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I. SCALING Ttl T !IF. MEAN 

'l'he hypothes is of scv ling in the mean was introduced in 
paper I . From it a sr.tl inq equ"'tion follows for semi-inc lu­
sive onc-dimensionc~l di!itr ibutions of particle c 

<.'> (-~..!-) 
I 

p 
I II 

( I ) 

Here t - T.L for tran c;vcrse ( pT ) an<l c .m. lonqituciinal (Pj. J 
momen ta of particle c. p 

1 
•

11 
are the mean values of t hese 

momenta, and a:; is the i nclus ive cross section of particle 
(; produced in .1ssor i.1t i o n with n charc;ecl particles. The 
functions •/l, depf'nd o nly o n the scalinq va riahle P

1 
• P

1 
•

11 
but neither o n pr inwry energy no r o n c harqed multiplicity. I t 
has been also assumed t ha t the functions ch, arc i ncicpendent 
of the initial state . 

Equation (1 ) has h0cn tested for nr:<: -meson pro duct i o n in 
differen t r e>actions ' t ,;!,,' and for neutral strange particle 

I 1 '·,(" I 
production in pp -int<'ractions at 1<) GeV/c l!h · and 100 GeV/c ": · 
Tt hds been fo und Lhc~t scal ing in the mean i s valid for me­
sons , but f or \ -particles only the variable pT p . ·

0 
scales . 

In this paper the semi-inclusive processes 1 

-
p t p 

p t p 

K J t II 
~ 

\ 

neutrals 

II ne utra ls 

( n is the number of c harged partic l es) are studied using 
equation ( I ) . 

(2) 

( 1) 

The e xperimental data have been obtained i n e xposures of 
the hydrogen bubble chamber Ludmila t o a RF separated beam of 
22 .4 GeV/c antiprotons at the Serpukhov acct>lerator. The amo­
unt of interactio n s is 1123 with K ~ -mesons and 454 with ·\ -
hyperons . The scann ing , measur ing and fitting procedures of 
the interactions wi th neutral strange par ticles have been 
described elsewhere ' :l ' . 

The trans ve rse and longitudinal distr ibutions (equation(!)) 
are presented for K0

;; -mesons in Figs . 1 and ~ and for :'\ -hype­
rons in Figs . ) a nd 41' The data with n ~ 6 have been combined in 

*For clarity o ur data with n ~ 6 and for all events have been 
shifted along the abscissa axis from the real positions (data 
at n = 2 , 4). The data for all events include zero-prong i nter­
actions as wel l . 
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order to improve statistics. The points from the p p -experi­
ment at 10 GeV/c are given for comparison. 

For K~ -mesons the hypothesis of scal ing in the mean is 
valid within errors for both transverse and longitudinal vari­
ables. For .\ -hyperons the scaling in the mean holds for the 
transverse variable , but for the longitudinal variable the 
shape of the distribution depends on multiplicity. For low 
multiplicities i t is steeper. A similar effect has been also 
observen in the pp -experiment at 19 GeV/c . 

The curves in Figs. 1,2 and l describe the scaling in the 
mean for "--production in pp -interactions in an energy inter­
val of 13-300 GeV/c ' t . One can see that the data points fol­
low these curves closely. A similar feature has been observed 
for n° -mesons in rr-p -interactions at 5 GeV/c 2a' . Thus, one 
can see that scaling in the mean nistributions for both PT 
and p

1
: -variables arc very similar for different types of 

mesons . In addition , for the p T -variable these distributions 
are very a 1 i ke for me sons and ". -hyperons . 

The mean values of the transverse and longitudinal momentum 
for K "

5 
and A are presented in the ~· As is seen , the ab­

solute values of <Pt ·
0 

for 1\ -hyperons decrease with i nc re­
asing n , i . e . , the leading behaviour • of 1\' s is more pro­
nounced for smal l multiplicities . So the kinematical limits 
for the variables pL/< Pt "n vary strongly for diffe rent n *'­
ann scaling in the mean is violated at large negative values 
of p•L/< p'" 'n (for PL/< Pt\s- 1.8 in Fi g . 4l . Thus , the v i ola­
tion of t~e law of scal i ng in the mean for 1\ 's in this kine­
matical region is connected with the leading effect . 

