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1. lntгoduction 

А significant amount of experimental infor·mation about the stгuctuгe of 

nucleons and nuclei is oЬtained fгom deep inelastic inteгaction of muons . 

The experimentally measured distribution of events exhiblts, besides 

statistical errors, ceгtain distoгtions due to the finite гesolution.of the detector . 

ln the following we propose а method to гeconstгuct the oгiginal distribution . 

The method is quite general and involves solving а Fгedholm integr·al equation of 

the first kind . Тhеге is an extensive body of liteгatuгe [1-5] on tl1is problem . 

The ·approac h used here was first proposed Ьу Tikhonov [1] and Pl1illips [2] 

and the statistical interpretation performed Ьу Zl1igunov [4] and Pyt 'ev [5] . 

Methods of regr~ssion and ridge analysis [6] are also used in this work. ' Tl1c 

main difficulties in our case are that (1) the integгal equation is t\vo-dimensional 

and (2) the resolution function is known with statistical erтor·s of tl1e sam<' 

order as the experimental distгibution errors . 

This work was initiated for the analysis of data taken with the NA-4 

experiment at CERN . Without limiting the gene rality of the discussion, we sl1all 

describe the method as applied to this experiment. 

The NA -4 set- up was conceived for muon-nucleon interaction research and is 

а toroidal iron spectrometer wit h а focusing magnetic field of azimuthal symmetry 

[7]. The spectrometer is S5m long and has а diameter of 2. 75m. Tl1e 

extended target is inside the central bore of the toгus_. А scattered muon 

oscillates inside the spectrometer due to the field . Multiple scattering of the ., 

muons in the iron of the magnet, statistical fluctuations of their energy loss, 

and the limited number and comparatively coarse spatial resolution of the 

multiwire chambers used to measure the 

disto rtion of the experimental distribution . 

track are the principal sources of 
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Jn scction 2 \Уе der·ive the form of the integral that describes our proЫem. 
1 n section 3 we describe the system of tinear equations oЬtained Ьу 

algebraization of the integral equation, and in section 4 we propose а method of 

solving this system . The . generalization of this methoct to а system with 

coefficients that have statistical errors is proposed in section 5. The ргоЫеm 

of choosing the basic parameters of the method is discussed in section 6. All 

our steps a·re illustrated Ьу. computer experiments. 
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2. The proЫem 

The deep inelastic muon-nucleon cross section сап Ье written as 

d 2 o/dxdQ 2 F .. (x,Q•) · K(x,Q 2 ,E) · L'.(x,Q 2 ,E), 

where 

F2 is the nucleon structure funct ion, 

К is the kinematical factor, 

А ·•· is the radiative correction factor, 

Е is the muon beam energy, 

Q2 is the four - momentum transfeг, 

)( = Q2 /(2Mpv), 

мр is the proton mass, 

v is the tгansfeгred energy . 

~ 

.. 

(1) 

The measured cross section (d 2 o/dxdQ 2 ) 
ехр 

is гelated to the tгue cгoss 
section (1) Ьу 

(d
2
o(x , Q

2
)/dxdQ2

) ехр = J [d:ta(x' ,Q 2 ')/dx'dQ 2 '} Р(х' ,Q2 '; х ,Q 2 )dx'dQ 2 ', 
(2) 

wl1ere P(x',Q
2
';x,Q•) is the resolution function of the expeгimental set-up . Here 

х , Q
2 

аге the measuгed paгameteгs and х', Q2 ' the tгue ones. ln (2) we 

integгate over the kinematica.lly allowed гeg ion. 

We know the left - hand side of (2) and the functions К, А. · The гesolution 

function can Ье oЬtained Ьу diгect measuгement, if possiЫe, ог Ьу Monte Сагlо 
simulat ion of the experiment . 
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Оuг ргоЫеm is to extгact the stгuctuгe fцnction F2 from eqs . (1) and (2) . 

lt should Ь·е noted that the actual incident muon beam is not monoenergetic , 

theгefore eq . (2} must Ье integrated over the beam energy distгibution . We do 

not write this more complicated equation here but assume the beam to Ье 

monochromatic fог simplicity . 

