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1. lntroduct1on 

The ex1sting sT.andara ooT.1m1zaT.1on meT.hoas o-f the zero. -firsT. and·: 
second order perform 00t1rn1zat10n by COffiPUt1ng and COmparlnQ tne values 
of the obJective funct1on 1tseif, its -first ana seconD der1vat1ves. 

respect1vely [ 1,2 l. 
!t is a we!l-known fact that any sysT.emaT.lcal anaior sT.atisT.icai 

errors produced 1n measur1ng obJect1ve funct1ons 1ead 'CO abnormaliy 
great accompany1ng errors 1n the values o-f its -first ana secon-d 
derivat1ves [ 3,4 J. To dump th1s negat1ve effect, tne computer coaes 
aeveloped for orocess1ng spectral informaT.ion witn multipeak 
generally use some spec1al f1lter1ng tecnniques [ 5 ). 

On T.he otner nand, even sucn an advanced optim1zation 
MINUlT [ 6 l 1s to"Cally devo1a of any filtering. scal1ng or 
procedures. Per examp~e. its bas1c subrouT.ine DERIVE computes 

strucT.ures 

oackaqe as 
smootn1ng 

the -first 

·der1vat1ve, 1.e. grad1ent, and iT.s error by 
numerical cenT.rai difference -formula. 

means of tne stanaard 

Our comoutat1onal exper1ence snows tnat 
filter1ng or smooth1ng substanT.ially 1ncrease 

any addit1onal scal1ng. 
ootn stab1lity and 

:e1~abi1ity of the stanaara optim1zat1on arocesses to result in, e.g. a 
Hessian matrix w1th suastanT.ially improved analyt1cal properties as 
compared with tne Levenaerg-Marauard"C code. A .not1ceaole 1morovement 1s 
also prov1ded via repiac1ng a s1mple numer1cal differenT.iaT.ion code ay a 
more advan~ea one like DGT3 from program library SSP IBM [ 4 ). The 
latter code 1s based on a Lagrange 1n"Ceraoiation scneme proauc1ng the 

des1rable smooth1ng effecT.. 
However, a mucn more drastic ga1n 1n optimization sT.aOllity ana 

reliability is furn1sned by 1ntegration metnods [ 7-10 l due 'CO tne1r 
strong filter1ng and smooT.hing acT.lon on 1n1tial measuremenT. errors of 

any kind [ 4 l. 
This paper 1s aevoted to an anaiys1s of the properties o-f new 

inT.egrat1on metnods of glooal ootimizat1on of arDitrary ObJeCtlve· 
functions by means of Riemann. Lebesgue and Pe~ron ln"Cegral structures 
and the 1ntegrat1on process itself. 

2. The ~nown integration methods o-f qiobai optim1zation 

Presently, tnere are known to~r basic 1ntegrat1on metnods of globai 
OPT.imization realized in the -form o-f comouT.er algor1tnms ana cooes. 1.e. 
l1near 1ntegral transform [ 7 }, osi-T.ransfarm [ 8 l, max1mum entropy 
tecnn1aue ( 9 J ana inT.egraT.iah we1gning T.ecnn1aue L 10 J. 

------~-----""------- ... 
}. l[;.r-e.eR.~.:net.Hit,;li rmcrtityli ~-
~ 'H~'"'~".;,} l:!t" ""'f!"n!Hl•'l'"" ~ ~,:!-~~~f' .:~:-::'~f::~~-G•.1-41l . 
~ l')~j£~/t~·!u I EhA ._..,.._.. 



2.1 L1near 1ntegral transform [ 7 J 

The bas1c idea of this method· is to smooth an 1n1tial multimoaal 
. obJective function F<x> by means of- a l1near i~tegral transform 

F<x,a) = Jl H<ul*F<x- a*uJdu, (1) 

where H(U) is a we1qht func~ion ana a=>0 is the averag1ng parameter. 
smooth1ng act1on of the l1near transform 1ncreases prooort1onal to a. 

