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06paboTka AWUCKpeTHLIX AGEPHLIX CNEKTPOB Ha Maneix
IBM. A. MateMaTuueckue coobpameHunn

JTa paboTa - nepBas B Cepuu M3 Tpex, NOCBAWEHHBIX fe-
TanbHOMY OMUCAaHWIO anNropyvTMa MNPOrpPaMMl KAT@K, koropas nocne
AeBATUNEbHEN akcnnyaTauum Ha IBM Muuck-2 Bbina ycoBepweH-
CTBOBaHa M HanMcaHa 3aHoBO Ha QOPTPAHe.

B eaGOTe NOKA3aHO BO3HWKHOBEHWE pewaeMol 3agauu u3
OCHOBHOM 33Aa4M CNEKTPOCKOMUM M PACCMOTPEHb ee OCHOBHbIC
OCOBEHHOCTH : HEeNMHENHOCTS, NpubaMKeHHOCTL, NnoxaA oBycnos-
NEHHOCTb, NepeonpeAeneHHOCTb M MACCOBOCThL. OnucaHn MaTema-

TUYECKWEe CPeacTBa NpeofoneHWA TPyaHOCTEd, BO3HMKAKWLMX
M3-3a 3Tux ocobenHOCTell.

PaboTa BbnNonHeHa B JlaBopaTtopun AgepHbix npobnem OUAN.

Coobuenne O6beAHHEHHOr O HHCTHTYTA filepHbIX HCcNenoBaHuit, [dy6ua 1878

Gadjokov V. E10 -12352

Processing of Discrete Nuclear Spectra on Small
Computers. A. Mathematical Considerations

This paper is the first in a series of three dedicated
to the detailed description of the KAT@K-F algorithm.This
code has recently been revised and re-written in FORTRAN
after being run on Minsk-2 for nine years.

The paper shows how the problem to solve appears from
the basic spectroscopy problem and discusses its main fea-
turesi non-linearity, ill-condition, over-determination and
also its approximate and mass character. The mathematical

means of over-coming the difficulties due to these features
are described.

The ‘investigation has been performed at the Laboratory
of Nuclear Problems, JINR,
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1. INTRODUCTION

Processing of spectroscopic data requires in general
the solving of a first-kind Fredholm's integral equation/lﬁ
In the case of discrete spectra, supposing that a reaso-
nably plausible mathematical model of the single line can
be put forward, this is easily reduced to overdetermined
nonlinear simultaneous equations (see, e.g.,”?/).These,
in turn, break into a series of similar simultaneous
equations of lesser dimensions which can be solved separa-
tely. Such a further reduction is not a purely mathemati-
cal procedure. Its physical foundation is at least twofold:
the non-uniform distribution of lines over the spectrum
which leads to line clustering, and the finite resolution
of actual spectrometers. One is, therefore, justified to
state that the original problem of processing discrete
spectra generates a stream (a multitude) of nonlinear
problems which are independent but closely resemble each
other. Each individual problem consists of a certain number
of overdetermined nonlinear simultaneous equations and cor-
responds to a section of the spectrum containing one
cluster of spectral lines.

A FPRTRAN-IV computer code, KAT@K-F, especially design-
ed for automated processing of streams generated is des-—
cribed below. Automation of the mathematical procedures
used is meant here; indeed, from operators's point of view
all the problems of a given stream are as a single (although
large) one.

The approach just outlined is neither completely new
nor quite unknown. In particular, an earlier and simpler
machine-language version of the KAT@K program is being used
since l97O’BCUp to date over 100000 spectrum sections have
been processed, and divergence of the iteration procedure
implemented was "practically never" /45/ observed.



The present paper aims at diving full description of
the KAT@K algorithm in its latest form. Despite extensive
usage, details of this algorithm were never published in
the past (except for in ref. ?/ yhose distribution is very
limited).

2. MATHEMATICAL FORMULATION OF PROBLEMS TO SOLVE

Let us consider a spectrum section which consists of

consecutive channels number i -
: ed respectively qm,qinfl,...,qend
with
m = Qepng ~ 9, +1 (2.1)

and let the number of pulses registered in the qth channel
be Y . Suppose that this section contains a cluster of
peaks with symmetric Gaussian shape on a background con-
tinuum represented by a polynomial of gth degree. Suppose
also that the section considered is short enough to assume
an equal Full-Width-atHalf-Maximum (FWHM) h for all the k
peaks present. Then, taking into account the integration
of the k pulse distributions within the channels of the
analyser, and setting for convenience a unit channel width,
the following m simultaneous equations may be derived 2.3/ .

