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Fig. 1. Schematic graph presenting the muon-catalysis 
fusion chain in а target consisting of one hydrogen 
isotope (D2 or т2 ) and possiЬle admixtures of ele­
ments with Z > l. 

F 

which are usually referred to as kinetic equations. Solutions 
of the kinetic equations have been discussed in different ap­
proximations Ьу several authors, both for the mixtures of hyd­
rogen isotopes / 11-16/and, in more detail, for the one-component 
targets 117-201_ So far, attention has been focused r1ainly on the 
"all-cycles" (АС) solutions which describe sums of the consi­
dered quantities taken over all cycles initiated Ьу а single 
muon . Recently, the formulae have been also obtained which desc­
ribe the separate c;,cles of the muon-catalysis chain in the one­
component targets* 18-201.Such а cycle-by-cycle description is 
better suited for experiments in which only а limited number 
of cycles is registered. In1181 it has been assumed that kine­
tics of the chain is solely determined Ьу the process of ~ -
molecule formation. This is justified for the (D+D)~-fusion 
where the rates of other processes are expected to Ье much 
higher C;::I09s - 1 ) 1211 so that, at least for t ;:: 10 ns, their 
influence can Ье neglected. In 119·201 nuclear synthesis in the 
~-molecule has been additionally taken into account to obtain 
the formulae relevant for the description of the (Т+Т)~ chain, 
where the corresponding fusion rate can Ье as low as 107 s - 11221. 

In the present paper we derive cycle-by-cycle formulae 
which enaЬle one to introduce any number of intermediate steps 

* In 1201 an approximate cycle-by-cycle formula for the (D+ Т)~­
fusion is also presented. 
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Jeadiпg to the muoп-catalysed syпthesis, i.e., besides the pro­
cesses meпtioпed above, the creatioп of ~-atorns апd ~-rnolecu­
les iп the excited states апd their deexcitatioп towards the 
grouпd state. Although the rates of these processes are expec­
ted to Ье rather high, we derive our forrnulae without апу ap­
proximatioпs апd leave ореп the questioп of the rnagпitude of 
the traпsitioп rates. 

Ву iпtroduciпg appropriate admixtures of elemeпts with Z > l 
iпformatioп about the rates of processes iп pure D2 or Т 2 
сап Ье supplemeпted to iпclude the rates of muoп traпsitioпs 
from hydrogeп to heavier пuclei. Traпsitioпs to heliurn are here 
of particular iпterest as both 3 He апd 4Не are produced iп the 
D2 -T2 target апd are probaЬly the primary fuel poisoпiпg fac­
tors to Ье takeп iпto accouпt. 

2. FIRST CYCLE EQUATIONS 

The kiпetic equatioпs describing the first cycle (no muon 
feedback) are: 

dN r(t) = Л1Nl(t) 
dt 

dN1 (t) --Л N (t) + Л2N2(t) 
-- - 11 dt 

~N i(t) _ =_Л 
1 
N 

1
(t) + \+ 1 N i+ 1 (t) 

dt 

dNn (t) dф (t) 
---=-Л N (t) + ---dt n n dt ' 

( 1) 

where N 1 (t) are particle пumbers iп each of the nodes iп Fig. 1, 
ф (t) represents the muoп source, апd 

Л i = Л i +Л О + l Л i,z 
z 

(2) 

Iп F.q.(2) Л 1 are traпsitioп rates betweeп the nodes, Ло = 
= О. 455 ~s- 1 is the muoп decay rate апd Л i,z are the corres­
pondiпg rates of transitioпs (i) -+ (Z~). Let us choose also 
N1(t) =0, ф(t) =0 for t<O. 

The time distributioпs of signatures which сап Ье associated 
with (i) -+ (i -1) transitions are giveп Ьу: 

dX1 (t) 
х i (t) dt 

= л1 N 1 (t). (3) 

4 

Iп partic,ular, for the sigпatures of the f·usioп eveпt$ we have: 

dN r<t) 
.F(t) = -- = Л 1N 1 (t) (4) 

dt 

апd correspoпdiпgly for the time distr~butioп of Z~ -atoms 

dNZ/.t 

dt 
=:Н. N . (t), 

l,Z 1 

where sumrnatioп goes over the rnuoпic апd ~ -atomic пodes. 

