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Abstract 

Sev.eral ways of estimation of the e ifective radius of s trong interactions are discussed : 

l) che estirr:ction by the number of the last term in the angular distribution expansion in the Legendre 

polinomials, 2) the estimation by the known total cross section of the channel and by the value of the 

angular distribution in one point, 3) the estimation by the total cross section of all channels and by 

the cross section of the elastic scattering channel, 4) the estimation by the mean square of the trans­

\·ersal momentum by means of the uncertainty relation. The first two of them are generalized to the 

case of inelastic reactions of a very general form a + b ... c + d + e + ... ( the particle spins are 

arbi~rary). All the ways are not connected with any model of interaction ( potential well , optical model). 
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The particle interaction effective radius ll is an important qualitative characteri stic of s trong 

interactions . It is interesting to get information on the radii of the pion-nucleon interaction at different 

energies, as well as on the radii of the interaction between pions or nucleons and s trange particles and 

the interaction of strange particles between them. The aim of the present paper is to discuss several ways 

of estimation of r
0 

using the experimental data which become available first of all: total and elastic 

cross sections and angular and momentum distributions (which at first are known only roughly). These 

ways consist in the determination of the quantity eo (see footnote 1), or in the use of the uncertainty 

relation . Therefore, they are not connected with any model notion of the process. They may be cons idered 

as a first s tep of the phase shift analysis, namely , as the obtaining of in formation about a minimum num­

ber of phase shifts necessary to represent available experimental data. It s hould be emphas ized that 

anJ additional data can only ineiease the necessary number of phase shifts , i.e. increase r 0 • 

I. 

The angular distribution of the reac tion of the type a+ b -+ c + d 

when the particle spins are arbitrary and the beam a and the target b are unpolarized must have the 

following form (see, for example / 11 eqs. (4.5) and (4.6) and/21, eq. (5.1) ): 

L o 
a ( e ) = ~ B P (cos e ) · 

L = 0 L L 
(1) 

Here L o must be equal to the lesser of the two numbers 2fo , 2f '0 121, where eo = r o p ! h and 

f~~ r' p'! h 21 are maximum orbital angular momenta of the particles a , b and c d 

respectively31. 

Let on the other hand we have the experimental cross section a ( 8) . Since it is measured in the 

fin ite number of points and with errors, then the coefficients BL 1s 

B = 2L + 1 r P ( e) (e) sin e de L _
2
_ . L cos a 

0 

( 2) 

1/ 
r Q Q&n b e determin e d, for exam p l e, by th e C' ) a ss l cal r e la t i o n r Q p = he Q I Wh \' f P. e Q i s R maximum 

o rbital ang ular mom ent um n f the re l ativ e motion, s till essenti a l !o r th e e xpe ri menta l data rep rese nta ti o n. 

2
/ e ~ can be determi ned as a maximum numbe r or p arti a l wav e s e s senti al for th e chann e l c + d-+ a+ b 

th e react ion of Int e ra c tion or C a nd d ( the inver s e reaction (or the appro pri ate e n e rg y o f C a n d d ) . 
u f 

. v Ir t he reac ti o n has a th res ho ld a s , for e x a mple, 17 + p-+ A + Kth ~ n o wing to th e fn •·t thaq;:c p , t c. " il l h• · 

appar ently e qu al to 2f"'o . D ete rminin g L o ( s ef' be l o w) w e o btain thA cstim ntion o f 1h 1· rarliu ~ r :, of 1t-,, . \ _r; 

Interacti on (and a n unde r s t ate d c :-. tlmati on for r ). 
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in the expansion of a (8) in the Legendre polinomials mus t vanish within the errors starting with a cer­

tain number Le . te ::;. L o , since with the experimental errors decreasi ng L e can increase. Thus, L e 

gives apparently an understated value already for the lesser of the quantites 2~ 0 , 7e'0 • 

Appendix A s hows that ( l ) holds for any reactions a + b -+ c + d + e + .... If the number of fi nal 

particles is larger than two , then a (8) must denote the distribution with respect to the angle between 

the beam direction and the momentum (related to the c .m.s . of the reaction), of an y fixed final particle. 
• 

Over the other variables the integration is made. In particular, directions of emission of other particles 

must not be detected. For example, for the reaction " ~ p-+ N + n 7T a(e) may imply the angular dis tribution 

of a nucleon. 