_,J 

2.2 Ps1-transform ( 8 J 

The 

This methoo can be useo to solve both linear ana nonlinear 
programming oroolems. Accord1ng to th1s metnod, an initial oOJeCt1ve 
func~ion F<xl be1ng multivar1ate ana muitimodal is transformed into a 
ranaom1zed un1var1ate monotone aecreas1ng function T(a). The glooal 
extremum value, FGM\xl, canoe found from the follow1ng condition: 

T<al 0· (2) 

The osi-transform method 1s cased on tne partition of Ftxi used to 
construct its Lebesgue 1n~egral. Add1tional functions formed dur1ng this 
transform allow to identify the coord1nates of tne glooal extremum, XGM• 

However, both aoove 1ntegration methods are limited 1n scope due tp 
e1ther some analyt1cai properties of F<x> or techn1cal problems 
encoun~ered in the1r realizat1on. 

2.3 Maximum entropy technique ( 9 ] 

1his techn1que stems from tne integral tunct1onal used to comou~e 

the so~cailea Quantity of Information \Ql) 1ntroduced in 1948 by 
• C.Shannon [ 11 J and N.W1ener [ 12 J and connected with the statistical 

informat1on measure oroposea in 1925 by R.A.Fisher ( 13 ] by a simple 
double difterentiat1on transform. 

The value of QI coinc1oes w1th the nega~ive value of entropy, H, to 
result in the following 1ntegral transform: 

QI = -H = s F<xl*l~g(F(x)Jdx. (3) 

2 

~, 

I 
fi 

? 

This expression must be optim1zea to proauce the value of the qlooal 
m1n1mum for max1mum entropy H = MAX ! or m1n1mum 1ntormat1on, QI = MIN ! 

The reaucea version of relation (3) conta1ns only a logar1thm1c 
integrand • 

2.4 Integra~ion weighing tecnn1que ( 10 J 

This method uses tne well-Known weighted mean exoress1on: 

m 
SUM <R .W. > 
i=1 1 1 

R = I (4) av m 
SUM <W-I 
i=i 1 

where Wt is the we1ght of the i-th 
integral presentation ana assum1ng 

measuremen~ <Ry>. By pass1ng to an 
Wi= W1 <Ril one can wr1te down 

Kav 

+oxo J R<xiW<xJdx 
-oxo 
+oxo 

l· W<x>dx 
-oxo 

wnere x 1s an lndeoenden~ var1ab1e. 

\5) 

On the other hana, the conventional Laoiace method [ 14 J for the 
evaluat1on of ari'1ntegral liKe 

+oxo 

IL = J (G<xl*exp\~*F<xJJJdx 
-axe 

JJ --> +oxo 

(6) 

1s based on a suostitut1on o~ the !L by an IL<JJ) over a small 
(+-d) of tne 'po1nt of a max1mum, X*· at a +unct1on F\x)~ l.e. 

X"* + d = b 

IL<JJ) =I <G<xJ*exp\~*F<xJJJdx 
x* - a = a 

Jl ---:? +oxo 
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Tne asymp-c.ot1c es-c.imates g1ven 1n .. ( 14 J sugg.es-c. that, for 

po1n-c.s Wl"t.hin an 1nterval L a,b. }, one gets 

lim 

+oxo I <Glxl*exp\R*F<xllldx 
-oxo 
..-oxo 

.1 exp~R*FCxllldx 
..,-oxo 

Jl --> +oxo 

G<x*l • (8) 

the 

Thus. oy taKing F\xl as an oo]~c-c.ive function and us1ng expCR*F\x)) 
as a we1gh1ng +unc-c.1on, 1.e. Wlxl = exo<R*Flx)), one oota1ns a formuia 
to f1no out tne coord1na-c.es of a max1mum. R=G<x*l, whi.ch is pos1tioneo 
with1n a multid1mens1onal closure C, as fol!ows 

11m 
f:: :J <G<v>*exo \R*F<vJ) Jdv 

•t• . 
----

J::: Jexp \R*F<vl l ldv 
c 

.11 --> +oxo 

= G<x*l • (9) 

wnere v 1s a vec-c.or o~ indeoendent variables. ) 
~umer1cai. comou-c.er tests l 10 l reai1zea. witn a s1ngle orec1s1on. 

vers1on of the multiple in-c.egration cooe from LIBCERN for many 
oifferentiaoie and nond1fferenT.1able -c.est functlons orovided 
satisfactory fina1 resuits w1-c.n A =~ 200 ana a few oercen-c. precis1on. 