3. Basic equation 

After algebraization of equation (2) we oЬtain а system of linear eq.uations 

1 = рф. 1, 

.. 
f . is an m - d imensional vectoг гepгesenting to the measuгed distгibution, 
... о 

ф is an n - dimensional vectoг гepгesenting to the stгuctuгe function, 

Р is the m • n matгix гepгesenting the гesolution function · multiplied 

Ьу К and А, 

1 is an m - dimensional random vector 1 (noise) with an average value ЕЕ = О 

and diagonal vaгiance matгix V, 

V = Vаг l = diag(a,•, ... , am•), 

wl1ere tl1e о; are the statistical erгors of the measured distгibution. 

(3) 

Without limiting the geneгal natuгe of the discussion, we describe the 

- variaЫes defined above (and, lateг, the ·solution of the ргоЫеm) as appLied to 

experimental data measured with а 280 GeV beam o The number of experimental 

events is 8 о 10• о The numbeг of simulated events is 4 · 1о•, a'mong which 13 о 

10• аге reconstгuctedo The x,Q 2 distribution of the simulated events is Q2 (1 -

х)·• о Figsol and ) 'show Ьinnings fог the experimental data and the stгuctuгe 

function, гespectively о 

The Ьinning for the structure function is defined Ьу the kinematic 

paгameters of the events detected in the expeгimental set-upo The boundaries 

are determined tl1rough the distribution of the reconstructed simulated events 

Ьу theiг original kinematic parameters o 

The Ьinning for tl1e experimental data is chosen such that tl1e maximum of 

availaЫe expeгimental information could Ье used . The size of the Ьins is chosen 

to allow at least 20 events within each, but, where statistics аг·е sufficientty 
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Fi9.2 . Binnin9 for the structure f unction . 

lar9e, t hey are chosen such that up to 4 Ьins of experimental data correspond 

to one st r ucture funct ion Ьin. дs fi we take the number of events in the i- th 

Ьin of the e xperimental data , i . e . ai• = f i . 

The structure funct ion in the j-th Ьin is calculated at the avera9e values of 

the kinematic parameters in this Ьin . These mean values a r e defined as 

xj I uixi/ I i 
u ' Q• . 

J 
I uiQ,i/ I ui , 

wl1e·r·e t l1e s ummat ion e xtends over all simulated events in the Ьin j . 

4 

~ 

xi, Q2 i are kinematical variaЫes of the simulated events , 

ui are the wei9l1ts of the simulated events, 

ui = Q2 i(1 ' - xi)- 1F2 (x i,Q 2 1 ) . 

For F 2 ( х, Q2 ) we use the parametr·ization 

F2 ( x , Q2 ) Р•( 1 • р 2 х )( 1 - x)P'(Q•/s) P•In4x , (4) 

where Р1 . 52 , Р• = .9, р 3 = 3 .2 , Р• = -. 155 . This describes satisfactorily the 

data on structure f unct ions oblained in ot her experiments and ens u res 9 ood 

agreement between the spectruin of t he reconstructed simu la·ted events and the 

e xperimental spectrum . 

The elements of the matrix Р are calculated as 

P jj = Wj · I 9
1
/I w

1
, 

1 1 

t 5) 

wl1ere the summation extends "over all events simulated in the j-th structure 

funct ion Ьin . w·1 is defined as 

w1 = u1 . v1 . K(x 1,Q•1, EJ • .6 (x1, Q•
1, EJ 

and 

9 1 = w1, if the. event was reconstructed a nd its reconstructed parameters 

fall into the i-th Ьin of the experimental data; 

or 

9 1 = О , if this condition is not fulfilled . 

wj is defined as 

\Vj = K.( xj,Q 2 j, E) · .6 ( xj , Q2 j,E) · sj · aN , 

wl1ere 

sj is the bln area, 

aN is а normalization constant . 

aN = N · р · t · д , where 

N is the muon flux, 

р is t he t ar9et density, 

t is the tar9et len9th , 

А is Avo9adro' s number . 
Use of the wei9hts w1 helps in reducin9 somewhat the approximation e r ror due 

to the algebraization of eq . (2). The error can Ье reduced even more Ьу 
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repeating the wbole procedure upon calculation of F2 • The FWHM х and ' Q• 

resolutions of the NA-4 set-up are ~hown in figs. 3 and 4 (see ref. [7], f8]). 
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4. Solution of the basic eq uation 

Fig . 5. 
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~ '1' ; stol ( IX) 

Dep endence of statistical error 
and Ьias on а 

Equation (З) can Ье solved in the least-squares s e nse Ьу minimizing 

m 

х• = I (f; 

i=1 

n 

I P;jфj)2/a•; · 
j=1 

The ~ that yields the minimal х• is taken as the estimator of ф [6] : 

~ = ( Р Ту->р)->р Ty - •f. 
(6) 

wl1ere Т indicates transposed matrices . Ву substitution of (3) into (6) we 

oЬtain the expression : 

.... 
ф = ф • (pTy->p)- 1 PTv-•t. 