( l ) is true for each channel of the reaction a + b ... .. . ior example, for the d:anne ls "-+ P-+ P + "-, 

... n + 77o , ... p + 77 - + 77° etc. After having written down the relations ( 1 ) for all possible channe l ~ 

and having summing up them, we see that the result is of the form ( l ) again . a (8) in ( 2 ) may imply 

therefore the angular distribution of a nucleon irrespective of the number of other particles (to say nothing 

about directions of their emission). i.e. we can obtain information about L 0 and further about e o or 

£ '0 not being sure to pick out any definite channel of the reaction under consideration . 

So, the aforementioned way consists in the finding of the number L e of the last nonzero coefficient in 

the expansion of the angular distribution of any singled out product of the reaction in the Legendre polyno­

mials . Of course, it is not necessary at all to find beforehand a ll the previous coefficients . To find 

that L , which is worth to start with the calculation of integrals ( 2 ) we may use more rought estima­

tions of t 0 presented below which are based on inequalities giving a lower limit of t 0 . 

2 

Ogievetski and Gris hin131 have given the inequali ty for the reactions of the type a + b ... l +2 which 

can turn out to be useful for estimating to or t~ in the cases when the value of the angular distribution 

in one point e' and the total cros s section of the reaction a + b -+ l + 2 are know. We write it in the 

form which is valid for arbitrary spins (for the derivation see Appendix B): 

d a ( e ') < _!7_:_ l ( e ' ) ( 3) 
dO. <liT 

where ~ ( 8 ' ) denotes the larges t of the express i9ns 
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J 2 
( 2 J +1 )[ d ( (I ' ) ! 

m2 ~ m 1 ' m a~ m h 

J 

- is the spin of the particle a . The fun ction ~. n W) 
. .J f' d ' / 10,11/ 1s c: e me 1n • 

mum value of the tota l angular momentum which is equal to the lesser of the numbers 

]" 

e '+ j + j . Since the particle spins do not exceed us ua lly the values Y: or 1, then 
0 1 2 

equal to e ' if e is large. 

deno~e r:.ax:-

r + i + i , 
0 8 b 

J is al mos' 

Appendix B shows that ( 3 ) is valid for the reactions of the type a + b-+ 1 + 2 + ... + N too , but 

with the following changes. d a ( 8
1 
l I dn 

1 
is the angular distribution of the s ingled out particle , 

for example, particle l, see the previous Section. Instead of m in ( 3) we must have M·-projection 
2 2 

of the ' spin' of the set (2 .. . N ) of the other particles . If there are no information about this 'spin' it 

should be believed that M 
2 

I Mn + m I > J the function 
•• f 

per limit of s umming in ( 4 ) 

assumes all values allowed by the condition I M2 + m 11 ::_ ] (for 

d J vanishes ). In the case N > 2 the value 1., of the up-
~+m1, rna+ m b 

which is necessary for satisfying ( 3 ) can give es timation only for f but 
0 

not for any of orbital angular momenta of the reaction products. 

We notice the· form of the formula ( 3 ) . is the same for any N . To estimate the rad ius of pion-

proton interaction for example we may apply ( 3 ), a being the to tal cross section of all channe ls with a 

proton in the fin al state ( rr + p -+ p + rr , p + 2 rr, .. • ) , and d a ( 01) I df\ being the final protons 

differential cross section at the angle 01 ( we mus t n'bt pay any at tention o the ot her particles). lrr­

deed, we can write down the relations ( 3 ) , for each cha nne l and s um up them. The obtai ned expressi::Jn 

will be of the form ( 3 ) with the a forementioned sense of a and dc;(0
1
)I dfl

1
, if ~ ~ wil l denote 

the largest of all partial ~ 1 's. 

