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1. Introduction 

Presently, tne coordinates or local ana global extrema oi 
continuous oojective -functions are mainly searcned py tne conventional 
methods of zero, first ana secona oraer С 1-5 j. whicn are oasea on the 
analysis D* numerical values of tne objective function itself, its first 
or sec on о a e n vati ve, respect! ve 1 u. Sesioes, al 1 the ooti mizati on 
problems can oe subdivided into tne nonconstrained or constrainen ones 
depending on the fact whether the constraints have not or nave been, 
respectively, applied to tne parameters unaer stuau. 

The general strategy in searcning for global extremum consists in 
multiple evaluations of tne extremal coordinates starting from different 
i m tial (seed) parameter vectors. This strategy, nowever, aaes not 
result in tne reliable ena product due to tne principal lmoossioilitu of 
proving the latter to be the true global extremum. Therefore, it is 
nighty desirable to find out: some inaepenaent metnads tar a reliable 
ibentfication of the extremal coordinates. 

On the otner nand. discontinuous objective -functions nave become tne 
subject of the optimization analysis only very recently C6-7J. To out 
it Driefiy. tne search for tne extremal cDorainates of the discontinuous 
objective functions is performed by means of different modifications of 
Monte Carlo techniques. 

The present paper considers an integration method based on a 
'weigmng" of tne extremal coordinates by means of tne multiple uapiace 
integrals. 

2. The fundamentals of the method 

It is well кпонп С а ] tnat "...tne mean result of measuring any 
value is equal to the sum of products of eacn result by its weignt, this 
sum divided py tne sum of all tne Heights in turn...', i.e. a weighted 
mean is 

SUM (ft,W,) 

SUM (W,> 
1=1 

where W x - the weight of the l-th measurement tRj). By passing to an int­
egral presentation and assuming Wj = W^<R X) one can write down 
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J R<xjW<x>dx 

•0X0 
j Mix tax 

-QXQ 
wnere x is an independent vanaolE. 

On the otner nana, the conventional Laplace methop С 9 3 -for the 
evaluation o-f an integral like 

•0X0 
XL = J (G(x)*exDiVI*H(x) >)ax (3) 

-0X0 
.1 1 +0X0 

is oaseo on a substitution of' the XL by an 11_(Л) over a small vicinity 
(+-d> of the point of a maximum, x», or a -function Hix>, i.e. 

СЛ> = f (Б (х;*ех|мЛ*Н(х)) )dx 

The asumototlc estimates given in re+.E 9 J suggest that, tor the 
ooints witnin an interval L a.d }. one gets 

+0X0 
) <G<Ki*exp i.fl*H<xJ > >dx 

-0X0 

+DX0 
J <exp \Л*Шу.1 ) )dx 

- 0 X 0 

Л .> +0X0 

Thus, PIJ t a k i n g H(x> as an o b j e c t i v e f u n c t i o n and usinn 
<эхр<Л*Н(х>) as a weighing f u n c t i o n T i - e . M(x) = эхр <Л#Н(х>) , onf? ob ta ins 
a formula t o f i n d out the coord ina tes of a maximum,, ft = G ( x * > , which i s 
p o s i t i o n e d w i t h i n a mul t id imens iona l c l o s u r e C, as -fol lows 
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№ <G(vJ*exD^#H(v> > Jdv 
№ <exo *iI+HivJ ) Jdv 

wnere v is a vector of inaepenaent variables. 
However, ref. С 10 J states that "...one can enumerate by the fingers 

of one nand tnose cases wnen such integrals las (3> - VII> are 
caicuiateo exoiicitlu. Besides, at large values of the parameter 
tfl - VII> tne calculation of sucn integrals exceeds tne strength 
of even the most powerful tnoaern computers...". 

3. Numerical tests 

The proolem of accuracy of the asymptotical estimates is a separate 
item considered)e.g. in ref. С 11 3. 

The multiple LaDiace integrals have oeen calculated here bu means of 
tne sinoie Drecision version of tne program ftGAUSS (D112 from the CERN 
program 1lbraru L I B C E R N ) . The calculations have been performed on 
EC-1055M tIBh co!noatible> computer of the Hioh Energy Laboratory of JINK 
'.Dubna/. 

The continuous two-oimensionai test functions given in Table I have 
• een usea as oojiective ones. Tnese test functions are widely applied to 
test the stanoarn optimization programs Dasea on tne above-mentionea 
metnoos of tne zero, first ana secana order I 1 3. 

Besiaes. there nave oeen performea numerical experiments with the 
aiscantmuous test functions oiven in "table 2. 

