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Fig.l. Schematic graph presenting the muon-catalysis
fusion chain in a target consisting of one hydrogen
isotope (D, or T, ) and possible admixtures of ele-
ments with Z>1.

which are usually referred to as kinetic equations. Solutions
of the kinetic equations have been discussed in different ap-
proximations by several authors, both for the mixtures of hyd-
rogen isotopes /11-16/and, in more detail, for the one-component
targets/17*°( So far, attention has been focused mainly on the
"all-cycles'" (AC) solutions which describe sums of the consi-
dered quantities taken over all cycles initiated by a single-
muon. Recently, the formulae have been also obtained which desc-
ribe the separate Sycles of the muon-catalysis chain in the one-
component targets*/18-20/ guch a cycle-by-cycle description is
better suited for experiments in which only a limited number
of cycles 1is registered. In 18/ it has been assumed that kine-
tics of the chain is solely determined by the process of u -
molecule formatien. This is justified for the (D+D)u~fusion
where the rates of other processes are expected to be much
higher (210%s ! )72/ g0 that, at least for t > 10 ns, their
influence can be neglected. In/1%:2% puclear synthesis in the
u-molecule has been additionally taken into account to obtain
the formulae relevant for the description of the (T+T)p chain,
where the corresponding fusion rate can be as low as 107s~1/22/
In the present paper we derive cycle-by-cycle formulae
which enable one to introduce any number of intermediate steps

* In/2% an approximate cycle~by-cycle formula for the (D+T)u-

fusion is also presented. ; .
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leading to the muon-catalysed synthesis, i.e., besides the pro-
cesses mentioned above, the creation of u-atoms and p-molecu-
les in the excited states and their deexcitation towards the
ground state. Although the rates of these processes are expec-
ted to be rather high, we derive our formulae without any ap-
proximations and leave open the question of the magnitude of
the transition rates.

By introducing appropriate admixtures of elements with Z>1
information about the rates of processes in pure D, or T,
can be supplemented to include the rates of muon transitions
from hydrogen to heavier nuclei. Transitions to helium are here
of particular interest as both ®He and %4He are produced in the
Dy, ~ T, target and are probably the primary fuel poisoning fac-
tors to be taken into account.

2. FIRST CYCLE EQUATIONS

The kinetic equations describing the first cycle (no muon
feedback) are:

dN (®)

dt
dN, (1)
dt

= ANy

= AN (1) + 2Ny ()

S e €D

dN (1)

=== AN N0

D T T I I N B A )

N, dg (t)
dt dt

where N;(t) are particle numbers in each of the nodes in Fig.l,
¢é(t) represents the muon source, and

Ai=Ai+Aoa-§ALz o 2)

In Eq.(2) A; are transition rates between the nodes, Ag =
= 0.455 ps~! is the muon decay rate and Ai, are the corres-
ponding rates of transitions (i) » {Zp). Let wus choose also
N;(®) =0, (1) =0 for t<O.

The time distributions of signatures which can be associated
with (i) » (i-1) transitions are given by:

x;(® —SX() =MN; 0. 3)

In particular, for the signatures of the fusion events we have:

AN (1)
dt

F(t) = =MN, 0 (4)

and correspondingly for the time distribution of Zp-atoms

dNzy
dt

= 2A, N0, . (5)

° where summation goes over the muonic and B -atomic nodes.

After taking the Laplace transform of Eq.(l) one obtaines
immediately:

N =0T (980, )
where
w M - ' '
‘G (s) = II S : o 7)
i=18+ A, i

s denotes the Laplace transform parameter and n is the number
of nodes in the chain.