6 
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which shows that the least- squares method estimator is unblased . The complete 
. ... 

matrix of statist ical errors for $ is [6) 

Var i = (рТу->р) - • : 

lt is well known [1) that а system of linear equation obtained from the integral 

equation (2) i·s а poorly determined system, i . е ., its solution exhiblts an 

extraor·dinarily strong dependence on а variation of the nonhomogeneous tenns, 

as well as on the errors of the matr ix elements and the computer round-off 

errors. Therefore, when sOiving equation (3) Ьу the least-squares method , we ... 
may oЬtain ф with very large errors o r may not Ье аЫе to solve the equation at 

all if ti1ere is no inverse matrix for- рТу-•Р. 

For- the х• functional this means the existence of а direction along which х• 

varies too little 'l"d for- which , the minimum is therefor-e ver-y poor-iy d etermined . 

lt is r-easonaЫe to assume that the stucture function _i s а smooth function, 

and this conфtion can help us to fin d а staЫe method of solution of (3). For 

thi~ pur-pose, we shall search fo r the solution of (3) in the fo rm of а minimum 

of tl1e functional 

X"r х• + а 

n 

I <Ф; 
i=1 

" Ф;,>"(хi x1,>-•s1 

·<Ф; $. >"13-•(Q.• - Q . "')-•s . 
la • la 1 

" " •(фi - Ф;,Р[(х i - х;,Р • \3 2 (0; 2 
- Qi:p]-•s1 

•(ф . - ф . )>[(х. - х . )2 • 13 2 (Q .• - Q . •p]-•s . 
1 ... 1 ... 1 ... 1 1 

where, 

а and 13 are regularization parameters , 

,;,, i2 , i,, i. indicate Ьins adjacent to the i-th Ьin , where 

i1 is the nearest upper neighbou r Ьin , 

i2 is the nea rest rigl1t neig l1 bour Ьin , 

i3 is the nearest upper right neighbour- Ьin, 

i. is the nearest upper- left ne ighbour Ьin . 

For- example , for i = 40 , i1 = 41, i2 = 48, i3 = 49 and i. = 33 (cf. 

(7) 

• 1 

fig . 2). lf а 

Ьin does not exist, tl1e correspond ing term in eq . (7) is equal to· zero . For 
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example, for i = 1 there exists no upper left neighbour, and the addend with 14 

does not ex ist for i = 1. 

As сап Ье seen from (7), an i ncгease of а leads to an incгease in the 

smoothness of the solution, while Р гegulates the гelation between the 

smoothness in the )( and 0 2 diгections. 

Expession (7) can Ье represented in the foгm 

х• 
.Г 

n 
2 л л 

Х • а · I _ Ф1О 1j(р)фj, 
i,j=1 

wl1ere 0(11) is an n • n symn1etric non-negative definite matrix and 

O{p)g = О , if g = (с , с, ... , .с) т, с = const . 

As slюwn in Р ], the minimum of х• г is given Ьу 

·ф {PTv-• p • aQ(p)) · •pT\{- 1f. 

Ву substitut ion of (3) into (10) we oЬta i n the expr_ession 

~ = ф- (рТу- •р • аО(р)) " 1 аО(р)ф • (PTV. 1 P • aO(p)) ~ •pTy-.J.·t 

wl1icll gives us the Ыаs of tl1e estimator witl1 гegular·ization 

Bias ~ = - (рТу- •р • аО(р)) -• аО{р)ф. 

... 
The complete matrix of statjstical eгrors fог ф [ 4] 

Va r $ = (Ртv·•р • aO(p)) · •pTv-•P(PTv- •p • аО(р))-•. 