TMe in-c.egrat1on weighing methoo is aevoid of any innerent 
limitat10ns when dea11ng with the nonoifferentiable ·and discontinUOUS 
aDJective functions being out of reach of the s-c.andard oot1mizat1on 
methoos of the zero, first ana secane order. 

3. lne Baire classif1cat1on of funct1ons ( 15 } 

t\ set of ail tne cont1nuous functions defined within a certa1n 
flnite in-c.erval L a,b ] 1s called tne zero Baire class of funct1ons. 

If a function FCxl 
reoresentabi.e as 

F<xl 

does not enter the zero class, out 

11m t='n <xl 
n -.> oxo 

<10) 

is 

where all Fn<x>'s are continuous, tnen flxi is called a function of the 
first Ba1re class. 
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An analogous oefin1tion holds for a function F<x> not ent~r1nq 
eitner -c.ne zero.or first Baire class. out representable 1n the form of 
\10) , where all the ~unctions Fn<x> pertain to the first Ba1re class -
now -c.his function t="<xl w1ll be a memoer of the secane Baire class. 

One of the main prooerties of the Baire funct1ons is the1r 
measurability. 
countable set 
class • 

In addition • 
of d1scont1nuity 

e.g. a function Flxl 
points will oelong -c.o 

specified by a 
tne f1rst Baire 

The second Baire class can be exemplified by the we!1-known 
Dirichlet function 

D<x> l 1 for x = rk ,Ck=1, ••• n) 

0 for x = rk 

wnere rk are rat1onai. poin-c.s of tne segment l 0,1 J. 

4. The known 1nteqral structures ( 15-!8 J 

(11) 

Tneory of the integral ( 16 J oeais with two groups of integrals 
speclfied by different compu-c.at1ona1 structures. The first qroup 1s 
composed of convent1onal R1emann, Lebesgue and Perron 1ntegrals. while 
the second one includes their StieitJes modifications. Here we W111 
consioer only tne representatives of the first group. 

4.1 Riemann in-c.egral ( 15,17 J 

Let us consider an 1ntegrano function 
lndeoenden-c. variable oef1ned within an 1ntervai 

Flx1, wnere 
( a,b J. 

x 1s an 
According to 

Klemann 1ntegral comou-c.at1on struc-c.ure, th1s 1ntervai. must oe subdivided 
1nto n e!ementar4 suointervals <cells) A xi= b ~ a. If the m1n1mum and 
maximum edges of.the function t='lxl w1thin eacn cell Axi are eoual tc 

F. <xJ and P <x>, respec-c.ively, then the corresoonoing lower and upper 
l ' 

Darboux sums 

so 

sd 

n 
SUM F. CxJ £!. x. 
i=1 l l 

n i 
SUM F Cx>Ax. · 
i=1 l 

( 12) 

(13) 
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The Riemann integral 

RI = <R>f F(xJax 

lim sd 
n ->oxo· 

iim sd = Rl 
n -:>oxo 

<14) 

(15) 

ln tne process of global optimization by means of a Riemann integral 
structure one m1sses all the local extrema with base w1dths 

< .0. XLM -

as is illustrated by Fig.1. 

.0, Xi 
,..; 

However, the very process of computat1on of RI 
additional means to itientify the global min1mum. 
accomolisnea by sort1ng elementary ceil integrals, 

Cl = Fi<x>Axi 

according to their absolute value. 
: ,fhus, the external global minimum·lndicator in the 

supplemented by tne internal glooal min1mum intiicator, 
example, in the case of max1mum entropy tecnn1que, 

RI =-f P!xJlog\P(xJJdx 

(16) 

provides 
ln1s ··can 

(17) 

an 
oe 

form of RI is 
ABS<Cll. for

1 

\ 18) 

and tne corresponding value of Cl 1s prov1oed by the integration code 
itself. 

4.2 Leoesoue. 1ntegra1 ( 16,18 J 

As opposed to Riemann 1ntegrai structure that of Leoesgue starts 
from. a suboivision of F lXJ w1tnin an int;erval ( F*lxJ ,F*<x> .l \ see 
Fig.2 > .• where F* ana F* are the m1nimum ano max1mum values of F<xJ. 