One can see that the inequality ( 3) is really useful only if a(O') di ffers to a consi cleraHe ex­

tent from a I 4rr . It is on ly in concrete cases that we may judge whether thi s way is simpler than the 
. 4/ 

prevwus one 

4 1 N o t e tha t t.hP es tima t ion Po- 16ror PP .">c at tl' ri n ~ a t 8 . 5 R e V / 3 1 , ba~ Jn g o n thf' d a t a u ~('d I n ' ::\ 

can be mad e r ath e r s imply u s ing th f' fo rmula ( 2 ). ln dc €'d , fo r () =: 0 al l thP Le gPn dr r! po l yn om i al !" Ar" Pq u a l ! ~ ) 1 

and further th e y f a ll down UJ~ to z P ro so that t.h e firs t ron t l ~ a t th P p o int ()
0

-;;_ 2,4 x 5'f' / l~ . I n p :1r1ir·u!a r , th" 

flr .s t ro o t o f P
8

, i s nt 4 ,3 . S in ~ ~ mo re than th ,.. h a lf o f ni l ~ca ttr r od p a rti <' l f'S i~ ~catt e r <'d at nn ~ t q:l • ' J, . ._,._ thn n 
o 1 41 ~ . B 4 ' thf"n lh(' c o c fttci t" n t 32 mu ~ t A till bf' d lf fc r ('nt fro w Z f> f O , Th e c ~ tfmation or thf' intP~rn l ( 2 ) ;:- hfl\\ ,..:. in 

f act th a t thP v a ]u f" B d i ffl' r !': from ze ro b y mo r ~'> than two E> r r o r R , 
82 
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1-'sien Ding-chang has obtained /5/ the estimation of such a kind ( N is arbitrary ) 

2 
da UJ') < _!!_( J + l) 

dO - 4rr 
( 5) 

which is obtained from ( 3 ), ( 4 ) by the replacement of a ll functions dJ by unit. d J ( ()) < l , since 
m,n -

these functions satisfy the unitarity relation 

l=I. dJ(dJt) =I. [dJ ( () )] 2 , 
m,n n , m n m ,n 

("6) 
n 

Though this estimation is strongly understated, but in return it does not require the calculation of sums 

such as ( 4 ) and can turn out to be useful as a preliminary estimation. 

3 

Rarita and Schwed/6/ have pointed out an interesting way for estimating the radius of interaction 

in the e lastic reaction a+ b-+ a+ b . This way requires knowledge of only the elastic cross section 

a .. e and the total cross section a t o t of the process a+ b... (all channels). As Ogievetski and 

Grishin / 4/ have pointed out, this estimation follows from the formula ( 3 ) and the so-called optical 

theor"em (see, for example171, § 24). We draw the proof for the case of arbitrary spins. 

For ()'-= 0 , the right hand side of ( 3 ) turns into a"-e ( J + l) 
2 
I 4rr , since 

0 

For the left hand side we have 

d a ( 0 °}[ ( 2 j + l ) ( 2 j + l ) ] = I. 
do a b , , 

ft[.,mb, ma , mb 

2 
m >I > 

b -
I < m ' m ' I R ( 0°) I m 

a b a 

> I. l< m. mbiR(0°Jim.mb >I
2

::0: I. 
2 

[lm <m .. llb i R(0°) lmamb > 1 
m •• mb m., mb 

2 2 
I. (_1?- ) (atot )2 ~(~ ) (a tot )2[( 2 j +1)(2~+1) 1 

m m 4" h m • m b 4 IT h " 
a' b a 

d J (0°) = 8 
m,n m,n 

(7) 
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7 

· We have used the relation 
N 

2 
~ (at) and the equation ( 24.15 ) frorr. 171 N 

2: o: 
I= 1 I= 1 

( 8) 

a 

( following from the formula (24.14) in (7}); 
tot 

a denotes the total cros s section of interaction of 
ma, mb 

particles a and b with the fixed projections of spins ma and m. 
b 

Finally we get 

( __E_a_ ) 2 (a tot ) 2~ a ee (] + 1 ) 2 . 

4!T h 4!T 0 

( 9) 

4 

To estimate r0 we can use a lso the uncertainty relation Ll Px Ll x ::Z.. hi 2 5/ . 

Let the change of the particle state (or creation of new particles) proceeds effectively in the limit­

ed volume of relative coordinates with the rcd ius ro . This means that before they became free partie-

les of the final s tate their relative coordinate was fixed with the accuracy up to ro . Then, in parti-

cular, the component of the relative momentum which is perpendicular to the incident beam must have the 

uncertainty Ll p 0 of the order of h/ 2 r 0 ( the uncertainty Ll P
0 

is easier detected then that in 

the component parallel to the beam) . The experimental mean value of the square of the transversal 

momentum (Ll pe ) 2 can be only larger than (Ll p 0 
)

2 
, since a part of the quantity (il pe )

2 

mv mv 

may be determined by the concrete interaction dynamics , which is not connected with the short-range 

property of the interaction . For example, the Coulomb interaction has no final radius but it scatters at 

non- zero angle too, so that ( £l p e ) 2> 0 . 

