


1. INTRODUCTION

The discovery of a resonance character of the ddg-molecule
formation’?/ in the sequence of processes leading to nuclear
reaction

d+d-3He+n D)

has given rise to a renewed interest in the investigation of
the muon-catalysis of nuclear fusion processes. In subsequent
experiments/3/ the high formation rate has been established
also for dty-molecules, which has confirmed earlier theoretical
predictions/4 of the presence of an analogous resonance mecha-
nism in the muon catalysis of reaction

d+t->%He+n. (2)

The latter result indicates that, apart from purely physical
interest, further studies in this area deserve effort also in
view of the emerging possibility of the practical application
of the muon catalysis in energy production/s/.

Extensive projects of investigation of the muon catalysis
of nuclear fusion are now under way at several laboratories.
The general idea of these projects is visualized in Fig.! which
presents the dominant processes leading to nuclear fusion in
a deuterium~tritium mixture. The main interest lies undoubtedly
in the investigation of the muon catalysis of reaction (2). It
is seen, however, that the dtp —fusion is unavoidably accompa-
nied by competitive processes leading to other nuclear reac-
tions. In the first stage the most important of them are:

a) the chain of processes leading to reaction (1)

p+Dg >du+D

(3)
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b) the chain
p+ Ty »tp+ T
! 4)
tp+ Ty — [(ttp)tel* + e
fusion
leading to nuclear fusion
t+t—s 4He+ 2n. (5)
Chains (3) and (4) can be studied separately using pure deute-
rium and tritium targets. Such relatively simple experiments

are necessary to obtain the required input information for the
analysis of the full scheme of Fig.l.

muon reproduction

—————t+p+QD__—.

@)—=(@p) e
beam . < =

e Hetn+ @-—
GO——tp)

——— Hee2n s (P
()

L« Hep+2n

Fig.l. Dominant processes leading to nuclear fusion
in a deuterium~-tritium mixture.

Chain (3) has already been studied in several experi-
ments’ *“"/. The data agree reasonably well with the theoreti-
cal predictions, though some discrepancies between the results
of Ref.’? and Ref.’®’ remain to be clarified. This notwith-
standing, the obtained results confirm the presence of a re-
sonance mechanism in the ddp -molecule formation (reflected in
the temperature dependence of the corresponding formation rate)

which can be explained by existenge of a weakly bound state in
the ddy-molecule.

On the other hand, no experimental data exist so far con-
cerning chain (4). According to theoretical predictions/7/
the tty -molecule formation should proceed here via a nonreso-
nant Auger-electron-ejection mechanism. Additionally, in cont-—
rast to reaction (1), where fusion rate in the ddpu-molecule
exceeds by several orders of magnitude the ddu-formation rate
itself €10%°s~! vs ~10%+10%s™! ), the two rates for reaction
(5) may have comparable values/’ﬂ/. This poses new problems
for the experimental investigation of the ttp —fusion which are
the subject of discussion in this paper.

In the next Section we present the formulae describing the
kinetics of processes (4) and recall the definitions of appro-
priate parameters. The sensitivity of the experimental charac-
teristics of chain (4) to the values of parameters is discussed
in Section 3. Section 4 contains concluding remarks.

2. KINETIC FORMULAE AND DEFINITIONS OF PARAMETERS

The kinetics of processes (4) is described by the following
set of coupled differential equations

dN“

de
dNt“ o

& =-{Aag +)\"“ )N'F +A, Ny \Vecy

(6.1)
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where N“ , N,“ ’ N"“ and N, are the numbers of muons, tp -
atoms, tty -molecules and final neutrons, respectively. The ki-
netics given by Eqs._ (6) does not include the mesomolecular
processes involving “He produced in tritium B-decay (see the
discussion in the next Section). The second term in the RHS of
Eq. (6.1) reflects the reproduction of muons which are released
free after fusion reaction (5) has taken place. Factor of two
in Eq. (6.4) takes account of the two neutrons in the final
state.

The parameters entering Eqs.(6) are: ), - muon decay rate
(AO = 0.455:10%s-1 ), A, - formation rate of p-atoms in the
ground state, Ay, - formation rate of the tty -molecules, Ag
fusion rate in the tty -molecule, o - probability of muon
"sticking” to 4He in the final state of reaction (5).



Determination of the parameters entering Eqs.(6) is most
naturally based on the analysis of the final neutron time-dis-
tribution, dN, /dt ,which can be easily measured and involves
all of the sought-for quantities. As the processes of ty and
tty —formation take place in collisions of muons (tp -atoms)
with tritium molecules, the corresponding rates can be assumed
proportional to target density

(1)
A =Xs,

1)
m =)‘tt“ é.