It has been pr oposcd 141 that the scaling in the mean i s a 
consequence of: a) Feynman scaling ' 51

, b) KNO-scaling ' 6
1 

and 
c) factorization of the cross section over longitudinal and 
transverce momenta 

d 2 a n n - -= f ( p • . - ) · f ( p ), 
d p* dp 1 L <" n> 2 T 

L T 

(4) 

*The production of \ 's mainly in the proton fragmentation 

region . 
"* The P t /< pL '> 0 

- 2 . 74 for n = 4, 

kinematical limits a r e -1 . 94 for n = 2, 
-4. 22 fo r n ~ 6 and - 2.43 fo r all events. 
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where n/< o> is the KNO-variable 161
• I n other words , it has 

been supposed that the hypothesis of scaling in the .ean con­
tains no new information. In order to check this assumption , 
we have tested the conditions a) and c) for K~ inclusive pro­
duction. Figure 5 s hows the invariant normalized inclusive 
x -distributions ( x is the Feynman variable) for K0 produc­
tion in our experiment and in pp -inter actions at 1~ GeV/c 171• 

One can see that t here is a significant difference between 
the presented distributions in the intermediate region of x 
i.e., Feynman scaling does not hold for different initial sta­
tes. 

In fig.6 (a , b,c,d) we show the Pf. -distributions of K~ in 
different intervals of pT for all events and separately for 
multiplicities 2, 4 and 6. It is seen that in all considered 
cases the shapes of the distributions change with PT , i.e., 
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f 
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~ 

tf 
the factorization condition (4) is not fulfilled. The sa.e re­
sult has been found for pp -interactions at 19 GeV/c 12b/. 

Thus, the results presented in figs . S and ~do not support 
the assumption that the scaling in the mean is only the conse­
quence of the above laws a), b) , c). Another picture of con­
nection between the scaling laws is considered in papers 18 1 , 

l 0 4l 06 tl9 12 ~ 0 Q3 06 09 12 If 

) 
!!.~:_!. p • -distribution of 1[ 0 for different inter-

L • vals of PT • 

• , 



where it has been obtained that at asymptotic energies the 
validity of KNO-scaling and scaling in the mean leads to the 
violation of Feynman scaling. This violation in the central 
region (at x = 0) may correspond (with certain additional as­
sumptions) to the rise of the cross section of meson producti­
on, which is also experimentally observed ' 9 in pp-interacti­
ons up to ISR energies . 

2 . MULTIPLICITIES ASSOCIATED WITH STRANGE PARTICLES IN 
pp ~ K ~ + X AND pp .. A +X REACTIONS AT 22 .4 GEV/C 

Associative multiplicities in inclusive processe~ have been 
studied as a function of missing mass Mx for this and other 
experiments / tO/ . The following l ogarithmic dependence has been 
predicted / tt l . 

2 I! 
n ( M x ) = A t B In (M x ) ( 5) 

in the framework of the multiperipheral model for particle 
production in the fragmentation region . In eq . (5) B is the 
universal slope parameter . The prediction has been made assum­
ing that a main contribution to these processes comes from the 
diagrams where system X is produced in the virtual interacti­
on of some effective trajectory with one of the primary par­
ticles . The Mi value is analogous to the c.m. s. energy squ­
ared for real processes . 

In Fig . 7 the average charged multiplicities n( M;) are 
presented as a function of Mx (to logari t hmic scale) for in­
clusive p r oduction of K~ and A . The fit to expression (5) 
(solid line in Fig.7) yields for the slope parameter of A' s 
B = 1.26 .:!:_ 0 . 14 ( x2fN F = 1. 5/6) . For K ~ - mesons the fit is 
not satisfactory ( x2.' N = 27 /7). For comparison with other 
results we have also made the same fit for A's with Cos 0 < 
< -0.5 * (- 85% of the sample) where (} is the polar angle in 

the c . m. s . We got B = 1. 31 .:!:_ 0.11, which is almost the same 
as without the cut . Both values of the parameter B for A -
particles agree rather well with the values obtained in other 
experiments 1 tO/ . 