From 

for r 
0 

it fo llows such an (understated) estimation 

2 - % 
r ~ hi 2 [ ( Ll p e ) ] 
0 mv ( 10) 

( compare with the estimation r0 = H 0 / p by the previous ways ). To obtain this estimation it is neces-

5/ 
Thi :r-; pn ~s ibilJty wa s pointe d out , in p a r ticular, hy Podgn r~t~ ki M.T. at thf' f-' e minar or thl"' La bo rato ry o f 

Jli gh Fn('rgi e f' or J I NR. I t a k (' S an opportunity t o thank D r . Podgorr.t.~ kl fo r th~ dl!'lcu s s i o n or thi s 1-J!'Ob iPm , 



8 

2 
:·.rry lo knov.- on ly (to.. pe ) for any of the particle - products of the reaction . 

mv 

Appendix A 

In the pape/91 the author has pointed out the way of obtaining the fo llowing formula for the transi­

tion rr:atrix of the react ion of the type a + b-+ l + '2 + ... + N: 

< m m ... m I R(8, ¢ ,p ;8, ¢ ; ... )!m m > -= 
1 2 N 1112 2 a h 

~ .j2}N. ";+T. D/N -1 

I ,/
2

,M ... 4. TT rn + m ,M 
I 2 N ~-1 N-1 

- l 
- 4 rr 

(-TT,() ,rr-¢ 
N - 1 N- I 

) ... 

... v' 2 ]2 +1 D12 (-TT,8 ,rr-¢ )(2 J +1) D11 (-TT, 8 ,rr-¢ ). 
4rr M + m,M 2 2 I M + m,m + m I I 

3 22 21a b 

J 
< ... J M m p m p I R 1l w IT> >"' 222211 ab 

_ ~ < 2 ... N i aJ!rf > (2 J t l) x. 
4·rr J l Ma 2 2 1 

I 2 2 

X D~ - r/ 
M+m,m +m (-"· 81·"-¢1) < a~M2mlpl l 1

I m m > 
2 I a b ab' (A.l) 

... 
The notations are somewhat different than in191: 8 ,1,. - are spherical angles of the momentum p 

I' '+'1 I 

of the particle l related to the c .m.s. of the reaction; 82, ¢2 are spherical angles of the momentum 
;;! 

p2 

.. . N 

of the particle 2 related to the Lorentz system, where the total momentum of the particles 2,3 ... 
'!. 

is zero. E tc. In this case 81 is the angle between P
1 

and the relative momentum p a of the 
... 

and p . All spin projecti-
... 

a and b ; () is the angle between the directions p 
2 2 

particles 
1 

ons m are projections on the directions of the corresponding momenta. 

(¢2, 0, ¢1 )= e-lm~dJ 
m,n 

(8) -1m ¢ e I DJ 
m,n (A.2) 

The functio n d '
1 

is defi ned in / 10,1 1/ 
m,n 

tota l angular momentum of particles a and 

denotes the total angular momentum of the system (the 

b or the particles l, 2 .. . N ) , J is the total angular 
2 

!I 

momentum of the s ys tem of particles 2,3 ... N etc. For other details see / 9,10,12/ . 
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(A.l) 

... 
itum p 

1 

::lmentum 

les 2,3 ... 

• of the 

1rojecti-

.2) 

9 

and rna mb 1
1 

M
1 

M 
1 

is the projection of the momentum 1
1 

) we introduce in (A.l) the variab-

les :If' f. M and sf It M respectively, in order to single out explicitly the relative orbital angu-
1 1, 1 . 

lor momenta f ( of the particle 1 and the s ystem of particles ( 2 . .. N ) ) and f ( of the particles ... ... 
a and b ) • s is the summary spin of the particles a and b ; s' = j1 + I 