(7)
A

In this notation ¢=p/p,; , is a relative target density refer-
red to some arbitrarily chosen density p; . The values of para-
meters quoted in the literature are wusually referred to the
density of liquid hydrogen (p; =pg = 4.22:10*2cm™? ), For the
purpose of this work it was more convenient, however, to let
p; be chosen arbitrarily. In contrast to Ku“. the fusion rate
A and the sticking coefficient @ reflect intrinsic features
of the nuclear interaction between tritons in the ttp-molecule
and do not depend on target characteristics.

According to the theoretical estimates the expected values
of the parameters describing chain (4) are: A&” =10115‘1/9ﬂ
A0 3010857177/ | \( = 100210851 /8/ and o = 0.05:0.2/10/,

The set of Eqs.(6) can be solved in a routine way. However,
the resulting expressions are quite lengthy and contain the
physical parameters in a rather entangled form. The situation
is considerably simplified if one takes into account that
A 5> A, Then, for p/p, » 1072 and for t;>A7! Eqs. (6.1)
and (6.2) can be folded into one equation

dN,,,
at

:_()‘OJ')‘M,,L )N1p+(1"“’)’\fNup,' (6.5)

The characteristic equation for the set of Eqs. (6.3) and (6.5)
gives the following expressions for the exponents of the par-
tial solutionms: '

ri:_}g—lz'\0+(’\f"'\u“)(lt‘/l_")l- )
where
4AfAtt @
K= * . ¢°))

Taking into account the initial conditions: Nity (0)f=0 a?d )

N,,(0)=1, one obtains the familiar form for the time distri-
bution of the final neutrons per one muon stopped in the tar-

get:

dN,

< ~2B(e='-e™"), (10)
t

where, for the experimentally observed time distribution,
€A A
B- £ ey , (1)
0f+huu)V1—K

¢ being the registration efficiency of the tty -fusion events.
Let us notice for further use that time distribution (10) has
a maximun at

2A0 +(M+Au“ )(1+\/1—K)
Inl
2hg + (A + Ay, Y(1-V1=x) a12)
t) =
(A" +Att‘1 )\/I—K

and the total neutron yield corresponding to (10) is:

'\‘f '\‘tly,

=2¢ 5
Ag +Ag(Ag+A

(13)

tep )+)‘l'\tt“ @

To estimate the expected statistits and to enable one to
determine the optimal conditions for the ttp —fusion experiment
(target density, time of switching-on neutron registration after
the muon has stopped) it is useful to illustrate some of the
above dependences. Fig.2 shows the total neutron yle}ds calcu-
lated in the time interval (0.025:7.5) ps as a function of
d=p/pm for several values of Al,“ ,Af and w. Analogous plots
for the slope of the long-time exponential, Sg ow=-Tf.. are
shown in Fig.3. Fig.4 illustrates the dependence of t; on A
for a few values of A,, and o. The content of these figures
will be discussed in t#e next section.

In the limiting cases: A >> A, and A <<)«"t , the total
neutron yield Nﬁ” exhibits the e&pected behavidur

NG o s ro<Ae 2 (14)
o A0+-A w (2]
s
Additionally, ,
Beh, (15)
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sity for different values of
)‘n# sAf and w.e=1,

t}Ps,_ (03, 005)
10! .
(30, 005)
L (30, 0.10)
(30, 020)
Wik
nl ! S A Y lil)? n}

o Ssow-A{10°5)

1 L I

9 : i
7 5@ 3 1
Fig.3., Difference between the
slope of the long-time expo-
nential in Eq. (10), Sg oy .
and the muon decay rate Ay vs
target density for different

values of Auy > A and .

Fig.4. Pogition of the maxi-
mum, t; in the final neutron
time distribution vs A\; for
several values of An“ and @.

where A (Ag) is the smaller (larger) of the two rates: Aj
and )\u# .

Let us also notice that since x<w and the expected value
of o is of the order of w = 0.1, the square-root in Egs. (8},
(11) and (12) can be expanded in terms of x yielding, in par-
ticular, the following transparent expressions for the slopes
of the exponential functions in the neutron time distribution

(10)

)‘!)‘uu w Ag <<y
SsLow=—T-=Ao+ M+ Ay Ao Tk (172)
and
A,A“ 7)
SFAST=-r+=A0+()‘l+)‘n#)'_""g")‘ L et A (17b)
f + tty

Below we analyse formulae (10)-(17) with the purpose of
establishing the experimental conditions needed to determine
the values of parameters Af , Auy and © in an experiment with
a pure tritium target. Of course, exactly the same formulae can
be used to describe the kinetics of processes (3). However, as
is mentioned earlier, the corresponding fusion rate in the ddu-
mnlecnle ia wverv large ae comnared with the analogous rate for
the tty -molecule and simplified formulae taken at A; ddp) |
can be used. Thus, only two parameters, AS=A(M“ and wy.,re-
main to be determined in the experiment with a pure deuterium
target. The situation is different for channel (4) where A;
and A, may have similar values.