1k O
Y, =—— 2 S, L) -
q o it S;(Ty; ) Jﬂzi)l+jgoajq , (2.2)

where S; is the area of the i -th peak; J¥(y) is the Gaussial
error integral

y u2
= [ e du, -
A (2.3)
Tqi and Pqi are respectively
qQ-P
T, =-1_
i T 2.4
ai " { )
and
q-p;-1
Pqi = — (2.5)
o2

p; is the maximum position of the i -th peak; ¢ is connec-
ted with the FWHM by the relation

h = 2y2ln20 , (2.6)

a. is the j-th coefficient of the background polynomial.

In (2.2) them quantities Yq are given while the peak
parameters a,pl,slpn;Pk,Sk as well as the background
coefficients a , a,,...; 3y are unknown. One can easily
express the number of unknown I as

n =2k + [ +2. (2.7)
Usually

n < m, . (2.8)

i.e. the non-linear system (2.2) is overdetermined. It is
also approximate, since the statistical quantities anre
measured with finite accuracy AYq which is estimated by
means of Poisson's distribution as

AY § = VY, - (2.9)

Another substantial feature of this system is that it is
very often ill-conditioned which leads to divergent itera-
tion processes applied for its solving. In the following
sections we shall explain in more detail how the ill-condi
tioning is manifested and how it can be overcome. And, last
but not least, it should be borne in mind that we have to
deal not with a single system (2.2) but rather with many
such systems of various dimensions (i.e., with different
values of m,k and! ) which represent the stream to be
processed. The number of non-linear problems of the type
(2.2) in a stream will be denoted as M.

So far we have considered the number of peaks k in a
spectrum section to be known. When processing streams ge-
nerated by actual spectroscopic measurements, however,

a limited number of sections may occur where k cannot be
guessed a priori. In such cases the system (2.Z) becomes
a full problem of the analysis of latent regularities/6
It is highly desirable that the algorithm used to solve
(2.2) be able to process such full problems as well as
i{l1l-conditioned systems. If, in addition, this algorithm
possesses an enlarged convergence domain, we shall term
it universal. A universal algorithm is the only means of
solving the multitude of (2.2) systems authomatically,
i.e., as a single large problem. In our judgement, the




KATPK-F algorithm has all the prerequisits of a universal
one. It consists of two distinct parts which will be dealt
with in section 3 (preliminary processing) and 4 (actual
stream-line solution of problems (2.2)) respectively.

3. PRELIMINARY PROCESSING OF RAW SPECTRA

The preliminary processing of raw experimental data is
carried out in a man-machine dialogue by means of CRT
point-display. As such a procedure is beyond the scope
of this paper it will only be summarized here for the sake
of completeness. The reader is referred for further details
to refs,/7.8/,

The procedure of preliminary processing includes the
following four steps: -

3.1. Sectioning, i.e., breaking the experimental spec-
trum into separate sections, each of them contain-
ing an isolated cluster of spectral lines which
eventually may overlap. Sections are later proces-
sed independently of each other since they give
raise to independent (decoupled) non-linear simul~
taneous equations. These are said to represent
a stream of rimilar non-linear problems.

3.2. Pointing out a pair of characteristic points for
each spectral peak observed or suspected. One of
these points should indicate the peak maximum and
the other its basis, where it practically becomes
undistinguishable from the background. No specific
‘order of the characteristic points is prescribed
and the basic point can lie either on the left or
on the right to the maximum one. The co-ordinates
of the characteristic points are later used to
:calculate the initial guesses of peak parameters.

3.3. Selecting the degree of polynomial to fit the back-
ground on the section. Since Compton-scattering
pulses from lines of higher energies are also inclu-
ded into the background, this may in general be
non-monotonous and, accordingly, require a higher-
degree polynomial. Most often a linear presentation
of the background is considered sufficiently accu-
rate, however some sections require second, third
and even higher degrees.

3.4. Forming a standard formatted data set which repre-—
sents the input to the stage of final processing.

Among the above listed steps, 3.4 is the only one which c§n
be termed formal; the preceding three steps are for the time
being extremely difficult (if not impossible) to formalize,
and their successful completion depends essentially on the
operator's past experience, intuition and recognition capa-
bility. '

As to the format structure of the standard data set, it
is clearly a question of convention. The one accepted by
the KAT@K-F code is presented in Table 1 each row of which
corresponds to a record in ASCII-code.