2 
, where j 

1 
is 

the spin of the particle l. The transformation function from the first set of variables to the seccnd one 

has been pointed out in/ 13/ and in/101, Appendix B. The expression of the transition matrix in terms of 

the 1phase shifts 1 
J 

R 1 , labelled by new variables is of the form 

< m .. . m IR(O,cf> ... )lm mb>= 
1 N 1 1 a 

=_1_ ~ <2 .. . 
4rr 

NlaJ M>~ 
2 2 

) , n ,,.. I J I n (-rr, e , rr-¢ <a J s l p R 1 s l >X 
1 1 2 1 

--- am 
xy'2f+ l C 

j m l m 
a a b b 

C J1 m 
01 , , 
t 0" m 

(A.J) 

~ denotes the summation over the variables a ( determined by the relation (AI)) and over 

I , M , m ' s•, m•,e•, I, e, s, ma , mb, m. jJ, ;4, j6 denote spins of particles. c 0 y is the 
2 2 1 /l l/ aab{3 

Clebsch-Gordan coefficient . Integrating the square of the module of ( A.3 ) over all angles and momen. 

tum modules6/ besides the angles 0
1 

• ¢
1 

, summing up or averaging it over all spin variables a 

and b are assumed to be unpolarized) and multiplying the result by ( 2 rrh )
2 

( se/101) we get 

the differential cross section: p a 

2 -1 
_ a(O)= _ h_ [ (2 j+l)(2j+l)] f ~ 

1 4 p2 a b D a,J2 
, , 

e m s m 
·~ 

a 

I ~ y'U'+l 
J m' c 1' 

f'o s• m• 

Jl 
D ) v' 2n+ ·. 1. C Jl ' m X ( -rr, el, rr-¢1 l 

fostn e· . J. e m•,m 

2 

x< a I s•f•p I RJt \ ..; f >I 
2 I 

tern (the (A. 4) 

Jngular 

6 / Here o n e may Impl y the Inva ri a nt Integ ra tion d 3p / E ove r th e r e lati v e mo menta p
1 

. The Jaw of 
I I 

co nservation o f total e n e rgy impos es the corre s ponding restrl c tf o n.s to the Integration reg ion [; ovP-r the modu l es or 

re l a tive mom enta1 12( For the Jaw of con se rvation of total mom e ntum In t he fo rmalism used see / 9/ _ 
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\'1e inve userl the fo llowing unitarity proper ties of the functions D's and the Clebsch-Gordan 

coefiicien~ s : 

J J'• 
{ { dcosO d¢ D (-rr, (), rr-¢) D (-rr, (), rr-¢ ) :: 

m ,n m,n• 

l. 
sm 

c 
II mll2 m2 

ml, m2 

""__!_!!___ 
2]+1 

csm 

0 0 
J,J' n,n• 

= 0 0 . 
II mll2 m2 e, B m, ill 

( A.5) 

( A.6) 

Let us multiply the sum, appearing in ( A.4 ) inside the module sign, by the complex conjugated expres­

sion, i.e. write the squared module of this sum in the form of a single but double sum. Use then the rela-

tions: 

D*J (II>, 8, II> )::(-l)m-n DJ (II> ,8, <I>) 
m ,n 2 I -m ,-n 2 I 

Da Db "' l. 
a, a' f3,f3 • o 

De , Coy Ccy,' , 
y,y aabf3 aa bf3 

DL 
0,0 

( II> 2 ' 8, <I> I ) = PL (cos 8 ) 

( A.7) 

( A.B) 

(A.9) 

'i !~d the forrr ulas ( 1) and ( 19) from1141. From ( A.4) we obtain (for similar calculations see/11) : 

aUJ
1

) 

" r ~ 
D 

I 
L 

2 -1 
()) j _ h _ ((2j t-])(2jbt- J)] X 

4p2 a 
':..(cos 

a 

( 2J + l ) ( 2 J t- 1 )[ ( 2r ' + 1 ) ( 2 fi 't-U ( ze t-1 ) ( 2 e + l ) ] '!: · 
I I 

(A.lO) 

The 

of the coe 

of the qua 

as an effe 

where en 

( in the c. 