3. SENSITIVITY OF EXPERIMENTAL RESULTS
TO THE VALUES OF PARAMETERS

A. Let us first make a trivial observation that formula (10)
describing the final neutron time distribution is symmetric in
Af and Au“. Therefore, any fit of the data to Eqs. (10) or (13)
will give two solutions corresponding to the transpositipn

tty ttp

which are indistinguishable on the basis of y% alone. This
ambiguity may become quite essential in the description of the
full scheme of Fig.l, where A, determines the fraction of
muons entering the competitive channel leading to reaction (5).
Of course, the data for a D, -T,mixture combined with the data
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for a pure To -target may enable one to resolve this ambiguity.
However, regarding the compexity of the corresponding expres-
sions, it is useful'to have independent information about A,
and A; from the experiment with pure tritium.

Such information can be obtained if one takes into account
relation (7) and constancy of Af with ¢ . The above—mentioned
ambiguity is then avoided if the data for different target den-
sities are analysed simultaneously.

To get a quantitative picture of how the situation may look
like in an actual experiment the analysis of simulated results
of a ttp —fusion experiment was performed for several values of
AﬂL »A; and . Time distributions (10) were constructed for
¢1 = 1 and several values of ¢9<1. Equal numbers of muons
stopped in the target were assumed for both ¢ and ¢ which
in accordance with Fig.2 gave smaller statistics at ¢y. The
number of events in each time interval of the corresponding
histograms was then randomly dispersed using the Poisson dis-
tribution. The time distributions obtained in this way were
subsequently fitted with formula (10) using two different sets
of the starting parameter values:

i) the values close to those used initially in the const-
ruction of the histograms (input solution) and

ii) the same values with A; and A&u interchanged (inverse
solution).

The minumum in x2 corresponding to the inverse solution has
been found to survive up to quite high values of

Af

Miy
(2; = 15), which indicates that in the analysis of future data
any such minimum should be checked against the solution with A;
and Ag) interchanged. Figure 5 shows the difference between
the x° -value for the inverse solution and the corresponding
value for ﬁp$ input solution as a function of a; , for several
values of AJ and = 0.1. It is seen that even with mode-
rate statistics (N, = 2:10% neutrons) and ¢2 quite close to
é1 =1 ($3=0.9) the two solutions can be distinguished at
about 907 confidence 1ﬁxe1 for a4 2 2.0 and a; < 0.5 and,
practically, for any Atty - The situation can be further impro-
ved by increasing the statistics or decreasing ¢ which is

(19)

a)

also illustrated in the figure. Similar behaviour of xl%lv *Xlsz

with a; has been found for w= 0.05 and 0.2.

It is interesting to observe that the temperature variation
of the density of liquid tritium (deuterium) in a rather small
range above the temperature of liquid hydrogen (20.4K) is suf-
ficient to cover such changes of ¢ (see Fig.9). This, in par-
ticular, enables one to determine the ttu-fusion parameters in
the experiment with a liquid tritium target.

2
ine
L ]
—
o
H.—n
e oo
ot
-
i
1
1
)
-
1
l
I
4

X
|
=
&
oy
b
)
"

2
=y

‘ Fig.5. Difference between the
, x2 -values corresponding to in-
¢ 3 &i verse and input solutions ob-

@

t f tained in the fits of the simu-
. l} Y_- lated data to formula (10) as
! a function of aj=A¢/A{l (the
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part). The upper section corres-
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tained in two different simulations. Dashed horizomtal lines
indicate yx2= 1.5, x? is in units of y/2n_with the number of
degrees of freedom n=600 in the fits .
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Let us also remark without going into details that, if the
theoretical values of AQ and A are not grossly overestimated
and ¢ ia of the order of 102* the required statistics (ac-
cording to Fig.5, about 10° registered fusion events) can be
easily obtained within a few hours, especially in the experiment
with a liquid tritium target. Thus, contamination of tritium
in the target by 3He produced in tritium fB-decay can be kept
below cj =107%. Such concentrations of 3He lead to negligib-
ly small rates of the mesomolecular processes involving 3He as
compared with the analogous rates for Tp. This justifies the
assumption made in writing-down the kinetic equations (6).