(5) 

After takiпg the Laplace traпsforrn of Eq. (1) опе obtaiпes 
imrnediately: 

Nr(s) = ·с<;> ( s) ·Ф(s), (6) 

where 

(n) n Л i 
С 1 (s) = П --- ,_ (7) 

i=1S+Лi 

s d'eпotes the Laplace traп.sforrn pararneter апd n is the пurnber 
of nodes in the chain. 

3. "ALL-CYCLES" (АС) SOLUTION 

The solution for all cycles is readil y obtained from Eqs. 
(6-7) Ьу closiпg the rnuon feedback loop: 

N (AC\s) =С (n) (s) · Ф (s). 
r 

where 

С (n) (s) 
С (n) ( s) 

1 

1 - (1 -w)· 'C (n)(s) 
1 

(8) 

(9) 

For ф(t) giveп Ьу the step function which correspoпds to one 
muon eпteriпg the target at t =О, the Laplace traпsform of 
the (AC)-time distribution of fusioп eveпts is: 

F (AC)(s) С (n) (s) 

n 
п л 1 i = 1 

n n 

i ~ 1 (s + Л i ) - (1 - w). i ~ 1 Л i 

( 1 О) 

The rnost imrnediate result followiпg from Eq. (10) 
la for the (AC)-yield of fusioп eveпts: n 

1s the formu-

у (АС~ f F(AC~t) dt = F (AC)(s = 0) 
о 

п л. 
i = 1 1 

= --п--------п--. 
П Л . - (1- w)• П Л . 

i= 1 1 i= 1 1 

(\1) 
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The (AC)-til!le distribution of fusion events can Ье {)btained 
Ьу taking the inverse transfoтm ef ( 10): 

F (АС)(~) = ( ll Л . ). ~ 
. 1 1 . 1 n 
1 = 1 = П (r - r . ) 

j = 1 1 J 
j ;t 1 

е ri t 
(12) 

where ri are zeros of the denominator 
Since (1- ш) < 1 and Л i > Л i all r i are 

in the RHS of Eq.(10). 
negative. 

4. CYCLE-BY-CYCLE KINEТICS 

The time distributions for the separate cyc1es are of great 
importance both for understanding the kinetics of the muon-c a­
ta1yzed fusion and for the ana1ysis of the experimenta1 data .. 

Let us expand . F(AC~s)in terms of (1- ш). From Eq. (9) one has 

F(AC)(s) = I (1-ш)k-l.[ 'G(n\s)]k 
k=l 1 

}.; F k (s) • 
k=1 

(13} 

In time variaЫe Eq.(13) reads: 

k-1 
.F k (t) = (1 - ш) · F 

1 
(t) * F 1 ( t) '1' ~ ... *F 1 (t) 

(14) 

k- fold convolution 

which, in an obvious interpretation 1 1 9~gives us the time dis­
tribution of fusion events ending the k-th cycle. 

In analogy to Eq.(11), the k-th cycle yie1d is then 

k-1 n Л i k 
у k = (1 - (JJ) • ( fl -) 

i= 1 л i 
( 15) 

Again, the k -th cycle time distribution of fusion events can 
Ье written as: 

k-1 n . k (n) 
Fk(t) = (1-ш) ·< . п лi) .Qk (Л 1 , ... ,л ,t), 

1 = 1 n 

where 

(n~ -1 ° 1 k 
Qk (Л 1 , ... , Л 0 , t) = ~ [( П ---) ]. 

i=1 s +Лi 

(1 б) 

(17) 

The explicit f orm of the inverse Laplace transform in Eq.(17) 
is: 

6 

(n) ) 
Q k (Л 1 ' ••• ,Л n ' t 

(-1 )(n -l)k 

[(k-1~-1 
n 

х . I. е -Лi. t 
1= 1 

I. j- 1 
е < е 1, ... ,ер' .. е 1, ... е е > р f i n Р''" n 

k 

I. 
t k-j 

х 

j = 1 (j -1)1 (k- j) 1 

(k-1+ f1)! ... (k-l+f 0 )! 
n . k +fp 
П (Л . - Л ) 
р= 1 · 1 р 

р ;t i 

( 18) 

In the Appendix we 1ist the formu1ae for the first four no­
des which can Ье usefu1 in the ana1ysis of the experimenta1 
data from ·the D..z (Т2) targets . 

