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The multiple scattering matri.)l/ used for taking into account 

multiple scattering in the determination of the kinematic parameters 

of bubble chamber tracks was deduced under the assumption 

that the particle momentum is constant. Indeed, especially in heavy 

liquid bubble chambers the energy loss due to ionization and brems-

strahlung (for electrons and positrons) is sufficiently high. This 

results in a larger straggling of points due to multiple scattering 

along the track. Therefore, in the present investigation the multiple 

scattering matrix with energy loss was deduced • 

The multiple scattering matrix is determined if one knows the 

multivariate distribution function ell (x, ~ , (} , p
0 

) of random displa-

cements ~ 1 ' ~ 2 ' ••• , ~N 

the: ar\gles (} 
1 

•• • • (} N 

of track points and random deviations at 

at the lengths x1 , •• , x N • The fun-

ction ell ( x, ~ , (}, p ) can be obtained from Markov's properties of 

the multiple scatt:ring stochastic process/2/, if one knows the pro-

~ 

3 
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bability density P( x, ~, (J, p
0 

) that a particle undergoes the c!is

placement ~ at a distance x and will move at an angle (J to 

the axis x (when the initial conditions are x 0 = ~ 0 = (J 0 =0 and the 

momentum is Po ). 

The function P satisfies the equation /
3

/ 

~ =- (J ~+ n(x,ho) ~ 
ax a~ K 

2 a 0 
2 (1) 

where K 2 ,., 4m 2 X0 /E: (E" • 21 MeV, X 0 - is radiation length), 

2 4 
n(x ,h

0 
)=(l+h (x,h

0
))1h (x,h

0 
), 

where 

h
0

=p 0 lm, h(x ,h 0 )=p(p 0 ,x)lm, 

and the function p (p
0
,x) determines the law of momentum varia

tion. 

The\ solution .of eq. (1) which satisfies the initial conditions 

can be obtained in the following form/
4

/ 

p ( X, ~, (}, h
0 

) = t/f (X, h O) exp (- K 
2 ( {3( X ,h

0
) (} 2 + 2y(x ,h

0
)(J ~ + W ( X, h

0 
) e)), 

where 

where the following notations are used {3 k = f3 ( ~x k,k-l , 

Yk =y(./\xk,k-l'hk-1), 

wk =w(./\xk-l,k'hk-1), t/l~=t/l(~xk-1 ,hk-1), hk=h( 

~x = x -x ~~ = ~ - ~ M =0 - (J k,k-1 k k-1 ' k,k-1 k k-1 ' k,k -1 k 

Now, by definition , the multiple scattering matrix 

G lk =I ... I ~I~ k ell (X I' ~ 1' (J I ' ... ' X N '~N' (J N' h 0 ) d(J I~ 

For performing integration we introduce new varil 

1 2j f e = _ ~ « 1-(-1) 
j 2 K f= l 

X i-xm-Ymlwm 

({3 -y2 lw )~ m m m 

+ (1 +(-1) 

i 
(J l = -· - ~ A ( R. 2 _;;, 

2K f=l 2f-1 ~"-'f-yf lwf ) 

with the Jacobian 

2N N 

D ( e I '(J I , .. ' ~ N ' eN I A I 'A 2 ' ... ' A 'A 2N) =( 1 I K ) n ( w f 
2N-1 f=l 

-1 2 
w =8J8 -4J2 IJ1 'Y =-w J2 IJl 

2 ~ 
f3=114J 1 +Y lw, t/I=(K 2 12TT)(wiJ1 )

2 11 
f 

X X X 

J =In(t,h 0 )dt, 
1 0 

J 2 =I J < t, h ) dt, 
O I 0 

J =I J (t, h )dt. 
8 0 2 0 

Then in the same manner as in /
2

/ one finds 

cll(x 1'~ I' (J t , •• ,xN '~l'i '(JN ,ho) = 
N-1 

'kl!ot/lk eXP,(-K
2
(f3k+1 ~ok:1,k+2yk+l ~ok+l,k (~~k+l,k-~xk+l,kOk) + 

2 
+wk+1(~~k+l,k -~xk+l,k(Jk) )), 

4 

_. 

(3) 

,! 

f 
',.,~1 

~. 

' ·I 

(where m=(4 f+1-(-1) )14). 