B. Once for the reason described above ¢ has to be changed,
it is interesting to see what is the effect of varying target
density on the accuracy of determination of the tty ~fusion pa-
rameters. Let us limit ourselves to the case where measurements
are performed at two densities: ¢y = 1 and ¢g <1.

Increase in the separation between ¢; and ¢, will obviously
tend to give better resolution between the two sets of data.
Howewer, such effect will be partly reduced by several factors:

* The value of registration efficiency obtained in Ref. /11/
for the tty -fusion experiment with a liquid tritium target
is of this order of magnitude.



i) decreasing statistics (see Fig.2);
ii) decreasing sensitivity of the experimental characteris-
tics to the values of parameters (see Figs.2 and 3);

iii) increasing correlations between the sought-for para-
meters. (As is shown below, these correlations become increa-
singly significant with growing a-hf/hu# ~¢-1, for Af>AQ&l)

Consider first the possibility of A(==KHL . In this case it
is convenient to use the following independent combinations of
the parameters entering Eq. (10):

(1)

P=Ssrow+SrasT~2% =A1+A%y (20a)
Q=B(Spaer —Ssrow ) =N w &, (20b)
_1 1 1
R=¢(SSLOW-A0) = ) + b . (200)
Alll[ Af @

Let us assume first that the contribution of the short-time
exponential, exp(-SgpsTt).to the neutron time distribution (10)
is seen in the data, i.e., the minimum time t, at which the
neutron time distribution is measured is

tgsty. 21

Then, Egs. (20) show that the data for two different values of
¢ allow a two-constraint determination of all parameters, in-
cluding the registration efficiency ¢. If the short-time expo-
nential is not observed, information contained in parameter
SFAST is lost. However, a no-constraint determination of all
parameters including ¢ 1is still possible which is best seen

if one takes parameter R defined in Eq. (20c) and parameter

- 2
Bop o8, __2(1-20)é 1 ' 2
(Y @@y @)’

The situation is different for A¢ >>Aﬂ3 or A; <<A(” .
Let us consider only the first case as the second one is rather
unlikely. A convenient choice of the 1ndependent combinations
of parameters is here:

= . 1-
P=8 . Ag=ry (14 1=a ) (23a)
5=B=()‘(n1) $(1--1=20 ) ’ (23b)
" a

10

(n 1
R=Sgop-Rg=wry,,¢(1-2-), (23¢)

where a=a;/¢ ~ ¢t

At large ¢ Eqs. (23b) and (23c) decouple from Eq. (23a).
Parameters A, and ® can be now determined from the slope of
dN /dt at large ¢ and the value of the preexponential factor B,
provided the registration efficiency ¢ is known.

Let us remark that in the limiting case, a - =, information
contained in the data for different densities is not indepen-
dent, and measuring dN, /dt at one density would be sufficient
for the determination of A;, A,, and w.Still, resolving the
Af <Ay, ambiguity requires the data at two values of ¢,

Let us also notice that, as seen from Eqs. (23), parameters
¢ , o and A(l) become strongly correlated* as a-»w~. In this
limiting case the possible solutions of x2 -minimization can be
expected to lie on the one-dimensional trajectory:

v w(e)=

)‘m‘ (c)=—?—

D,lm

(24)

Therefore, if a is large one will, probably, have to determine
¢ independently in order to be able to find the remaining pa-
rameters from the data. Of course, for finite @ the corrections
in the brackets on the RHS of Egs. (23) bring omne. in principole.
back to the situation considered above for Ag zhlﬂi’ where ¢
can be extracted from the measured neutron time distribution to-
gether with the other parameters. However, if the corrections
themselves are comparable with the experimental uncertainties,
achieving reasonable accuracy using such a procedure becomes
questionable. To illustrate this point Fig.6 shows the diffe-
rence between the 2-value at some point on trajectory (24)
and the yZ2-value of the best fit corresponding to the input
solution (A ;= 50 ps-1 , Aﬂ&l 3 s~ , w=0.1, ¢ =1) as

a function of ¢4 (= 1). Different curves which are hand
drawn to guide the eye correspond to ¢ = 0.75, 0.67 and 0.5.