Analogously to real processes, one can assume that for sys­
tem X produced with A -particles the Wroblewski ' tl! l and KNo' 13 ' 

relations have been applied in the following way: 

D(M!)=a+b < n(M;)> (6) 

* In Fig . 7 these new data are denoted by circles if they do 
not coincide with those observed for all A•s (crosses in 
~). 
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I 

and 
2 

< n( M x )> 

u( M2) 
J: 

2 
2 n(M z ) 

u ( M ) • lfl ( --). 
n J: < n (M 2)> 

J: 
(7) 

2 
where D(MJ: ) is the square r oot of the dispersion of the as-
sociat ive multiplicity distribution , u(M~) and un(Mi) are 
the total and topologi cal cross sections for definite values 
of Mi • 

The experimental dependence of D( M2) on <n(M 2) > is 
shown i n Fig . a for different M; inte~als . After' fit ting the 
experimental data by the function (6) , we have obtained the 
parameters a = 0 . 28 + 0.3 and b = 0 .40 + 0 . 09 (straight line 
in fig . 8) . In ~ig . 9 is shown the KNO depe~dence (7) for three 
intervals of M . One can see that the KNO distributions for 
all M; intertals are similar. 

An analytical expression for the associative KNO scaling 
has been obtained in the framework of renormalizable quantum 
field teeory using the renormalization group method 1 15/ . For 
system X with mass Mz we get 

2 
lfi(Z( M 2))= C ~-Za-t(M 2)e-aZ(M, ~ (8) 

I r (a) X 

where Z ( M;) = n ( M;)I< n ( M; )> , C is a normalization para-

PP at 22/t G~V/C 

6 - K~ 444 
~t - .-1 a!t f) 

1 
J/ 

<f • - A ot cose•<-as ~ 

/ 
~1 1 

" ~3 <."' 
'-
c:: 
v 

2 

1 

1cf 101 

lo9 fMxzJ 

Fig . 7. Dependence of <n(M ;)> 
on M ~ (to logarithmic scale) 
for K ~ and A-particles. The 
straight line is the result of 
fitting the data for A -hyper­
ons . 
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meter and a = l/b 2 ( b is the same as in eq. (6)) . The curve 
in Fig.9 is the r e sult of fitting our data by expression (8 ) 
with the parame ter C = 1.86 2:_ 0.11 ( x 2 / Nr = 4 . 2/10). One 
can see that the data are quite well described by expression 
(8) • 

y 
Q 

3 P• P-II•X at 22 4 GeVIC 

2 

---~---r--~---r-f-

2 3 '<m/olfJ> 

1 
~
" .;-;. 

"' ~ 
--o 

v 

Fig.9. Plot of (a0 ( M~)x 
x < n(M 2 ) > } / a(M 2 ) ver sus 
n ( M i> / <n ( M ~ ) > z for A -
particles . The curve is 
the result of fitting by 
the theoretical expr ession 
(8). 
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3. CONCLUSIONS 

1. The scaling in the mean is shown to be valid in the va­
riables PT / < pT~ , P[/< pt >n for inclusive K~-production . 
The scaled distributions coinside with the data obtained in 
pp- and 71- p -interactions . 

2. For A particles the scaling in the mean in the variable 
pL /< pt >n is violated which can be due to the leading par­
ticle behaviour . 

3. The dependence of the mean assoc iative multiplicities on 
ln (M ~) for A - production is linear, the slope agreeing ra­

ther well with the values obtained in other experiments. 
4 . The associative !<NO-scaling for A's is observed in our 

experiment. The J<NO distribution has the shape predicted by 
renormalizable quantum field theory. 
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