(8) 

(9) 

{10) 

(11) 

(12) 

Th e least - squares method e xcludes distoгtions , and as а result we have а Ыg 

noi se in the solution . T he solution obla ined from the гegulaгization method is 

dis torted Ьу the staЫiizer аО(р), b ut here the noise c? mponent can Ь~ mad~ 

rea sonaЬiy small . The dependence of the Ыаs and the statisti~ l error on а is 
1. 

s ketched in fi g . 5 . 

8 
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As can Ье seen from (11) , the Ыаs de~reases if а decreases . The Ьias can 

Ье consideraЬiy d imin ished if one 1,1ses some а priori information in the form of а 

pa r ametrization of F2 = F2 ( x , 0 2 , р 1 , р 2 , .. . ) wh ich follows ·from theory or 

f rom other exper iment al data; we will call this F2 the trial function. For this 

purpose let us represent equation (3) in the form 

7 = Роо- •ф • t , 
\VIler·e 

D d iag (ф 1 tr ' · · · , Фn tr) , 

and 

"' 

Ф i tr 
F2 (x i, о 1 • , р , , Р а, .. . ) . 

We now obt a in а new eq uation 

..... ~ 

f = Р ' ф ' 
... (13) 

• t , 

where 

р' PD and ф· 
~ 

о - •ф . 

~ 

~ 

For а properly chosen tr ial function ф' has equal components . As follows from ... 
(9) , С}(р)ф' " О, therefore the Ыаs in 4> is small . 

..... 
After solv ing equation (13), ф is readily oblained from the equation 

~ ~ 

ф = оф·, 

.and we can f ind the structure function in the Ыn centre.s, with the approximate 

formula 

'А ~ 
Фс = Dсф ' 
wl1 e re Dc . is а ~t r· i ~ with tl1e trial funct ion values in the Ыn centres . 

Ыаs of t he est imator ф oblained using а tria l funct ion is ' 

9 
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Bias ~ D(P'T v-lp' • aO(p))- 1 aO(p)f 

' 

and the complete matrix of errora 

Var i = D(P'TV- 1 P'. + aЩp))- 1 P'TV- 1 P'(p'TV- 1 P ' • aO(p)) - 1 D. 

5 . Generalization of the regularization methocl for а matrix Р wlth errors 

Лnу of .the two methods mentioned in section 2 allows to obtain the resolution 

function , o r tlte matrix Р, with statistical errors . The r eal matrix elernent Pjj 

equals 

Pij = Pij • ~ij, 

wltere Pjj is tJ:te true value of the matrix element and ~ij is а random value with 

E~ij = О, Var ~ij = dij , Cov ~ij~kl • О . 

lf we calculate р .. Ьу the Monte Carlo method, then 
IJ 

[ 

d ij w.• · I (g1)2/(I w1J2 . 
1 1 

' . -

He r·e , tl>e summation co11vention is the same as fo r the corresponding matri x 

element Pjj (5) . Wl>en the matr·ix elements in eq . (3 ) have statistical errors , it 

ca вnot Ье solv ed satisfactorily in the least - squares sense [6] , but it may Ье 

solved in the f r amewor k of tlte max imum likelihood method Ьу minimizing the 

like liltood funct ion logaritlt m (9] 

m 

I (fi 
i=1 

' 

n 

I P ij$j )2 
j= 1 

n l 

(I d .. ф . • • а . •) - 1' + const . 
11 1 1 ~ 

j=1 

' 
10 
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As s hown in (1 0 ], а good approx imate solut ion of t h is ·. proЫem is 

- т ~ Ф = (Р v- ~p - ::: )Ртv- ч, 

wher e 

n n 

V = d iag ( I фi •d 1 i • а1 2 , .. . , I фi 2dm i + am•), 
i=1 i=1 

m n 
I d iag(dj1 , . .. ,dj

11
)/(I фi 2 dj i • ' a j' ). 

j=1 i=1 

...... 
• 

(14) 

~· 

Since the true valu e of_. фi wltich enters into the right - hand part of' (9) i~ 

u nknown , t lt e v al ues of ф from the p r evious experimen t can Ье employed , or ф 

can Ье found Ьу a·n iterat ion . Th is procedure is convergent as is shown in ref . 