3. "ALL-CYCLES" (AC) SOLUTION

The solution for all cycles is readily obtained from Eqs.
(6-7) by closing the muon feedback loop:

RO A ORICR ®)
where S
(n) : ;
Gy’ (9)
Gc™ () = . (9)

120 -0) c(“’(s)

1

For ¢(t) given by the step function which corresponds to one
muon entering the target at t=0, the Laplace transform of
the (AC)-time distribution of fusion events is:

n
0,
A0y @ 5y o 2l . (10)
n n
191(S+A1)-(1 -w)-il:__ll)ti

The most immediate result following from Eq. (10) is the formu-
la for the (AC)-yield of fusion events:

inl/\
(s=0) = = . (11)

F(AC)
n n

I A -0~ IF A,
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The {AC)-time distribution of fusion events can be obtained
by taking the inverse transform of (10):
5t
[ n n e o
r%%0 - (1 A 2 : 12)
i=1

)
e i ki-r.)
1

where 1; are zeros of the denominator in the RHS of Eq. (10).
Since (1-w)<1 and A;>A; all t; are negative.

4. CYCLE-BY-CYCLE KINETICS

The time distributions for the separate cycles are of great
importance both for understanding the kinetics of the muon-ca-
talyzed fusion and for the analysis of the experimental data.

Let us expand FACYs)in terms of (1-w). From Eq.(9) one has

FAOH - 5 G-t Lie@mit - 2 F (9. (13)
k=1 : k=1

In time variable Eq.(13) reads:

FL0 =0 o) B meE (e . oF 0 (14)

k—fold convolution

which, in an obvious interpretation’!?/ gives us the time dis-
tribution of fusion events ending the k-th.cyclg.
In analogy to Eq.(11), the k-th cycle yield is then

k-1 LI SRS :

Y, =-0) (H ) . (15)

i=1 i

Again, the k-th cycle time distribution of fusion events can
be written as:

v n ~k
Pe® = Q-0 (A" el gy, 0, (16)
1=
where
oa® : oL &1 an
QX A g, ) = 71T 2 .

The explicit form of the inverse Laplace transform in Eq.(17)
is:

6
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e e i-1 k-1+ 0. k-1+1p)!
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In the Appendix we list the formulae for the first four no-
des which can be useful in the analysis of the experimental
data from ‘the Dp(Tp) targets.

The yields and time distributions of signatures associated
with (i) - (i-1) transitions in the K -~th cycle of the #-cata-
lysis chain can be found from the relation: '

k-2 (n) k-1 i i
O L Ol B e

, 19

which represents the convolution of Fy_;(t) for the preceding
(k-1)cycles with the function describing the k -th cycle, trun-
cated at the <i-th node. ‘ '

If there are more than one nuclear synthesis channels (as -
in the D+ D fusion) the time distribution of their signatures
can be obtained by substituting in Eqs. (15-19): '

i ’ ; ;
with
x1=%x1'j ( ' ’ . (21)

and multiplying the resulting expression by the branching ratio
bj==X1; /Al,hld being the transition rate into the } -th chan~
nél and w; the corresponding sticking coefficient. :

In most experiments the signatures of fusion and other
internode transitions are detected with efficiency e<1l. Ac-
cording to the arguments of Ref.”18/ the Laplace transform of
the time distribution of the first registered ‘cycle is:

F@® e 300 PG " (22)
i k=1 | ‘
which, using Eqs. (10,13), can be written as:
; -
: {00
Fi(s) = ¢ - . o (23)

n - : ; n :
i=H1(S+A1 )'(1-‘”)'~(1“)'i2,1)\1 |



where ¢ is the experimental registration effieciency of fusien
events. Analogously to Eq. (14} the corresponding expression
for the k—th registered cycle is

— E—~ ——— k

Fo6) = 0- o) LR ). (24)
Thusﬂﬁ;(ﬁ can be obtained by substituting in Eq. (16)

(HAE) —)t’ﬂxi, At*-si’ (25)

where 8; are zeros of the denominator in Egq.(23). Analogously,
for several fusion channels, substitutioms (20,21) should be
made and ¢ replaced in (23) by ¢; b;, where ¢; is the regist-
ration efficiency for the j-th channel, and bj the correspond-
ing branching ratio.