The yie1ds and time distributions of signatures associated 
with (i) __, (i -1) transitions in the k -th сус1е of the I.L -cata­
lysis chain can Ье found from the re1ation : 

k-2 (n) k-1 1 

x . (s) =(1-ш) .[а 1 (s)] .(1-ш)·.П 
1 J=П S + Л j 

Лj 
(19) 

which represents the convolution of Fk_1 (t) for the preceding 
(k-1)cycles with the function descriЬing the k -th cycle, trun­
cated at the i-th node. 

If there are more than one nuclear synthesis channels (as 
in the D + D fusion) the time distribution of their signatures 
can Ье obtained Ьу substituting in Eqs. (15-19): 

(1- ш)Л 1 -+ 

with 

Л1= ~ л1,j 
J 

}.; (1 - ш j )Л 1, j (20) 

(21) 

ratio 
chan-

and multiplying the resulting expression Ьу the branching 
ь j =л 1,j 1 ,\1• л 1,j being the. trans~ti?n rate i~t? the j -th 
nel and шj the correspond1ng st1ck1ng coeff1c1ent. 

In most experiments the signatures of fusion and other 
internode transitions are detected with efficiency €<1. 
cording to the argumEшts of Ref . 1 181 the Laplace transform of 
the time distr'ibution of the fitst registered 'cycle is: 

Ас-

-
00 

. k-1 
F 1 (s) = (. }.; (1 - () • F k (s) 

k = 1 
' (22) 

which, using Eqs. (10,13); can Ье .written as: 
n 

F 1 (s) 

П Л · 
1 = 1 1 

= ( • ---- ---- (23) 
n n 
П (s+Л . )-(1-ш)·(1-l)· П Лi 

i= 1 1 i = 1 
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where с 

events. 
for the 

is the experimental registration efficiency of fusion 
Analogously to Eq. (14) the corresponding expression 
k-tb registered cycle is 

- k-1 - k 
Fk (s) = (l- си) .[F 1(s)J (24) 

Thus Fk(t) can Ье obtained Ьу substituting in Eq. (16} 

(ПЛ i) _. с ПЛ 1 , Л 1 -+ - s 1 , (25) 

where s 1 are zeros of the denorninator in Eq. (23) . Analogously, 
for several fusion channels, substitutions (20,21) should Ье 
rnade and l replaced in (23) Ъу cj bj, where c.i- is the regist­
ration efficiency for the j -th channel, and bj the correspond­
ing branching ratio. 

5. DISCUSSION 

То illustrate the obtained dependences \le show in Figs .2-5 
the tirne distributions of fusion events endinp; the first few 
cycles *. In all figures си = О. 1 which is approxirnately the 
value of the stieking coeffieient in both Ф+ D)ll-> ( 3Не + n)IL 
and (Т + T)IL _, ( 4Не + n) tt· 

Fig.2 illustrates, for а one-coшponent tarr,et (concentrati­
on of adrnixtures Cz = 0), introducing of the consecutive 
nodes differing Ьу one order of шagnitude: Л 1 = 1 f.L s -l (1 node); 
Л1,Л~=101!s- 1 (2 nodes); Л1,Л2,Лз = 100 JLS-

1 and Л1, Л2, 
Л 3, Л4 = 1000 tts - 1. It is seen that switching on an additional 
node with Л Ьу one order of rnagnitude larger than the previous 
one giv€s in this range o f Л i а significant effect even at 
quite large t, especially in l1igher cyc les. This effect is even 
rnore pronounced for t < l which is ratl1er obvious, as rnany cyc­
les contribute there to the first registered cycle. rhe appa­
rent advantage of observing the contributions frorn lligh - Л 

nodes at large t in experirnents with sшall с is, however, re­
duced Ьу the decrease in statistics. In planning the experirnent 
attention should Ье given to the interplay of these two factors. 