[1 0] . General ization of (13) Ьу the regular ization method leads to the f inal .. 
expression fo r the estimator of ф : 

1 = D(P'Tv'- 1 P' - ::: · • aQ(p) )- 1 P'Tv' - 1f 

and for the Ыаs and the complete er ror matr ix 

'1! 
Bias ф = - + аснт - ч - ::: · + аО(р))ф, D(P'Tv'- 1 P' (15) 

Va r 1 : D(P 'Tv' - lp ' • аО(13)) -1 Р 'т v' -1 P' (16) 

х (P 'Tv '- 1 P' - :::· • aO(p)) - 1 D, 

wl1ere 

n n 

V ' d iag(I d 1i • а 1 2 , ... , I dmi + am_•), 
i=1 i=1 

m n 

I diag( ф 1 trd j1, . . . , ф 11 trdj 11 ) / (I d ji • aj
2

) . 

j=1 i=1 

11 

~ 

t 



6 . Choice of regularization parameters and of the trial function 

For cnoosing а we used the graphical method first a,pplied in ridge analysis 
· ~ 

[11] . Ву plotting the Ф ' ;(а) (ridges) ve rsus а we can obtain some idea as to the 

ill-cond ition ing of (3) . The value of а can then Ье chosen to Ье the min imal one 

below wl1 ich the system (3) becomes unstaЫe . ·For illustration purposes we have 

performed а computer experiment . ln this case pseudodata are obtained as 

follows : 

.... 
1 . д paraпietric formula fo r tl1e true function F2 is assumed ~ nd the vector ф 

is formed . 

... 
2 . .:Г hе actual matrix Р is multiplied Ьу t he vector ф and as а r esult we ... 

obtain а pseudoexperime\"tal vector f . 

3 . Using а random number generator with no rmal d istribution, fluct~tions ... 
are added to the vector f . These fluctuations co rrespond to the actual 

statistical errors of the experimental distri b ution . 

4 . ln the same way fluctuations a re added to the elements of the matrix Р . 

These ftuctuat ions correspond to the actual statisti«al errors of the matrix 

elements . 

Since we know the true F2 in the simulation proЫem , its solution allows us to 

understand, in genera l, tl1e infl uence of cl1oosing J he а, ~ and trial funct ion s 

on the quality of the reconstruction . As а true F2 , we chose the following 

parametrization [12] ' 

F,"(x , Q2') cxao•a1s(1 - )~.·~1s 
Х: . , 

i•,....-

where 

s = - ln[g 2 (Q 2 )/g 2 (Q 2 o)] , g 2 (Q 2 ) 16п2 (~0 1n(Q2/Л>)) -' , 

with the following parameters : Q2 o 110 GeV2 , с 1 .46 , ао 0 . 49 , а, - 0 . 81' 

12 

\-

~ 

.... 
с:) 

х .. 
о .... .. ., 
01 
~ 
а: 

<D 

01 
u.. 

._. 

"' .; 

. 
-2 . 
О> ... 
0: 

... .. 
;;: 

~ 
~ 

........ -

::: 

"' :g "" .,... 

~ 

'j 

~ з::::'t< 1 1 ::а 1 

.n ,... 
о 

11 

х .. 
о .... .. ., 

• 01 
'О 

а: 

сО 
01 

н r t~ t~ t· t· ·1 , 
11 11 11 11 ~· 1 ,.."' ' 11 11 11 " " ... rottl .... •• 

f'ofa ""а Ъ "Ь о о '""о , ... c:ll "'cs "Ь ,...о ... о c::t о 

~ ~ ~ ~ ~ 

u: 
~ -

о о о о о о о о о о о о ~ ~ "' "" "" "" "" "" "" "" "" "" "" "" .,; 

s; L 1 , 1 \......,.......,"'тт''l-r"~'rf-\~ ......... ~· 1 

:;: : 
.n 
~ 

о 

11 

~ . о . х .. 
о 

~ 
с ... .. .. 

~ 
о 01 
~ 'О 

а: 

,... 
:;;: :;;: 01 

u.. 

