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1. Introdguction

Presently, the caorginates of locai ano global exctrema of
CONtilnuous oODJective functions are malnly searcned oy the conventlonal
meThods of zZero. fi1rst and secong order £ 1-3 1. whicn are pasea an the
analysis D4 numerical vaiues of tne objectave functipon itselt, 1ts f1rst
or Ssecono gaer:vative, respectiveluy. Besi10es, all the ootimizacion
problems can ne subdivideo 1ntp tne noncanstrained ar constraineg anes
oepending on  the fact whether the constraints have not or nave seen.
respecctively, applied vo tne parameters unoer stuay.

The general strategy 1n searcning for Qiobal extremum consists 1n
multiple evaluations of tne extremal coordinates starting from differenc

initial (seea} parameter vectors. This strategy, nowever, does not
result 1n tne reliabie eng proouct due TO the Oorincipal 1moossipillty of
proving the t{atter to be the true oiobal extremum. Theresora, 1t 1is

niohiy gesirable to fing out some :1ndepenoent metnods +or a reliable
1pentficaction of the extremai coorainates.

On the otner hand. discontinuous objective functipns nave pecome the
supbject of the optimizacion anaiysis oniy very recently (6-7]. To out
it priefly. tne search for tne extremal coorginates of the o1scontinuous
abjective functions 1€ performed by means af different mooifications of

Mmonte Larlp tecnnigues.

The present paper consigers an 1ntegration methoo basea opn a
‘weigninog” of tne extremal coorainactes by means of tne multiple raoiace

integrails.

2. The funoamentals of the method

it 1s well xnown { 8 ) tnat “...tne mean result o+ measuring anu
vaiue 1s equal to the sum of oragucts of eacn resuit by 1ts weignt, thils
sum aivided by tne sum of all tne weights in wurn...”, 1.8. a weightea

mean 1s
1
St (R W)
Ray = ] ’ (1)
SumM (”1)
1=3
where |, - the weight of the i1-th measurement R,). Bu passing to an int-

ecral presentation and assuming W; = Wj (R,) one can write down



+0X0
I ROODW X A%
-0X0
Ray = P ’ (2)
j Wixrax

—-axo

where % 1€ an inoepenagent varianle.
On the other nana., the conventiconal Laplace methoa [ 2 1 for the

evaluation of an i1nctegral like
+~0xX0
It = I (Gexrmexp L inH(x) ) 1dx (3

1€ paseo on a suostitution of the IL by an IL(1) over a smail vicanity
{+-d} of tne polnt of a3 maximum, X%, of a tuncrion Hix}. 1.e.
X® + a =490
wm = f (B wexn JI#H (1 1 1 dx @)
X* — g = a

A —-—=» +0X0

The asumptotlic estimates piven 1n ref.f 9 1 suggest that., for the
ppDINEs wWitnin an interval L a.o }., one gets

+0X0
S (Gix) *xexp JI*H(x) ) Yo%

-0xo
lim = G(u*) (3}
+0XD
§ cexounsnon rrax
-0X0
A ~—— » +0XO

Thus, by takine H(x) as an objecctive Function  and usino
Wix) = axp(N*H(x)), ona oboains

2xo0 {i*H(x)) a3 a w2ighing functinn,l.=2.
ig

a formula to find out the coordinates of a maximum, K = G(x#*), which
noS1tion2e Within a multidimensional closure C, as follows



(G{vIivexpsfxHiv))idy

= G{v#*) &)

{exp(*{{v)))idv

> +0X0

wnere v 1s a vector o+ 1noependent variables.
However, ref.( 1@ ] states that "...one can enumerate bu the fingers

o+ ohe nand tnose cases when such aintl2grals tas (3) - VII) are
caicustateo expiiciviu. Beciges, at large vaiues of the parameter
{ph - VI1I} twne calculation of such i1ntegrals exceeds tne strength

Of Bven the most DOwertful MoODEern COMPULErs...”.

3. Numerical tests

The propblem of accuracy of the asymprotical estimates 1s a separate
1tem constaereg,e.q. 1n ref. L 21 1,

The muitipie Lapiace integraits have neen caiculated here by means of
the sina:te orecision version of tne proaram RGAUSS (D112 from the CERN
program lipbrary LIECERN). The calculations have been performeg on
EC-18535M (IBM compatible! computer of the High Energu Laboratory of JINR
¢tDubna:’.

The continuous two—gimens:onai test functions given in Table ! have
Deen useu as OnJective ones. Thnese test functions are wideiu applied to
test tne <ctancara cptimization Oroar-ams paseg  oOn the  above-mentionea
metnaas ot tne zero. *1rst ana secona arger [t 3.

Sesipes. there nave oeen performen numericai  experiments with the
Q1SCONTINUOUS LESt +UNCT1OnNs aiven in faple 2.