3.1 Continuous test functions 

rtil tne numerical experiments have aealt with the dependence of 
a Euclidean •2-norm 

I|1,l2 = l 2 = * кШ2 •*• :<2Z) > 1 / 2 \7) 

on thr value of parameter Л .> 0X0, integration 1 lmits С а,Ь J, 
initial iseadj values <xl0,x20) t anu tno number of subdivisions of 
integration region, NINT. It appears that the l2 -norm is saturated 
within thr range of M = 10.0 - 200.0 at NINT = 3-5. The final results 
ars Qiven in Table 3. 
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f a b l e l 

Continuous tHo-a imensional t e s t - functions (TF> 

N Name A n a l y t i c a l exoression ana 1 Minimum 
i n i t i a l (seen) v e c t o r t 

1 RosenorocK's TF i e a . a ( x 2 - x i 2 ) 2 + a . a - x i > 2 

F < - 1 . 2 , 1 . 0 > = 2 4 . 2 
F < i . a . i . a ) = a . a 

2 S c a l e ' s TF ( i . s a a - x i u . e - x2>>2 * 

<2.25в - x l ( 1 . И - x 2 2 ) ) 2 * 

( 2 . 6 2 5 - x l U . B - x 2 3 ) ) 2 

F U . 8 , - 1 . 2 ) = 1B.75 

F ( 3 . a . a . s ) = e . a 

3 Himmelblau's TF ( x l 2 * x2 - 1 1 . B ) 2 + 

( x l + x 2 2 - 7 . в ) 2 

F < i . a . i . a > = 106.в 

F < 3 . 6 . - i . a ) = a . a 

F ( 3 . e , 2 . e ) = a * a 

*> Wnen s t a r t i n g -from t n e ( l . B . 1 . 0 / vec to r a l l s tandard programs 
• f in isn a t the secona ( 3 . 0 . 2 . 0 ) minimum. 

Table 2 

Di5соптл nuous tmo-dimensionai t e s t t unc t ions \TF) 

N Name A n a l y t i c a l exoreEEion ana Minimum 
i n i t i a l (seea) vec to r i 

1 Wheel ino's TF - 3 . e i x l t - 1x2! 
F < i 0 . 0 . i a . e > = - 4 И . а 

F < a . 0 . a . 0 ) = - a . a 

2 B a t u K h t i n ' s TF ( I x l * x 2 l > 2 - 1 .0 f o r x l . x 2 < в . е 
( i x i * x 2 i ) 2 t o r x i , x 2 :• а . а 
F ( - 0 . 7 5 . - 1 . 0 ) = - в . 4 3 7 5 

F < 0 . e . 0 . 0 ) = - i . 0 

3 Joker s TF ( 1 . 0 / ( x l 2 - 1 .0>) f 

4 . 0 / < x 2 2 - 1.0) ) 

р ( в . в . а . в ) = - 2 . в 

F ( l . 0 . 1 . 0 ) = 0 . 0 

F < - 1 . 0 . - 1 . 0 . 1 = 0 . 0 

1 
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Fable 3 

The -final results ot numerical exoenments D U tne integration methoa 
i continuous test functions* 

:I4 1 Name 

1 
NINT » X I xZ I n t e g r a t i o n 

i n t e r v a l 
( -a = o) 

1 RosenDroCK's TF 1 1 2 . 0 2 . 3 6 6. 53 1 0 . 0 
2 Rosendrock s r F 1 2 7 . 0 0 . 3 3 0 .33 1 0 . 0 
3 RcmenDrocK 's Г Р 3 4 . 8 0 . 79 0 . 7 9 1 0 . 0 
4 RosenDrocK s W 4 8 . 0 0 . 8 4 0 .84 1 0 . 0 
5 RosenorocK's TF 1 3 100.19 1.06 1.07 1 . 2 
6 tBeaie E TF l 3 6 0 . 0 2 . 9 4 0 .45 S . 0 

7 jHimmelblau s r F 1 3 2 0 0 . 0 2 . 9 4 2 . 1 3 5 . 0 

5.2 Discontinuous test functions 

The tirst test -function, F<x) = -3.0* (к 1 I - fx2!, has Deen proposed 
DU Wneelino ft.F. С 12 1 to evaiua-ce tne aDiiitu ot an optimization 
aioonthm to overcome Discontinuities. The tunction has the -form ot a 
three-dimensional pyramid, with tne level 1ines on tne ixi.x2>-plane 
being rhombuses with the breaks alono princioai axes. It was necessary 
to detect a maximum of Fix) start i no from tne seea point ( IB. IS. 10.0; , 
wnere F<xt = -4Я.0. The secona and thira test functions nave Deen 
investigated for tne coordinates of minima. The final results are 
presented in Table 4. 

The tinai results of numerical exneriments bu tne inteqration tnetnoa 
i Discontinuous test functions/ 

N I Name 
1 

NINT 
l 

л 1 N1 
1 

„ 2 I n t e g r a t i o n ) i n t e r v a l .' <-a = of i 
1 ; Wheel i no s FF 3 ] 4 0 . 0 1 0.9E-4 0 . 3 E - 4 20.0 1 
2 l6atLlKncln E TF 3 1 8 0 . 0 1 - 0 . 05 - 0 . 0 5 2.0 1 
3 j Joieer s TF * 1 2 0 . 0 j 0 . 9 6 0 . 9 6 0.0-1 .0 1 



4. Conclusion 

The proposed integration method of "weighing" the coordinates of 
extreme of continuous and discontinuous oDjective funccions provides the 
extremal cocramates within the accuracy of a few percent with a single 
precision multiple integration code. 

The further development of the integration method is possible due to 
botn an improvement in the weighing function used and a shift to more 
precise specialireo codes for the calculation of multiple integrals. 

Tne cooperation of Dr. 2anpieva S.M. and tne staff nemoers of tne 
ЕС-1И55М team is gratefully acknowleagea. 
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