4. ITERATION PROCESSES AND AUXILIARY THECHNIQUES
FOR SOLVING THE PROBLEMS POSED

4.1 Iteration Processes

Let us introduce the notations

n
xz(mlaLpl,Slwu;pk.Sk,ﬁ),alﬂu,gg) R, (4.1.1)
m
- R (4.1.2)
Y-col(Yqin,,YqinH, qund )
and rewrite (2.2) in the form
(4.1.3)

Y=Fx,
where F < 01 is the non-linear operator of the right-hand
side of (2.2). Moreover, if we put

fx-Fx-Y; fecl, (4.1.4)
we come to the operator equation
fx=0 (4.1.5)

which is equivalent to (2.2). As the various components of
(4.1.5) have different accuracy, we introduce the square

(m x m) weight matrix W
. . (4.1.6)
W= diag(w, Wy, .ot w),
where 2
W, = 1/(AY)". (4.1.7)

Following Aleksandrov 7/ we shall be using the regularized
iteration process (R-process) for finding the solution

of (4.1.5)

x0: g oxt o VxhH ea T W (4.1.8)
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where %9 is the vector of initial guesses and the super-
script in general is the iteration number;
fot) is the first derivative (Jacobi matrix) of f at
point xt;
V(x') 1is the iteration-step matrix, i.e.

t oot ety
V(x7) = [7(x)Wf(x7); (4.1.9)
the overscore indicates a transposed matrix;
I is a unit matrix of rank I
a'is a regularizing scalar

a —a € ta, s (4.1.10)

r and a, are experimentally chosen constants, while

a® depends on the vicinity of x0 to the solution
point X.
Note, that in the case of a' = 0 (4.1.8) is identical

to the classical Gauss—-Newton iteration process. A third
variant may be obtained by setting a '~ const "/
Since (4.1.5) is both approximate and overdetermined,

we shall be looking for its approximate solution x which
minimizes the normalized solution defect

o - 11X , (4.1.11)

which can be seen to represent the weighted Euclidean
norm of fX. Therefore, X is also a solution in the sense
of the least squares.

The criterion of minimizing (4.1.11) can only be appli-
ed if (4.1.8) converges with a null regularizer, i.e. in
the case of pure Gauss-Newton process. If regularization
becomes necessary, (4.1.11) will be replaced by the beha-
vioristic "long solution-defect" 78/

tmitd (4.1.12)

K]
t
®5—131%6
whose minimum will be sought for. The long solution-defect
represents the gliding weighted average of § over the
last 8 iterations, v, being the respective weights

which satisfy the relation

S v o= 1. (4.1.13)




X 0 .
The above-mentioned "vicinity” of X~ to X is evaluated
in terms of 60; accordingly, a~ is determined as

0
BO
Ae ™ for 99> 90,
a, = 0 (4.1.14)
0 Ae BO for 60 < 60

max ?

where A/B and G%mx are experimentally chosen constants.
Once chosen at the stage of program debugging and set-up,
such constants become fixed internal parameters which
the common user is totally unaware of.

Once the solution point ¥ has been found, the 1i-th
component e?“ of the corresponding vector of total
inherited errors e'®'¢R" is expressed as

tot = . =1 o~
e; -0 VI ®1;; (4.1.15)
In the case of full problems of the analysis of latent
regularities V(X) degenerates and inversion becomes
impossible. Nevertheless, an estimation of gtot is still
according to n/

e
ot ~ ~ -1

e, ~~46?(x)\/[V(x)+aI]ii , (4.1.16)

where a is the value of regularizer at the 1-th iteration

when x has been reached. Then, repeating the processing

of the same section with reduced number of peaks k‘, a non-

degenerate solution X’ may be obtained which renders the
more accurate error estimation (4.1.15) possible.

4.2 Calculation of the Components of Vector x0

The initial guesses of all the unknows are needed for
starting up the iterations according to (4.1.8) and for
computing the regularizer initial value a¥ (in case a re-
gularization turns out indispensible). The various com-—
ponents of the initial guess vector x? are calculated as
follows:

n =L s 199 -qd 0, (4.2.1)

10

@ iy oy ®

a1 dg
p0 - e i Yf]i)1< Y (4.2.2)
i- 12 ..k
0 CONNGY (i) )
8; v lay —ay | ¥q -Ygq, | (4.2.3)
i=1,2....k

i i i .
In case Yé)-:Yé; for a certain value of i, the input
is considered irregular and processing of the correspon-
ding section is skipped.