With such transformation of variables the quadrat 

the exponent power of the multivariate distribution func 

ced to a sum of sq~res • Without any loss of general 

consider that in (4) i .:;: k • Then the terms A,. At in ( 

equal to zero and it is easy to verify that 

5 
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ensity P( X ' e' () ' p 0 ) that a particle undergoes the c!is

e at a distance X and will move at an angle () to 

X 0 = e o = () o =0 and the x (when the initial conditions are 

is Po ). 

function P satisfies the equation 
/3/ 

~ =- () ~+ n(x,ho) ~ 
ax ae Kz ao 2 

' 

(1) 

2 
=4m 2 X 0 /E~ (E,. • 21 MeV, X 0 - is radiation length), 

z 4 
n(x ,h

0 
)=(l+h (x,h

0
))/h (x,h0 ), 

h o=Polm' h(x ,h
0
)=p(p 0 ,x)/m, 

function p (p 0 ,x) determines the law of momentum varia-

e\ solution of eq. (1) which satisfies the initial conditions 

obtained in the following form/
4

/ 

, () , h
0 

) = f/! (X , h O ) exp (- K z ( {3( X , h O ) () 
2 + 2 y(X ,h 0 ) () e + W ( X, h O ) e)}, 

I 

2 

J 8 - 4J 2 I J I ' y 
z % 

J
2 

/J
1 

, f3=1/4J 1 +Y /w, t/J=(K
2 /211Xw/J 1 )

2 
=-W 

X X X 

n(t,h
0 

)dt, J 2 = f J ( t 'h ) dt' 
O I 0 

J = f J (t' h )dt. 
3 0 2 0 

en in the same manner as in /
2

/ one finds 

<l>(x l'e l' ()I , •• ,XN 'el'i '(JN ,ho) = 

'~ <- K 
2 (f3 k+l tlok:l.k+ 2yk+l t18k+1,k < tlek+l,k- tlxk+l,ko k) + 

I ( tle k+l,k -tl Xk+l,k (} k) 2))' 

4 

~ 

(3) 

I 

'I 

ir. 

.1~' 

... 

_. .• -- .... ,\,>..~-·,iL· .... ···-·· 

where the following notations are used f3 k = f3 (tlxk,k-l , hk-t ), 

yk "'y (~X k,k- I ' h k-1 ) ' 

w "'w (tlx ,h ), k k-l.k k-1 t/J I<"' f/! ( t1 X k-1 ,h k-1 ), hk"'h(xk ,ho ), 

tlx =X -x ' tle = e -e ' M =(} - () k,k-1 k k-1 k,k-1 k k-1 k,k -1 k k-1 

Now, by definition , the multiple scattering matrix is 

Glk =f ... f elek<I>(x1,e 1' (}1 , ... ,xN,eN,ONhO)d0,~1 ... d(JN deN.(4) 

For performing integration we introduce new variables 

1 2j e e =- ~ << 1-(-1) 
j 2K &1 

X j-xm-ym/wm 

2 1/ 
({3 -y /w )12 

m m m 

e -1/2 

+ (1 +(-1) )w m ).\e 

j 
0. = _._ ~ .\ ({3 2 _Jh 

l 2 K e:~ 2f-t e-ye I we ) 

with the Jacobian 
ZN N z _;h 

D(el ,8 I, .. , eN ,ON /.\,,.\2, ... ,.\ ,AzN)=(1/K )ll (we f3e -Ye) 
2N-1 f=l 

(where 
e 

m =(4 e +1-(-1) )/4 ). 

With such transformation of variables the quadratic form in 

the exponent power of the multivariate distribution function is redu

ced to a sum of sq~res • Without any loss of generality we may 

consider that in (4) i .:::; k • Then the terms .\~ .\ t in (4) with sf, t 

equal to zero and it is easy to verify that 
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Gik 

N TT 

2 K 2 < N+ I) 

N N 2 .Jj, 
c !k <e~~ t/Je }(~~(we f3e -Ye) ), (5) 

where 

C1k f~<f3e /we +(x
1
-xe )(xk-xe )-(ye/we)(x 1 +xk-2xe ))(f3e -ye

2

/we>· 

One finds from (2~ 

f3e-Yelwe =1/4JI(Axe-d ,he-1 ),yelwe =J2(Axe-d•he-1 }/JI(AXC-~£·he_) 

f3 e I w e = 2 J 3 < Ax r-d' he- I > I J I <A XC- t.f , h e-' > 

and 

J (Ax
0 0 

,h
0 

)=J (x 0 ,h )-J (x 0 ,h ) 
I L -1 ,L L -1 I L 0 1 t- 1 0 

J2(Axr-t.C ,hf-1 )=J2(xp ,ho)-J2(xp_, ,ho}-Axp_J.fJ,(xe_,,ho) 

J3 (Axf-1 ehe-1 )=J 3(x f ,h o )-J 3 ( xf-1 ,ho )-Axe_, eJ 2(xe-th o )-...1.2 A/ J 1(xf-t'h o>· 
• . · r-1.r 

By using the above expressions and the normalization 

2 ~ tjJ e = ( K ITT)( we f3 e - Ye 2 ) 2 I one finds from (5) the final ex-

pression for matrix element of the scattering matrix 

G
1
k =(2/ K 2 )(2J

3 
( x1 ,h 0 )+(x k -x 1 ) J 2 (x 1 ,h0 )). 