Ъ j -a l -.. 
~~~...,....J.---L-

i': 1 ~ , ~~ ~, ~ 1 ~, :::1 ~, ~J ~., :::1 ;1 1 

ъ -~ i -~ -~ -~ .ъ -~ ,;· -~ ъ .ъ 1 
L~ --\.~\- """"''--\'"" ---\\-'-\ '"" ~~....J.. .... - - ). • ....---- '- J о 

ё ~ 
=;- -

. 

о 
.-' 

о 
.-' 

о 
.-' 

~ 

\ 

~ 

о 

.., 
:5 -
·g:-

~ 

13 

о 
.-' 

о 
.-' 

•о 
.-' 

о 
.-' 

' 



' 

Ро = 11 - 2/3f, f = 4, Л= 0 . 26 GeV, р, = 1.57, Ро = 4 .08 . This parametrizati.on 

satisfactorily describes the NA - 4 data puЬiished in ref . [13] . ln figs . 6 - 9, 

ridges are shown for different values of х. We use 13 = 1/30 and а trial F2 

equal to tl1e true F2 • The ridges are shown as а function of n , which is 

related to а simply Ьу а = 10011.2". We have chosen а = 100/1 . 235 · = О , 17, 

above whicb the system (3) is staЫe . Fig . 10 shows the reconstructed Fa for 

this а . Fig . 11 represents the correlation with the reconstructed F2 f c r 

different Ьin pairs . For comparison, f igs . 12 and 13 show the reconstructed F. 

with а= 100/ 1.225 = 1.05 and the corresponding correlatlon matrix. Figs . 14 and 

15 o · epo·eseпt tl1e reconstructed F2 and the correlation matrix with а = 10011 . 2•• 

0 . 03. А large positive correlation and the ·resulting smooth F2 correspond to 

а rcconstruct ion with а = 1.05. ln the case where tl]e trial function does not 

coincide with the true function, the reconstructed F2 for а = 1 .05 has а larger 

Ьias than in the case of а = 0 . 17 and а = 0 .03 . The noise component increases if . 
а decreases ; as we have see from fig.15 . lf а . is smaller than 100/1 . 270

, F2 can 

even become negative in some Ыns due to the behaviour of the ridges. The 

large positive correlation between the F,'s in adjacent Ьins iri the region of 

large х (х > 0 . 65) is due to the insufficient expeo·imental information (events, 

Ьins) in tl1is region . 
, The choice of the parameter- 13 mainly influences the character of the 

correlations for different parameters х and Q2 , and the value of а for which 

system (2) becomes staЫe. The best р , in our opinion, does not give large 

cvr-o·c la lions in any particular direction. Tl1is means that the smoothness in the х 

and Q 2 dio·ectioпs is tl1e same . The best J! is considered to Ье the one for 

\vl1ic l1 different ridges become staЫe at the same value of а. Figs.16 and 17 are 

slю\v F 2 and the corresponding correlation onatrix for 13 = 1, and figs . 18 and 19 

sl10w F2 and tl1e coo-respond ing correlation matrix for 13 = 1/60 . We chose а in 

both cases Ьу the method descгibed above . ln tl1e first case, we have а large 

pos itive correlation in the х direction, and the smoothness in the х direction is 

lao·geг tl1an in the Q 2 direction . 1 n the second case, we have large positive 

coг relations in the Q2 direction and а large smoothnes ~ in this direction . ln the 

case of 13 = 1/ 30, the smoothness is approximately the same in both directions. 

lt follows from (15) that the choice of the t .rial function influences the value 

of t l1e Ьias of the reconstructed structure functi_? n ; the dependence of the 

result on tl1e choice of the trial function is different fог different regions. 
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Fig . 11 Tl1e coпelation matrix for F2 with trial function 

equal to the true function, а = 0.17, 1! = 1/30. 

The only correlations shown are those greater than 

О . 25 in absolute value . The notation is the follow ing : 

• '* 0.25 < Cor($i' фj) ~ 0 . 5, 2 '* 0.5 < Cor(фi' Ci\J ~ 0 . 75, 
о!\ л .а л 

3 '* О . 75 < Cor(фi, фj) ~ 1., В '* - 0.25 > Cor(фi , фj) ~ - 0 . 5, 

С'*- 0 . 5 > Cor(фi' фj) ~- 0 . 75, D '*- 0 . 75 > Сог(фi ' фj) ~ - 1. 
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Figs . 20 and 21 show the reconstructed structure function for two trial functions 