0

a) =min{Y !
0 q (4.2.4)
4 = 9 'qin+1""’qend
0 0
3.01 3:3.2 =...=ag =0. (4.2.5)

The geometric foundation of formulae (4.2.1)-(4.2.5) is
illustrated by Figure 1 on which a simple one-peak
section is presented.

n
4.3 Condition of Matrix V(X) and Scaling in R

As already mentioned in section 2, a well-conditioned
problem of the type (2.2) is rather an exception to the
rule. In the lack of an overall condition-number defini-
tion for non-linear problems we can evaluate these numbers
in discrete points

x0,x1, ., xt, ... eR® (4.3.1)
by means of the condition numbers of the respectively
iteration spet matrices V(xO), V(xl), etc. To achieve
this we accept the definition 1

cond V = ||VI} - ||V "I (4.3.2)

where weighted Euclidean norms conjugated with (4.1.11)
are meant. In single-precision calculations on standard

computers with four-byte length of floating point variables,

a matrix V may be considered ill-conditioned in V .
~105 +106 and above. Numerical inversion of such matricies

11



(o

Gin P; Yend

Fig. 1.

A one-peak spectrum section with characteristic points
(deliberately inaccurate here, as it happens in actual
processing) shown as dark circles. The shaded triangle
represents the initial guess of peak area S?.

is usually not accurate enough to allow for stable and
convergent iteration process. Hence, means to lower
cond V(xt) should be sought for.

The search of such means may be facilated by an under-
standing of basic reasons which lead to ill-conditioned
iteration-step matrices. There are two such basic reasons
in the problems of type (2.2). Although in general an
ill-conditioned matrix is not necessarily next to genera-
tion, in this particular case each of the two reasons in-
dividually, as well as their simultaneous appearance,

lead to both high values of cond V and nearly vanishing detV.
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4.3.1. Suppose we process a section where some pair of
peaks i; and i, are positioned very near to each other in
terms of the FWHMh, i.e. '

lp - Py, | << h. (4.3.1.1)

i
1
Then, if we observe the same order of variables as in
(4.1.1), it may be shown that

HV#1 +KV#2H=e1(pil ~ Py, ), (4.3.1.2)

where p; ,=2i,,, V# denotes the p™ column-vector of V

(or also, row rector, as V is symmetric) and €,>0 tends
to zero when pii»gz.If the norm in (4.3.1.2) were nuil,

it might be said that a linear dependence between the two
column- (row-)vectors existed. In analogy, we may call
(4.3.1.2) an equation of "e¢-quasilinear dependence"

of V#1 and Vﬂz' Hence, when pi, is close to Pi, in terms

of h, the iteration step matrix tends to degeneration and,
accordingly, its condition number grows high.

When applying the iteration formula (4.1.8) with a non-
zero regularizer a' we effectively destroy the " ¢ -quasi-
linear dependence" as a' is added to different elements
of V, and V,, (to those on the main diagonal of V).
Theref%re, re&%larization is a good remedy against ill-
conditioned iteration steps caused by peaks close to
each other. This is of particular importance in the case
of full problems of the analysis of hidden regularities 8/
when k is deliberately set higher than the value expected,
and at the solution point coinciding peaks are expected
to appear, i.e. a degeneration at the solution point is
present a priori.

4.3.2. Suppose now that the same two peaks i; and i,
do not obey (4.3.1.1) but rather their intensities (areas)
Sil and &2 differ strongly, e.g.

Sil <<Siz . (4.3.2.1)

Again, it can be shown that

1 (4.3.2.2)
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where 4 o= 2iL2+1 and ¢, tends to zero when ~:;——»&
This fenomenon may be termed " ¢ -quasidegeneration" of
the iteration step matrix V whose condition number raises
sharply under these circumstances. One can easily see
that regularization destroys the ¢ -quasidegeneration too.
However, the value of a may not suffice, since it depends
on the overall precision of vector x0 and, in addition,
it falls exponentially with the iteration number. A remedy
which acts independently of the iteration number and,
therefore, does not fade out when improving the solution
x' , should affect directly the magnitude of areas involved.
It may consist of introducing individual units for all the
peak intensities so that they all have the same order
of magnitude; that is nothing suitable scaling.

The type of scaling we are going to use is represente§
by the class of square real diagonal rnon-orthogonal matri-
ces

= diag el , C , C yeess C ) (4.3.2.3)
C - diag (c,, CP1’051' " Syt %, Cay ag
such that
z = Cx (4.3.2.4)
where
o e , PR ’ 3.2.5
z = col (h ,pl,Sl,.n,pk, Sk,ao,.”,a?l (4.3 )

Evidently, there is no need of scaling h and p; and the
respective elements of C may be set to unity; CSi may be

selected in such a way that all the S; be approxima?ely
equal. As to €, , they may be chosen in accordance with
}

the average value of the respective degrees q' on thg
section processed.To avoid raising large numbers to high
powers the polynomial origin may be suitably shifted. To
prevent the accumulation of additional round-off errors
all the nontrivial scaling factors should be integer de-
grees of the basis used (2 in our case). .