In Fig.З we illustrate the situation which rnay arise in the 
experirnents with pure (Cz =О) liquid deuteriurn and tritiurn tar­
gets. The curves in Fig.Зa are for(D+D)IL -fusionwhere л 1 = 
=Лm"'O•llls-1 (ddj.L-forrnation), Л2= Лr"' 10 3/Ls-1 (fusion in 

/ 23 / 4 -1 
ttм) and Лз= Лсаsс "' 5xl0 s (cascade to the ground state 

*тhе curves were obtained using the four-node forrnula (А.4) 
of the Appendix. Curves for fewer nodes (n = 173) were cornputed 
using also Eq. (А.4) and switching-off sorne of the nodes Ьу 
putting the corresponding Л 1 very large. 
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Fig.2. Tirne distributions 
of the first three cycles 
initiated Ьу а single rnuon 
at t = О f0r Л 1 = 1 /LS- 1 

Л 2 = 10 i!S - 1 , Л 3 = 100 llg-1 
and Л4 = 1 000 ILS -1 • The nurn­
ber of nodes included in 
an increasing order is in­
dicated at the curves. Re­
gistration efficiency is 
с = 1 and no contarninations 
Ьу Z > 1 are present. 
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Fig.З. Time distributions 
of the first three cycles 
initiated Ьу а singJe muon 
at t = 0: а) for Л m = 
= 0. 1 1L S -l , Л r = 10 3 f.LS-1 

Acasc = 5·10 4/Ls-1 • Ла = 
= 1 о 6 ~s - 1 (as in. the case 
of (D+D)IL-fusion}. Con­
tributions frorn лсаsс and 
Ла becorne visiЬle only 
below 1 ns. Ь) for Лm = 
= 3 lls- 1 , Л casc = 5 .\0 4 /ls-1 
Л а = 106 tLS - 1 and varying 
Л r(T + 'I) fl -fusion). The 
values of Л r are indicated 
at the curves. Thick li­
nes are for 1-node solution 
(Лm only), and the thin 
ones for 2-nodes (Лr in­
cluded). For Лr = 500 p.s-1 
the effect of ineluding 
Лсаsс is indicated Ьу the 
dots. Other cornrnents as 
in Fig.2. 
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in ~) 124~ According to the theoretical predictions, the fusion 
rate in the t~ molecule,Лr, may have values between 
10

1
710

3 
p.s-

1 1221
, and Л1 =Л m"' 3 P.s-1 125~ Fig.3b shows how 

inclusion of different Лr modifies the l~node {Лt only) dis­
tribution of the first two cycles. It is seen that in the se­
cond. cycle . л2 = Лr = 100 p.s-1 gives а significant contribution 
even at t~IOO ns. The effect of Л 3 becomes visiЬle in the re­
gion of а few nanoseconds. 

Figs.4-5 present the effect of contaminating the liquid tri­
tium target Ьу adding admixtures of heavier eleшents. In Fig ·.4 
the situation is shown in which only Л2 = Л m +Л о + IЛ ~.z is 
significantly modified. Л1, which is determined Ьу the fusion 
rate, Лr, is not a~fected Ьу the admixtures. As is expected, 
the large time tails become steeper and differ consideraЬly 
for different hypotheses. The curves are determined practical­
ly Ьу the first two nodes, the effect of Л 3 becoming pronoun­
ced only below 10 ns. 

1.0 

А- 3.5 
в- 1 о.5 
с- зо.5 

Cycle: 
1--
2~~-

/.".,. 
// 

// 
// r. 
~~--, 

17/ ' ~ \ , \ 
\ 
\' 
~ 

10t.~s 

Fig.4. Time distributions of the first two cycles for 
л . -1 л -1 л 4 -1 

f = 1 , m = 3 P.s , r = 100 p.s , са в с= 5 · 1 О Р. s 
Л а= 10 вр.s- 1 

, Л 2 is varied as indicated in the fi­
gure, Л i = Л i + Л 0 for i f, 2. 

Analogous curves, in which л2 is fixed and different hy­
potheses f or Л3 are tried, are shown in Fig.5a and siшilarly 

JO 

Fщ~.~.-' 
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,..---...~· -
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// / ' 
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1

11/ '\' 
!1 1 ,. \ , __ !1! ,, 

2---- /// \ 
// 1 Q.9 . 1 

///~1 t/1 u F \ 
111 -лз . z л1 1 

!11 1 
111 

10-2 ю-' 10'' t.IJ>' 