It is seen that even for the values of parameters deviating

by ~30% from the input values it is practically impossible to
distinguish the solutions along the trajectory on the basis

of x“ if ¢ 1is left free in the fits. Therefore, achieving
better accuracy in the experiment will require independent
constraining of ¢-. The situation improves with decreasing ay
and, according to our estimates, for al < 4.0 there may exist

* In fact, in the simulation of the ;“l-data described above,

the correlation coefficients estimated by subroutine Hesse after
the Slmplex minimization/12/were practically: C(e,A{l) )=-1,

L 14
C(A““ yw)=-1and C(e¢,w)=+1,already for a>3+5. K
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a possibility of determining ¢ from the data at the level of
Ae/e =10%, even if ¢, is chosen in the region: ¢, = 0.8-0.6.
However, for a;> 4.0 an independent determination of the re-
gistration efficlency will be perhaps necessary.

To illustrate the interplay of differemt factors (i-iii),
the Simplex .estimates to errors obtained in the fits of the
simulated data are shown in Fig.7 as a function of ¢,.It is
seen that increase in the separation between ¢) and ¢ brings
only a limited advantage. For A =A11,# the accuracy of the
determination of these two parameters increases, which is ob-
vious from the linear dependence of Eq. (20a), while the cor-
responding errors of » and ¢ are constant or even slightly in-
creasing. Starting from a;=3 no effect of varying ¢, is
clearly noticeable. The figure suggests that the optimum choice
of ¢, is in the region of ¢,= 0.5-0.4.
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Fig.8. Contour plots of equal x in (Ag ,A“ )-plane for
different tg -cuts: 0.025 ps and 0.125 ps (sectlons a
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solution: A; = 50 ,us’l , /\(1) =3 sl |, w=o0.1,

for which t;= 0. 080 us. The innermost contour (l)
corresponds to xmm+1 Statistics: 10%® neutrons

for ¢, =1 (4= 0.85).

quid hydrogen, deuterium and

represent measured values

tions.

Fig.9. Density variation of li-

tritium with temperature. Or-

dinate 1s relative density re-
ferred to the density of liqiud
hydrogen at 20.4K. Solid curves

the dashed ones are extrapola-

Finally, let us briefly discuss the influence of the t,-cut
in the neutron time distribution on the accuracy of the deter-

mination of A;.Figs.(8a-b) show the x 2-contours in the (A,

AHI“ )-plane for the simulated data obtained with (A;,A{} ) , @)=
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= (50 us‘l s 3 ys'l , 0.1). Different sections correspond to

to = 0.025 ps, and 0.125 pus, respectively. It is seen that

the accuracy of the determination of Af decreases rapidly
with increasing ty, so that for tp above t; (t; = 0.08 us in
this case), practically only a lower limit can be set on A;.
Confronting the patterns of Fig.8 with the curves shown in
Fig.4 one can see that choosing tg = 0.0l us should secure the
possibility of determining Ay with reasonable accuracy, if the
existing theoretical predictions are not grossly underestimated.
This indicates that there is a realistic possibility of con-
fronting the model calculations of A¢ for ttp-fusion with
experimental data which, in practice, does not exist for re-
actions (1) and (2). The existence of such a possibility should
justify the effort of choosing tg < 0.0l ps.

4. CONCLUSIONS

As has been shown in the previous section, measuring the
neutron time distributions at two target densities in both
necessary and sufficient to assign unambiguously the experimen-
tal values to the parameters characterizing the tty -~fusion in
the experiment with a pure tritium target. The choice of two
densities which differ by about 20% should enable one to dif-
ferentiate between the tty -molecule formation rate A, , and
the corresponding fusion rate Ay if Af /A, ,>2 or Ag/A, <05,
even with quite moderate statistics. Such variation of the den-
sity falls within the range of density variation of liquid
tritium with temperature in a rather small interval above the
temperature of liquid hydrogen (20.4K). This, in particular,
renders feasible the determination of tty —formation rate at
a very low temperature, which can provide an important piece
of information for establishing the behaviour of A, with
collision energy. Apart from the increased statistics which
can be secured with a high-density target and the technical
advantages of working with liquid tritium (connected with se-
vere safety requirements), sensitivity of the results to the
values of parameters in such experiment is higher than in the
experiment with a gaseous target where practically achievable
densities are significantly lower.

If one decides to verify the theoretical prediction of ab-
sence of the temperature dependence of A ,data have to be
taken at substantially higher temperaturegt i.e., in the ex-
periment with a gaseous target. Assuming that the temperature -
independent parameters, @ and A, are determined in a liquid
target experiment, it is enough to measure the neutron time
distribution at one density (desirably as high as possible).
Nevertheless, regarding the facility with which density can be
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changed in this case, it may become temping to get a full pic-
ture at another temperature. According to the arguments pre-

sented in the previous section, the choice of den§it1e§ which
differ by a factor of ~0.4%0.5 should be optimal in this case.

The authors express their gratitude to Drs. V.N.Pokrovskij
and V.G.Zinov for helpful discussions.
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