3.1 Continuous test functions

ALl  wne numericai experiments have geatt with the depencence of

a Zuclioean } y-norm
S .
Huplg = 1lg = « ™« x22) )'“2 7}

on the value of parameter i --—- » 0X0, 1ntegration limits ( a,2 1,
1nit1al  (3ezd) values (x160,x28), and thz number of subdivaisions of
intepration reoion, NINT. It appears that the 13-norm s caturated
within the range of # = 10.0 - 200.8 at NINT = 3-S. The final recults

arz @iven tn Table 3,

e



Table 1

Continuous two-gimensional test functions (TF»

Name

Analytical express:on ana
initial (seed} vectar

[

Minimum

Rosenorock ‘s TF

100.0¢x2 - x129)2 + (1.8 - x12
F(~1.2,1.0) = 24,2

F(l1.2.1.2)=0.0

Beaie’'s TF

(1.500 — x1(1.8 — x212 =+

(2.258 - x1(1.0 - x22)12

+

(2.625 - x1(1.8 — x2°1)7

F{1.0.,-1.2) = 1B.95

F¢(3.2,0.5)=2.@

Himmeiblau's TF

(x12 + x2 - 11.02
1+ x22 - 7.@m72

F(l.d,1.d) = 106.8

F(3.6.-1.8)=0.0
Fi3.8.2.0)=0"d

#) Wnen starting from the (1.0,1.07
fimisn at the secong (3.@0.2.0) minimum.

Discontinuous two—dimensionai test functions

Table 2

VTF)

vector all stanaara programe

Name

Analuticai expression ana

Minimum

nitrai (seeg) vector }
Wheeling's TF -3.81x1t = (x2! F(D.@.B.ﬂ)=—a.ﬂ‘
F{10.2,12.0) = -40.@
gatukhtin’'s TF (lxlix21)2— 1.8 For zl.x2 < @.@ Fi{a.a.0.8)=—t.8
(Ixlex21)2 for x1.x2 » 0.0
F(~0.75.,~1.0) = -9,4375
Jaker ‘s TF (1.87(x1% - 1.@)) =+ Far.a . = ’

2

(L.@/(x2° - 1.8))

Fia.a.2.8) = -2.9

a.38!
'
F(-l.@.—l.ﬂ)Sﬂ.ﬂ!




fable 3

The final resuits of numerical exoeriments bu the lntegration mechoa
U continuous test funcrions?

iN , Name i NINT L xi x2 Incegracxoni

‘ intervai }
t (~a = o)

1 |Rosenprock's TF 1 2.2 2.36 6.55 I 10.9

2 |Ro=enbrock ‘s IF 2 7.9 3. 33 .33 18.@

3 }Rosenprock’'s TF 3 4.0 B.79 3.79 18.9

4 [Rosenprock 's TF 4 8.2 a.84 @.84 1a.93

5 {Rosenpbrock’'s TF 3 100. ¢ 1.046 1.97 1.2

& {Beaie s TF 3 0.8 |  2.94 9.45 EX)

7 {Himmeiblau = TF | 3 200.0 | 2.9a 2.13 5.2

3.2 Discontinuous test functions

The first test function, F(x) = -3.@*!xl| — (x2!, bas neen proposeg
by Wneeling K.F. [ 12 1 to evaluarte the abiiity o+ an aptimization
aigorithm to overcomp aiscontinuities. The function has the farm of a
three—dimensionai pyramia, with tne ievel lines on tne (xl.x2)-plane
being rhombuses with the breaks along principai axes. [t was necessary
to detect a maximum of F(x) starting from tne seeag point ( 1D.0, 16.8,,
wnere F¢xy = -48.0. The =cecona and thiro test functions nave bpeen
invesctigated +0r tne coorcinates o0f minima. The <final results are
presenten 1n Table 4.

Tabnie 4

The finai resuits of numerical experiments hu the integration metnog
{ p1sScontinuous test functlons?

™ Name T NINT H a { DY 4} ®2 i lntearattnn:
l 1Nt
t ! t-a = o) t
1 iwheeiing £ iF 3 4@.0 @.7E-4 | @.3E-4 | 20.9 1
2 {Batukntin '€ TF 1 3 80. @ -@. 85 -9.@85 | 2.9
3 |Joker s TF I Y] 9. 98 2.98 | @.2-1.2




4. Conciusion

The proposea i1ntegratian mechoo of “"werghing” +the cooroinates of
extrema of CoOnNTlNUOUS and 01SEONTINUOUS ODJECLiIVE functlOns provides the
extremal cocroinaves within the accuracy of a few percent with a single
Orec1510n multipie i1Ntegration code,

The further gevelopment of the inteyration method 1s passible due to
botn an i1mprovement in the weighing function used and a smft ta aore
precise speciailzea codes for the calculation af multinie integrais.

Tne cooperation of DOr. lanpieva S.M. and tne staff mempers of tne
EC-1055M team 15 gratefully acknowlengea.
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