Optimum scaling is a problem in itself which so far.
has not been successfully solved. Although we are noF in
a position to prove that the scaling outlined is ?ptlmal,
numerical examples demonstrate its extreme effectiveness
in lowering the cond V down to 6-7 decimal orders of
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magnitude even in relatively simple cases (e.g. one peak
with no background). The improvement of condV in pore
complicate spectrum sections is greater than that.

All the operators of such a scaling can easily be pro-
grammed. Since the inverse transformation is precise and
error-free, it can be carried out prior to results' output.
Thus the common user may be totally unaware of the whole
scaling - descaling procedure, just as in the case of
internal numerical constants used to compute the regulari-
zer values a9 and at.

4.4 Numerical Effects of I1l1-Conditioned
Iteration-Step Matrices ’

If we were able to carry out computations with arbi-
trary precision (i.e. with indefinitely large number of
significant digits) there wouldn't be any troubles in
dealing with ill-conditioned matricies. Moreover, the very
idea of ill-condition would be obsolete. Not so, however,
in actual computers which usually work with 5-7 signifi-
cant digits in single precision and, in addition, have
a limited range of number presentation. Under there con-
ditions and in the presence of piling-up roud-off errors,
an attempt of inverting an ill-conditioned iteration step
matrix V may result in

4.4.1.Range degeneration; this means that |detV| falls
outside the lower limit of numbers which are meaningful
in the computer used. When such a situation occurs (under-
flow with respect to detV ) most systems would set detV=0
without interupting the calculations. From the point of
view of iterating according to (4.1.8), however, continua-
tion of the process becomes meaningless. Hence, obtaining
a null value of detV  during the calculations is a sign
of irregularities in the process used and necessitates
a change of the computational regime.

4.4.2. Round-off change of the matrix type; note that
by the very method of building V, this matrix is posi-
tively-definite.Accordingly,all the diagonal elements of
its inverse V71 should be positive non-zero numbers.
Hence, testing the sign of elements (VWB“# may be an ef-
fective way of controlling the iteration process.

4.4.3. Condition divergence of the iteration process;
this situation may occur when neither 4.4.1 nor 4.4.2.
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are present but, due to ill-conditioned V, the inverted
matrix is inaccurate enough to cause divergence of the
iteration process, i.e. an increasing solution defect
gt 156", one should bear in mind that this may also hap-
pen by a number of other reasons (bad initial guesses X7,
erroneous measurements of ‘Yq, etc.). A practical rule of
thumb is to ignore all these reasons and to attempt a
change of the computational regime whenever the iteration
process shows divergence, as if that were always due to
an ill-conditioned V. A good reason to follow this rule
is that an attempted regularization usually broadens the
convergence domain in addition to lowering condV ’,

It is a common practice to control the iteration pro-
cess by means of the solution defect only. In KAT@K-F
use of all the three numerical effects discussed is made
to achieved this goal.

The implementation of the approach described will be
the subject of another paper to appear shortly in the
same JINR-series.

REFERENCES

1. Tuxonos A.H., ApceHnH B.fl. Meroabl pelieHus HeKOPPEKTHBHIX
sapau, “Hayka”, M., 1974.

2. Tanxoxos B. Nucceprauus, vAUAE BAH, Co¢us, 1978.

3. Gadjokov V. Instr. and Exp. Technique, 1970, 5,
p. 1338-1341.

4. Apast P. u ap. aYAH, 1974, r.5, sum. 4, C. 843-891.

5. Uynko-Curauxos B.M. o7 a1, [110,11-8450, Iy6ua, 1974,
c. 285-307.

6. BAlexandrov L., Gadjokov V., J. of Radioanal. Chem.,
1971, 9, p.279-292.

7. Tanxokop B. ApToMaTH3auusd 06paBoTkK NalHEIX C MOMOWBID
roueyHoro nucnies. fnpexa Eueprus, N9, 1979,

8., Bunopa Ji. u np. OWfil, P10-7061, Oy6ua, 1973.

9. Anexcaunpos Jl. ONfH, B1-5-9969, [y6ua, 1976,

10. ®opcaiir Ax., Monep K. YucienHoe pelueHue CHCTEM JnHel-
HLIX aArefpanuyecxkuX ypapHeHHi, “Mup”, M., 1969.

11. Xyacon A. CraTtucTuka Ais ¢nanxos, "Mup” M., 1967.

Received by Publishing Department
on May 18 1979.

16