The cell values of F!xJ with1n eacn sub1ntervai·, Fi \:<1, are 
multlPlieo by corresponaing cell subinterval measures, mi• so that the 
i imi t of the sum 

n 
LI = lim SUM F m. 

i=1 1 1 

where LI 1s Lebesgue integral. 

---.> (L;J Fdm ( 19) 
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In the process of computlng elementary cell Lebesgue measures, m1 
one automatically ldentl-fies the global minlmum ana all the narrow 

extremum oeaks m1ssed in Klemann integrat1on scheme tsee Fig.l). Thls 
is.a s1mple illustration of the cross-interceot effect. 

Unfortunately, 1n contrast to conventi.onal Klemann scneme, tne only 
known practical Lebesgue integrat1on scheme is that usee in the 
psi-transform techn1oue ( see Section 2.2 >. The latter algoritnm'is 
baseo on an MC ranoom sampling · oe1ng the slowest methoo known 1n the 
field of lnterest. 

There exists an urgent neeo for aeve!OOlng more efilcient; 1.e. 

direct and fast, computat1onal algor1tnms to 1molement tne alternat1ve 
Lebesgue 1ntegration structure. 

Here aga1n, the very process of integration automatically prov1aes 
an ·additional means to ldentify the glooal min1mum, when go1ng from 
F* to F*. Th1s occurs tor the first ceil measure 

l dm I• b -a . (20) 

a 

A comoinat1on oi both integrat1on sanemes, those of Riemann ana 
Leoesgue, guarantees a rei1able cross-cneck tool to 1dentify the global 
extremum pos1t1on o-f any integrable function. 

4.3 Perron integral ( 15,lb,l8 J 

In pass1ng from smooth cont1nuous convex ODJeCtlve funct1ons, F0 , 

to nonsmooth discont1nuous nonconvex ones, F2 , 1.e. -from the funct1ons 

of the zero Baire class to those of the secona Baire class, one shifts 
from the R1emann 1ntegral to that of Perron, i.e. to 

PI = <P> f F<x)dx . <21> 

This integral can oe def1ned oy means of the notions o~ majorat1ng 
ana minorating tunct1ons,·u and V, respect1vely, [ 16 J: 

U > Pl > V \22> 

or a super-function, ~ (xJ, 
following inequality L 18 J: 

0 if> (X J 3 F <x J 3 

ana a, subfunct1on, 

D cP (X) , 

rp .<x J ' to satisfy the 

<231 

where D and D are the upper and lower derivatives, respectively. 
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The me~hoo o~ Varltionally We1gn~eo Quaoratlc Ma)oran~s <VWQMJ 1s 
anaiyzed in oetail in ( ·19 :i, while [ 20 j conta1ns some ouai·itatlve 
results ~or entropy integral (18). 

An elementary illustrat1on o~ the Perron integr.at1on scneme can oe 
seen in Fig.3. Le~ us consider an in~egrand F\xl as De1ng-olscont1nuous 
ana p1ecewlse smootn. Then the maJorant .lntegral Pl~ ano.m1noran~ 
1ntegral PI* can oe usee to evaluate the ~rue 1n~egral value PI~as 

P!t ~<PI* +'PI* )/2· (24) 

The same reLation nolds ~or elementary ceil integrals. 
Here aga1n a poweriul effort 1s needed +or 1mp!ement1ng bas1c 

algor1thms into e~fective computer cooes. 

5. Conclus1on 

The deveiooment of new 1ntegration methoos can oe v1eweo as one of 
the principal mooern trends 1n global ootimizat1on researcn, esoec1a1ly, 
that a~ discon~1nuous ODJeC~lve ~unct1ons typ1cal of exper1menta1 
sltuation. 

fhe 1ntegrat1on methods are especially e~fective 1n solving the 
so-called ill-conditloned problems. Tnis efiic1ency is due to strong 
error ~iltering ana dump1ng effect inherent 1n the very numer1cai 
integrat1on process. 

The cooperatfon of Dr. V.V.Tsynya and the staf~ memoers a~ tne 
EC-l055M team is gratefully acknowledged. 
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