By in 

or averaq 

in terms • 

The forrr. 

all varia 

[ 



::h-Gordan 

'A.5) 

( A.6) 

:I expres­

·n the rela-

4.7) 

1.8) 

.9) 

10) 

11 

- -
.de.~e·o c~:ro < aJ2 s•e·~ \ RJ1 \ s b< aJ2 s' e· p1 \.I~J1 \ s b* l 

The L denotes the summation over a, ~, s ', s , e•, Y•, e, e, ]1 , ] 1 Owing to the pres ence 
LO LO 

of the coefficients Cet
0
pf

0 
and <1o1o the summation over l is performed up to the lesser 

ofthequantiti es 2C~, 2f
0 

.Inthiscase r~ = f.(P1 max l n where r' s houldbeinterpreted 
0 

as an effective radius of that volume in which the part icle l and the system of particles ( 2 ... N 

where created a nd interact; p is the maximum value of the module of momentum of the particle I 
1 max 

( in the c. m. s . of the reaction ), allowed by the law of e nergy conservation. 

Appendix B 

By integrating the square of the module of (A 1 ) over all angles and momentum modules, by s umming 

or averaging it over all spin projections we obtain the total cross s ection of a + b ... l + 2 + ... + N 

in terms of the ' phase s hift s ' < a l M m p \ R J1 \ m m > : 
2 2 1 1 a b 

- J 2 
· J \ < a }2 M m p \R 1\ m mb > I . 2 I I a 

(B.l I 

D 

The formula ( A.S ) is used . The differential cross section of the particle I obtained by integrating over 

all vari ables, besides e ' ¢ is of the form: 
I I 

-I 

h 
2 

[ ( 2 j + l )( 2 j + 1 ) ] 4;2 a b 

a 

2. 

[;JI (-rr, 8,rr- ¢ ) .f2 J +T <a ]Mmp \RJ1\ m mb > l ~ 
M+m ,m + m 1 1 1 2 2 I 1 n 

2 1 n b 

(8.1) 
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< I [-!--! (2J+1)[D-\ (0,0,0) J 2
• 

't iT J 1 lv2+m , m+m 
ma,mb,ml,J2,M2,a D l 1 a b 

h2 -1 J 2 
- " - [(2ja+1)(2~+1)] ! (2ft+l)IR 1

1 < _ 1_ !
1
·a. 

p2 J 411 
a 1 

The Cauchi inequality is used 
2 2 2 

II ab l< !lal ! l b I. 
J JJ J J J J 

!I is the largest of the sums 

J J 
"f (2] +l) [ d 1 

J-{) 1 M+m,m+m 
1- 2 1 a b 

2 
c e) l 

forthegivenang le 0
1 

• M
2

=-J
2

, -]
2
+1, ... +]

2
; m

1
=- j

1
, -i

1
+1. .. + i

1 

spin of the particle I ) etc. Ogievetski V.I. noticed that Christoffel-Darboux form ula/l5/ 

calcula tion of the sum$ ~uch as ( 8.3 ). 

(B.3) 

j 
1 

is the 

can help the 

The following formulas which can turn out to be useful also can be obtained in a similar way: 

2 
d a ( B,;,, ¢2, 01) ~ _ a _ x 

dU
1 

dU
2 

(4")2 

J 
x max ! ( 2 ]

1 
+ 1 )(2 J + 1) I D 2 

Jl ,J2,M2 
2 

M8+ ·m2, M2 

J 2 
(0,(} ,IT-¢2) D 

1 
(-rr, e, 0) I 

2 M+m ,m + ·m 1 

2 
d a ( (}2 , r&, (}1 ) ~ _ 1 _ 

d n dO 4" 
1 2 

da((},) 

dO 
I 

2 1 a b 

2 
(] + 1 ) . 

2 max 

( B.4 ) 

(B.S) 

To estimate the orbital moment of the particles 2 and 3 in the case of the reaction a+b->1+2+3 

it is better to integrate the last formula over (}1 : 

2 
_!!_r!_i&.:P.) ~·-g_ ( J + l). 

d 0 411 2 max 
2 

(B.6) 

l. J.M. Bl 
"npoe 

2. A. Sirr:• 

3. s.r. 
Nuc 

4. n.K 

5. CSIHI 

6. W. Rar 

7. A.M. 
!VI¢ 

8. 0. Ch1 

9. M.VI 

10. M. Jc 

ll. A. 3 
8TOI\ 

12 r.VI 

13. 4 .>K· 

14. L.C. 

15. A. E 

t-. 



f the sums 

(B.3) 

is the 

help the 

cry: 

( B.4) 

(B.S) 

(B.6) 
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