Fig. 5. Time distributions of the first ·and second cycle 
for f = 1, '-r = 100 J.Ls-1 , Лm= J !!S-1 , Лсаsс = 
= 5·10 4 ~-~s- 1 ' Ла. = 1061-Ls-1 . а) л2 is fixed at 10.5 p.s-1 

and Л 3 is varied as indicated in the figure, Ь) А2 is 
fixed (30 p.s -

1 ) , Л3 and Л 4 are varied as indicated 
in the figure~ 

for Л2, Лз fixed and А4 varying, in Fig.5b. Pres.er.ce of higher 
nodes is strongly reflected in the time distributions. However, 
in the region of t ~ 10 ns the effect is practically reduced 
to multiplication of the curve for Cz =О Ьу а factor Л 1 /А 1 
which is obvious from Eqs. (16-18). More delicate effects ap­
pear only below 1 ns. Let us remark that the modification of 
Лt is determined Ьу the product of the .known heavy element 
concentration, С z• and the unknown exchange rate, Лi,z ·· 

б. CONCLUSIONS 

The formulae presented above provide а practical tool for 
the interpretation of the experimental data on the muon-cata­
lysed fusion in а D2 or т2 target. Let us first remark that 
the time distributions (16-18) are invariant with respect to 
permutation of Л 1 and independently of Л 1 , which is а genera­
lization of the result of Ref. 1 17•191. Thus, ascribing the ex­
perimental values to the particular nodes will require the 
use of variation of Л 1 and Л 1 with temperature (Лm), tar­
get density * (Л m, Л а.) or heavy element concentration 
(Л а , Л савс, Л m>. In this respect measuring the signatures 

* This effect was discussed i n detail f or the 2-node AC­
solution in Ref.1 17! . 
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of other transitions in the chain would provide useful additio-
nal information. · 

As is seen from the discussion in the previous Section, even 
relatively high transition rates can Ье appreciated in the 10-
100 ns region, especially in high stati.stics meq.suremen.ts of the 
time distributions of the second or third cycle. Information 
from such experiments supplemented with the data obtained in 
other approaches will constitute ~Ъelpful input for the ana­
lysis of (D +T)~t-fusion chain. 
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APPENDIX 

The expl ici t expressions · f or Q~n) (Л!', .... , Лn, t) according to 
Eq. (18) are: 

( 1) t k - 1 -Л 1 • t 
Qk (Л1,t) ~ ·е , (A.I) 

(k - 1)! 

k 
Q(2)(Л Л ) (-1) ~ (k + j- 2)! k-j 

k 1' 2't ~----· k ·t х 
(k-1)! j~1(j-1)!(k-j)! 

-Л 1. t , -А2 • t 
е е ' 

х [ + ------]' 
(ЛгЛ2)k+j-1 (ЛIГ Л1)k+J~1 

(А. 2) 

(З) . 1 k t k- j j- 1 
Q (Л ,Л ,Л , t) ~ • 2 ---. 2 

k 1 2 з [(k -t)!J2 j~1 (k-j)! е =о 
(k + j- 2- f)'! (k""l+f)! 
·-------- х 

P!U-1-f)! 

-Л 1 ·t -Л2 ·t 
х[ е + е + 

(Л1-'Л 2) k+ J-1- f(ЛгЛ ~ k+f (Л2-Л 1) k+J-1- f (Л 2-Лз)k+Р 

е 
-Лз·t 

+ -- - ] 
(Л -Л )k+J-1-l (Л -Л )k+f' 

з 1 3 2 
12 

(А. 3) 

k k k-j 
(4) - -- (- 1)- . . l _t _ ___ х 

Qk (Л1'Л 2 ,Лз,Л4 , t) - [(k- 1)!~ J=1 (k-J)! 

j -1 j- 1-f (k- 2 + j -е - m)! (k - l + m)! (k- 1 +е )! 
х l 2 -------------- --- х 

f=O m ~ o f !m!(j-1-f-m)! 

е 
-Л 1 • t 

х [----(л л ) k + j - 1 - P-m k + ---:--7Г + 
1- 2 (Л гАз) m. (Л1 -Л./н 

е 
-Л2· t 

+ -----------(Л 2- л1) k+j-1-f-m (Л2- Аз )k+~л2- л:)k+f + 

-Лз·t 
е 

+ ------------------- + 
(Л Л )k+j-1-f-m(Л Л )k+m (Л Л )k+f 
з- 1 • з- 2 • з- 4 

е 
-Л4• t 

+ ] . 
(Л 4 -Л1) k+ j -1-f-~ЛгЛ2) k + m . (Л4 -Лз) k+ f 

(А.4) 

In particular, for n = 1 and 2 our formulae coincide with 
the one- and two-node approximat ions of Ref s ,1 18/ and 1 l9 / , res­
pectively. 