5. DISCUSSION

To illustrate the obtained dependences we show 1in Figs.Z-5
the time distributions of fusion events ending the first few
cyeles®. In all figures o = 0.1 which is approximately the
value af the stxcklng coefficient in both (D+ D)p- (sHe+n)u
and T+ T)u -~ ( He+n)y.

Fig.2 1illustrates, for a one-component target (concentrati-
on of admixtures €, = 0), introducing of the consecutlve
nodes differing by one order of magnitude: At = lus”™ 1 ¢1 node);
Ay, Az =10us™" (2 nodes); Ap,Az,A3 = 100 us™ and Ay, Ag,
Ag,Ag = 1000 us~!. It is seen that switching on an additional
node with A by one order of magnitude larger than the previous
one gives in this range of A; a significant effect even at
quite large t, especially in higher cycles. This effect is even
more pronounced for e< 1 which is rather obvious, as many cyc-
les contribute there to the first registered cycle. The appa-
rent advantage of observing the contributions from high - X
nodes at large t in experiments with small ¢ is, however, re-
duced by the decrease in statisties. In planning the experiment
attention should be given to the interplay of these two factors.

In Fig.3 we illustrate the situation whiech may arise in the
experiments with pure (C; =0) liquid deuterium and tritium tar-
gets. The curves in Fig.3a are for (D+D)u -fusion where A; =
=Ap= 0.t us~! (ddu-formation), Ag= A;=~ 10 3 us~! (fusioen in
tu )/23/ and Ag= Aggge = 5x10%s ! (cascade to the ground state

*The curves were obtained using the four-node formula (A.4)
of the Appendix. Curves for fewer nodes (n = 1%3) were computed
using also Eq.(A.4) and switching-off some of the nodes by
putting the corresponding A, very large.

Fig.2. Time distributions
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Fig.3. Time distributiens
of the first three cycles
initiated by a single muon

at t = 0: a) for Ag-=

= 0.1 ns ! x,— 103 us—t
X casc, 5 10 sl LA, =

= 10® -1 (as in the case

of (D+D)u—fusion). Con-
tributions from A, and
A, become visible only
below 1 ns. b) for A,

= 3 pus” t )\casc =5 104#5 ol
Aa = 108 us and varying
AT+ Ty —fusion). The
values of Ay are indicated
at the curves. Thick 1li-
nes are for l-node solution
(x, only), and the thin
ones for 2-nodes (A, in-
cluded). For X¢ = 500 ps—t
the effect of including
Agage 18 indicated by the
dots. Other comments as
in Fig.2.
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1h d‘f) According to the theoretical predictions, the fusion
rate 1n the tty mo]_ecu]_e, Af, may have values between: ST BN AU A AAL N SR LRLL B AL ST LA R S 1) [ L B 3 8 5 ) O e

1108, . ~1/22/ = : Fithus'{
10" = 10% us sand Ay = Ap =3 gt {25/ Fig.3b shows how fal ::

1n<.:1us?on of different Ay modifies the I-node (A1 only) dis-
(t:rlgutlon of the first two cycles. It is seen that in the se-
eon .eycle. Ag = Ay = 100 us gives a significant contribution w0’
ven at t=100 ns. The effect of Ay becomes visible in the re-
glon.of a few nanoseconds. . [
- Figs.4-5 present the ef'.’fect of contaminating the liquid tri- w0’
ium t‘:arget.: by.addlng admixtures of heavier elements. In Fig.4
tl:le t'sn.:uatlon 1s shown in which only Ag = Am +Ag +2At‘uz is
2y i - . - - %
mgnlficam‘:ly modified. A4, which is determined by the fusion 10°
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Fig.5. Time distributions of the first and second cycle

for € = l, }\f = 100 #Ss_l ,1’\ m= 3 ﬂs-l ’ Avc,a,sc =

: =5:10% pgs~! = =t . a) Ap is fixed at 10.5 us”

F(t)ps? —r 5+10% pus Ay 107us . a)Ag is fixed a Sus
).MS'L J b T VU LT o pr T and Agis varied as indicated in the figure, b) A is