(6) 

6 

~ 

t 

2 

Ifp=const, n=m 2 (m 2+p 2 )/p 4 then J
2 

n Xt J =--, 3 
2 

and 
E2 

G - " ·tk- ···---- m2+P 2 x 2 ( 3x -x I ), 
I k p• 12 X 

0 

what coincides with fa..:niliar expression of the scattering 

the constant mommturn. 

By using (2), one can easily show that eq. (6) can 

written in a simpler form 

• X I 

G "" ( 2 I K 2 ) J ( x - t )( x -t ) n ( t , h ) d t 
ik 0 I k 0 

or by/replacing the variables t = s + x 

0 0 

G .. (2/K 2 
)( J s 2 n(S+X ,h )ds -(x -x )Jsn(s+x 1 ,h 0 )• 

lk I 0 k l_x 
-xi ! 

In the case when particle mass can be · neglected cc 

to the momentum (which is always valid for high energy E 

formula (8) coincides with the expression obtained in rec/ 

one should mention that eq. (1), from which formulas (6)

multiple scattering matrix have been obtained, is valid, wt 

loss fluctuations are much smaller than mean loss. This 

valid when a particle loses energy only due to ionization 

ducing mean en~rgy loss due to the bremsstrahlung, form 

are valid only approximately. 

The authors are indebted to Prof. V.P.Dzhelepov for 

gement and helpful discussions. 
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2K 2(N+I) 

N N o -% 
c ik <e~~ rfre ><~~<we f3e -yn ), (5) 

/we +(x~-xe)(x"-xe)-(ye/we)(xl +xk-2xe ))(f3e-Ye2/we>· 

s from (2~ 

= 1/4 J t(Axe-d ,h e-t ), Ye /we =J2 (Axe-d ,he-t )/J I (Axe-~£·he_) 

e /w e=2Ja (Axe-d• he-~ ) /J I (A"f-d 'he-~) 

n ,h
0 

)=J (x n ,h )-J (x 0 ,h ) 
l,t t-1 I L 0 l t-1 0 

.e ,he-1 )=J2(xe ,ho)-J2(xe-1 ,ho)-Axe-dJI(xe-t•ho) 

t)da(x f•ho )-Ja(xf-t'ho)-Axf-t,eJ2(xe-th o )--fAx
2 

Jt(xp_l,ho)• 
e-t,C 

I 

using the above expressions and the normalization 

( we {3 e - Ye 2 ) ~ , one finds from ( 5) the final ex-

matrix element of the scattering matrix 

=(2/ K 2 )(2J
3 

(XI ,h 0 )+(X k -X 1 ) J 2 (xI ,h0 )) • 
(6) 

6 

... 

2 
n x1 J =--, 8 
2 

3 

-~ - 6 Ifp=const, n=m 2 (m 2+p 2 )jp• then J
2 

and 
2 2 2 2 ) 

E .. ~x (3xk-xl' G ---- 4 I 
lk - 12 X o p 

what coincides with fa.:niliar expression of the scattering matrix with 

the constant momEntum. 

By using (2), one can easily show that eq. (6) can be re ... 

written in a simpler form 

XI 
G = ( 2 I K 2 ) f ( x - t )( x -t ) n ( t , h ) d t 

lk 0 I k 0 
(7) 

or by/replacing the variables t = S +X 

0 0 
G =(2/K 2 

)( f s 2 n(S+X ,h )ds -(x -x )fsn(s+x 1,h 0 )ds). (8) 
lk I 0 k I 

-xi -xi 

In the case when particle mass can be· neglected compared 

to the momentum (which is always valid for high energy electrons), 

formula (8) coincides with the expression obtained in rer./5/. Here 

one should mention that eq. (1), from which formulas (6)- (8) for the 

multiple scattering matrix have been obtained, is valid, when energy 

loss fluctuations are much smaller than ., mean loss. This is always 

valid when a particle loses energy only due to ionization. In re

ducing mean en~rgy loss due to the bremsstrahlung, formulas (6)-(8) 

are valid only approximately. 

The authors are indebted to Prof. V.P.Dzhelepov for encoura

gement and helpful discussions. 
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