Thus the new points are given by the following system:

13 = 12, .
$2+y2:Rt27 (11)
13712 > lla

2. Some of the tracks do not cross the target (fig. 4b). Suppvose now
... that point A lies on the segment [0, O3], which connects the target.
.. center with the center of the circle.. Then any shift of point A

_along the target surface will increase l3. Therefore, besides the
previously found points of the possible minimum of the functional
L new points will appear. They satisfy the following conditions:

Is > j2, h,
2y R, )
(‘T,y) € [07 03]’ ' ‘

5 . Algorithm

The algorithm of the fast vertex search cons1sts of the followmg steps:

1. For non- crossmg circles, calculate the values of the functlonal L at
the points, given by equation (5).

2. Using épproximate equation (9), find the solutions of Apolonius-
problem.

3. Among these points chose the one with the minimal value L.
If Limin > Leut, the event is interpreted as accidental.” Otherwise
check that this point is inside the target.

4. If the event is not accidental but the point of the minimum of the
functional £ lies outside the target, then calculate the values of £
at the points given by equations (11) and (12). Among all points
obtained inside the target, chose the one at which the functional

has the minimal value £! ;.. If £!, > L., then the event is

accidental. Otherwise the point found is the vertex, and the error
of the vertex is ¢ =L} ’

min*

6 Numerical results

The program of the fast vertex search was realized in Turbo Pascal. The
data obtained in the experiment on the search for the decay u — 3e on
the ARES facility [1, 2, 3] were used to examine the method. In this
experiment R; = 5 cm, radii of tracks lie in the region from 15 cm to
70 c¢m, the mean radius is =~ 20 cm.
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Figure 5: The error of the ver-  Figure 6: The error of the ver-

tex for simulated events. tex for real events.
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The distribution of the errors of the reconstructed vertex for simulated
g — 3e events is shown in fig. 5. It is clear that the restrlctlon 5 mm
preserve practically all true events.

In fig. 6 the vertex error distribution is shown for real events obtained
in the experiment on the search for the forbidden g — 3e decay. These
events have already undergone some selection. Most of them are acci-
dental. At this sta.ge of data processing we can reJect about a third of
them with error ¢ > 5 mm. : :

7 Conclusion

Defining the vertex as a point minimizing the maximal of the distances
from it to the tracks, makes the search procedure simple, handy and
fast. These properties are extremely important for processing the data,
obtained in experiments on the search for rare.and forbldden decays,
when registered events are accidental in most cases. If necessary, the
vertex found by, this method may be used as an initial approximation for
‘the LSQ, which is important for experiments with a big target.
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.BHCTDHH MOMCK Bepmuﬂm (B HHOCKOCTH) Lo ‘~"7_,*

_'[B nnocxocTu “TIoHCK Bepmnnm CBOHHTCH K- cpaBHeuum 3Haqennu
dyHKIMOoHana: B HeCKOHbKHX IIerko Haxonummx TO4Kax. ITOT Me—
~ToA HOSBOHHET Taxxe nerxo peanusoBaTb npouenypy "npura--

ST T

B pa60Te npennaraeTcn GHCTDMH MeTOH noucxa Bepmunm

FHBaHHH BEDMHHH K Mumenn 3TH CBOHCTBa HBHHDTCH QDESBH—

' ‘anHo Baxummn "TIpH oGpaGoTKe JaHHBIX ;. nonyqeﬂnmx ‘B 3Kcnepn-7 v
© MeHTax: ‘TI0 TIOHCKY DEeAKHX H 3anpemeﬂnmx pacnanoB, Korna aa-ﬂ'

‘pernchnpoBaHume COGHTHH B .OCHOBHOM anﬁmTcn cnyqaunmwu
- Tpu HeoﬁxonuMocTu Bepmuna, nauneHHaﬁ 3THM MeTOHOM MOXeT:
~“GMT5 ucnonbsoBaHa Kax Haqanbuoe npusnuxeﬂue B! MQTOﬂe ‘,lv_
fHanmeHbmux xBanpaTOB,.qTo Baxno B: 3KCH9pHMeHTaX c: 60nbmcu'l o
- MHWEHDBIO HaHHmu ‘MeToL, -6bUT - aHpOGHDOBaH Ha: TpeXTpeKoBbm,:;;k‘”f“
, ”coGMTuﬁx,AnonyueHme B 3KCIEPHMEHTE no noucxy 3anpemeunc— e

~ro pacmnaza » 3e" Ha ycraHoBke APEC . ' S s

PaGOTa ‘BBITTOJTHEHA B HaﬁopaTopnu nnepumx npoﬁneM OMHH
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v ;gested for plane geometry The search for the vertex re-.|
duces to compar1son of values of the funct1onal in a few i
yeasy to-find, po1nts. This. method also prov1des a simple |
5 fprocedure for "pulling'' the vertex to the target These " | -
‘f‘;propert1es are extremely 1mportant for process1ng the" da-f:
| ‘ta, obtained in exper1ments on-the search for rare: and
‘kforb1dden decays, when- reg1stered events are’ acc1dental S
,f1n most cases. If necessary, the vertex found' by this me-| -
:thod may be used as an initial approx1mat1on for the e
-least square method, which is 1mportant for exper1mentsy S
| with-a big target. The method was exam1ned on three- trackj"f
;;;},events, obta1ned in the experlment on: the search for the: i~
“forbldden decay Ho> 3e. on'the ARES fac1l1ty

- ‘The - investigation has been. performedwat the Laboratory'lfm'x
,j],of ‘Nuclear Problems,-JINR..
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In th1s art1cle the fast vertex search method is sug4“'”
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