поt equal to the true F. : in the form (4) with parameters р, = О. 7, р2 = 10.S6-, 

р 3 = 3: 52, р4 = - 0.22 апd iп the form : 
F2 (x rQ2 ) = р,(1 - xJP> (17) 

with р 1 = О. 5 апd Р• = З. 52 . 

We see that, the recoпstructed F2 depeпds stroпgly оп the trial fuпctioп iп 

the regioп of large_ х, due to iпsufficieпt statistics of the experimeпtal data апd 

tl1e poor resolutioп of the experimeпtal set-up iп this regioп. 

Tl1e Ьias сап Ье dimiпished Ьу choosiпg the most рrоЬаЫе paгameteгs for the 

· giveп paгametгizatioп, usiпg ап iteratioп procedure. This pгocedure uses iп 

eacl1 step t,he tгial fuпctioп parameters obtaiпed from а fit to the structure 

fuпctioп recoпstгucted iп the precediпg step . Fig.22 shows а recoпstructed 

structure fuпctioп at the 10th step· of ап iteratioп procedure with а trial 

function iп tl1e form (4) (first step as showп 'i п fig. 21) . 

Tl1e pгoposed p.rocedure of choosiпg the regularizatioп parameters gives а 

value close to the miпimal root-meaп-square eгror of the structuгe fuп~tioп for 

the giveп trial fuпctioп. , or for the respective parametrizatioп of the trial 

fuпctioп wheп ап iteгatioп procedure is used . The root-meaп-square error of а 

фi is defiпed as 

"Ф - ( "• А i m.s.- Аф i • ( Bias ф. )2)- 2 
stat 1 • 

lп fig.5, this is the distaпce fгom the origiп o.f the coordiпate system to the 

curve (A~i stat(a), Bias ~i(a)). 

Bias апd statistical erroгs decrease if the statistics of the experimeпtal data 

is iпcreased, iпcreasiпg the пumber of Ьiпs for the expeгimeпtal data 

accordiпgly, апd if the statistical errors of the matгix elemeпts аге гeduc~d [1, 

4, 10) . 

7. Coпclusioп 

We may summari.se the maiп results of this paper as follows : 

1 . We have d";rived the basic iпtegгal equatioп .. 

2 . We l1ave tгaпsformea the basic equatioп. to ап algebгaic form suital:!le fог 

computeг calculatioпs, апd pгoposed ап algoгithm giviпg expressioпs fог 

thё estimatoг of the structuгe fuпctioп, fог the- Ьias of the estimator, апd 

the full егrог matгix. 

22 

3 . \Ve l1ave sl10wn l10w to choose the basic regulaгizatioп par!lmeteгs апd how . 

to use а pгiori infoгmatioп to гeduce the Ьias of the estimator. 
\ ~ 

The proposed method is very geпeral апd сап Ье used iп апу scatteriпg 

expeгimeпt to соггесt measured distгibutioпs for effects of experimeпtal 

гesolutioп . 

The authoг would like to t.han.k l.д. Savi·п апd V.V. Kukhtiп for support of 

tl1 is woгk апd useful discussioп, апd D. В . Ропtесогvо апd R. Voss for а cгitical 

гeadiпg of the maпuscгipt . 
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В Об-ъединенном институте яде-рных исследований начал 

выходить сборник "Краткие сообщения ОИЯИ". В нем 
будут nомещаться статьи, содержащие оригинальные научные, 

·научно-технические, методические и nрикладные результаты, 

требующие срочной nубликации. Будучи частью "Сообщений 

ОИЯИ", статьи, воwедwие в сборник, имеют, как и другие 

издания ОИЯИ, статус официальных nубликаций, 

Сборник "Краткие сообщения ОИЯИ" будет выходить 

регулярно. 

The Joint Inst~tute for Nuclear Research begins puЬli­
shing а collection of papers entitled JINR Rapid Corrurrum"" 
aations which is а section of the JINR Co11111unications 
and is intended for the accelerated puЬlication of impor­
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogenics. 
Comput i ng ma thema t i cs а nd methods ·, 
Solid state physics . Liquids. 
Theory of condenced matter. 
Applied researches. 

Being а part of the JINR Communications, the articles 
of new collection like all other puЬlications of 
the Joint Institute for Nuclear Research have the status · 
of official puЫications. 

JINR Rapid Communiaations wi 11 Ье i ssued regul arly. 