B B fixed (30 us st ), As and A4are varied as indicated

in the figure.
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for Ag, Ag fixed and A4 varying, in Fig.5b. Preserce of higher
nodes is strongly reflected in the time distributions. However,
in the region of t > 10 ns the effect is practically reduced
to multiplication of the curve for C; = O by a factor A;/A;
which is obvious from Eqs. (16-18). More delicate effects ap-—
pear only below 1 ns. Let us remark that the modification of
A; is determined by the product of the known heavy element
concentration, C,, and the unknown exchange rate, A; ;.
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6. CONCLUSIONS
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The formulae presented above provide a practical tool for
the interpretation of the experimental data on the muon-cata-
e e 1ysed.fusi€>n it} a Dy or Ty target. Let us first.: remark that
107 1072 ;0_, Lol —L 1 Lol the time distributions .(16-18) are invariant W]..th respect to

10 10tus permutation of A; and independently of A;, which is a genera-
lization of the result of Ref. /17:19/ Thus, ascribing the ex-
perimental values to the particular nodes will require the
. use of variation of A; and A; with temperature (A, ), tar-
get density* (A ,A,;) or heavy element concentratien
(A, 5 Aggges Ap). In this respect measuring the signatures

il
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Aime distliilbutions of the first twe cycles for

> 'm =-.? ks » At =100 us 1! » Acase= 5:10% pg~1
0%ps™ , Ag is varied as indicated in the fi-

gure, A;=X;+ Ay for i# 2 ‘

Analogous curves, in which Ag is fixed and different hy-

Potheses for Ag are tried, are in Fi imi
s shown in Fig.5a and similar :
10 8 ly solution in Ref./17/,

* This effect was discussed in detail for the 2-node AC-

.
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of other transitions in the chain would provide useful additio-
nal information. : : :

As is seen from the discussion in the previous Section, even
relatively high transition rates can be appreciated in the 10-
100 ns region, especiallyin high statistics measurements of the
time distributions of the second or third cycle. Information
from such experiments supplemented with the data obtained in
other approaches will constitute & ‘helpful input for the ana-

lysis of (D+T)p-fusion chain.
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APPENDIX

The explicit expressions*fof Q?)KAly"ﬁAn,t) according to
Eq. (18) are: . : :

¥ tEl A o
Qy (Alyt)=m‘e s (A.1)

kK
. Kk 2 .
alla . B s @il ey

k-1 j=1G-1D(k-j)!
e_A1", e‘Aé‘}

x [ '(A.25

T g - —]
A=AEHIm1 (A ApEH-L

E KLy i e :
& 1 t (k+j=-2-0)(k=1+0)!
AALA L ) = o3 ;
Qp ApAy,AL,1) [k -1 j=1 ®-j)r f=0 f1(-1-0) =
: .Al.t —A2"
x[ 5 s 7 ot 2 7 ' 7 '
Ay Ag) il f A5 (A, p pRHTFIEEG G E
e-—Aatt
+ r 1, .
A ADELL g ] iR - (a.3)

12

e
@ (1) k k t ]
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bz j—21-2 k-2+j-0-mik-1+mik=-1+0)1

Xl=0 m=0 fm!G-1~f~m!
{ e—Art Tt
x (Al_A2)k+j—1—Z-m QA 1—A3)k+m-(A1-—A4)k+
—Ag-t
e 7
+ - =
(Az_Al)lH-;—l—-e—m (Az—As)k+m'(A2"A4) 4
—Ag.
e 8!
5 j=1~f~ k+f
(o Agiiibmg A B g g
—A4'C
. & . (A.4)

(Ag=AKFImI=bmp A E+m (a  pAgE+t

In particular, for n =1 and 2 our formulae coingig? with
the one- and two-node approximations of Refs.”18/ and 719/, res-
pectively. .

For the time distributions of the registered cycles (regist-
ration efficiency €< 1) substitutions (25) have to be used.
When several fusion channels are present the formulae should
be modified as described in Section 4.
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