For the time distributions of the registered cycles (regist­
ration efficiency f < 1) substitutions (25) have to Ье used. 
When several fusion channels are present the formulae should 
Ье modified as described in Section 4. 

P-EFERENCE S 

1. Jones S.E. et al. Atomkernenergie/Kerntechnik, 1983, 43, 
p.l79; Phys.Rev.Lett., 1983,51, p.l757. 

2. Gershtein S.S., Ponomarev L.I. Гl1y s.Lett., 1977, 72В,р.80. 
3. Vinitsky S.I. et al. Zh.Eksp.Teor.Fiz., 1978, 74, р.849 

(English transl.Sov.Phys., JETP, 1979, 47, р.444). 

4. Bystritsky V.M. et al. Phys.Lett., 1980, 94В, р.476; 
Zh.Eksp.Teor.Fiz., 1981, 80, р. 1700 (English transl.Sov. 
Phys., JETP, 1981, 53, р.877). 

5. Petrov Yu.V. Nature, 1980, 285, р.466. 

6. DoedeJ.H. et al. Phys.Rev., 1963, 132, p.I78Z; Кammel Р. 
et al. Phys.Lett., 1982, 112В, р.З19. 

13 



7. Bystritsky V.M. et al. Zh.Eksp.Teor.Fiz., 1979, 76, р.460. 
(English transl.Sov.Phys., JETP, 1979, 49, р.232). 

8. Balin D.V. et al. Preprint LINP, 895, Leningrad, 1983. 
9. Bystritsky V.M. et al. JINR, РIЗ-82-378, Dubna, 1982 

(in Russian); JINR, РIЗ-84-59, Dubna, 1984 (in Russian). 
10. Gershtein S.S., Ponornarev L.I. In: Muon Physics (Eds. 

V.H.Hughes and C.S.Wu). Acadernic Press, New York, 1975, 
vo 1 . I II, р . 14 1 . 

11. Gershtein S.S. et al. Zh.Eksp.Teor.Fiz., 1980, 78, р.2099. 
(English transl.Sov.Phys., JETP, 1980, 51, p.I053). 

12. Sornov L.N. JINR, 1'4-81-852, Dubna, 1981 (in Russian). 
13. Takahashi II. et al . Atornkernenergie/Kerntechnik, 1980, 36, 

р. 195. 

14. Lie S.G., Harrns А.А . Nucl .Sci.Eng., 1982, 80, р. 124. 
15. Sguigna А.Р., Harrns А.А. Atomkernenergie/Kerntechnik, 

1983, 43, p.l91. 
16. Kurnar А. Atomkernenergie/Kerntechnik, 1983, 43, р.203; 

Кarnrnel Р. et al. Atornkernenergie/Kerntechnik, 1983, 43, 
р. 195. 

17. Bystritsky V.M. et al. JINR, El-83-690, Dubna, 1983. 
18. Zinov V.G., Sornov L.N., Filchenkov V.V. JINR, 1'15-82-478, 

Dubna, 1982. 
19. Bystritsky V.H., Guta А., \lozniak J. JПШ, Е1-84-26, Dubna, 

1984. 
20 . Zinov V.G., Sornov L.N ., Filchenkov V.V. JINR, Р4-84 -45, 

Dubna, 1 984. 
21 . See, е. z. : Ponornarev L. I. Atomkernenergie /Kernteclшik , 

1983, 43, p.l75. 
22. Melezhik V.S. JINR, Р4-81-463, Dubna, 1981 (in Russian). 
23. Bogdanova L.M. et a l. l'hys.Lett., 1982, 11 5В, p.l71. 
24. Markushin V.E. Zh.Eksp.Teor.Fiz., 1981, 80, р.ЗS (English 

transl.So~ Phys., JETP, 1981, 53, р.17). 
25. Ponomarev L.I., Faifman М.Р. Zh.Eksp.Teor.Fiz., 1976, 

71, p.l689 (English transl.Sov.Phys., JETP, 1976, 44, 
р.886). 

14 

Received Ьу PuЬlishing Departrnent 
on March 16,1984. 


