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Abstract 

9y using th e improved scheme of s ingle-particle levels of the self­
-consis tent field, certain properties of strongly deformed nuclei in the region 
150 « A""'- 190 have been investigated on the basis of the superfluid ·nucleus 
model . 9y comparing calculated pairing energies with experimental data the 
pairing interaction constants having average values equal to 

G,., = 0.024-ltw. = 0.18 \feV and Gz.=0.026-t.w. 0.20 1\feV 
have been fopnd. The density of the single-particle low-energy levels of odd 
mass nuclei has been calculated which agrees with experimental data and is 
about twice as large as those presented by Nilsson's schemes. The regulari­
ties in the behaviour of the low-excited states of even-even nuclei have been 
noted. It has been shown the calculation error which is due to the conserva­
tion of number of particles on the average does not exceed 6 pert:ent. 

The superfluid model of a nucleuslll basing on the unified or shell models takes into account residual 

short-range interactions of nucleons in the nucleus by means of the variational principle/3/. To describe 

such interactions we use the Hamiltonian of the type 

G L. Clt+ rAs+_ Cls'- as'+ ( 1 ) 
s, s.' 

where E :; are single-particle levels of the self-consistent field; A is a parameter playing the role 

of the chemical potential; ( s, G) are quantum characteristics of the level ; G is the s hort-range 

pairing interaction constant. Note the number of particles is conserved on the average. The investigation 

of properties of transuranic elements has been carried out in/2/ where the basic equations of the problem 

are given. 

In the present paper we investigate the properties of the strongly-deformed nuclei in the region 

150 < A < 190 on the basic of the superfluid nucleus model. 

By comparing the calculated pairing energies with experimental data let us define the constants of pair-

ing interactions G , calculate spectra of the single-particle levels for odd-mass nuclei as well as for 

some even-even nuclei and compare them with experimental values. 

Modification or the Nilsson Scheme 

As single-particle levels E $ we use in calculating the levels of the Nilsson scheme/4/. The ana­

lysis of the scheme based on the well-known spectroscopic data/5,10,12/ showed that the proton shell in ge­

neral is described satisfactoryly by the scheme given in/6/. We make essential modifications in the scheme 

of n-1utron levels for 82 < N. < 126 , namely: 

a) all the eigenvalues of neutrons with N-:::6 are increased by 0.251\C:,o (that corresponds to the 

parameter ~ = 0.33 ), except i 13/2 , which are increased by 0.061itdo ( .}'( = 0.42); 

b) the subshell h. ll / 2 is decreased by 0.3 t\ ~0 ( _fl • 0.65 ); 
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c) the eigenvalues -f 5/2 are increased by 0.06 ~ ~o ( }-< = 0.42) ; 

ci) the eigenvalues p 312 are decreased by 0.01 1:, J-0 with the agreement with the experimental 
data on nuclei with 109 neutrons; 

e) the level .\-'2 - l 521) as in paper/ 6/ is increased by 0.04 t. Wo . The modified Nilsson scheme 

plotted in Fig. l gives correct ground states for all nuclei with 93 £. N :!:- 109 and for some nuclei the 

necessary sequence of the first excited levels. 
-

The numerical solutions of basic equations given in/2/ have been made on the computer 'Strela'. The 

problem was reduced to the method of the least squares and solved by means of the linearization. Using the 

qi ven average field energy levels and the interaction constant G , the correlation function C , chemJ · 

cal potential ).. , root-mear;-square fluctuation of the number of particles J 4~ and the energy of 

the system E have been calculated within the accuracy of four-six signs after comma . 

Pairing Energies and Correlation Functions 

To define the value of Q we calculate pairing energies of neutrons PN and protons P:z. 
using the formula: 

pN :: 2 E (z~ N-i) - E (z~ NJ - £ (z, N- :G). ( 2 ) 

The calculated values of pairing energies of the neutron system at Gw = 0 . 02.0 "J:i Wo and 

G211 : 0.024 1:\ J,o and the proton system at Gz. :r 0.024 1i Wo and Q'Z. =- 0.028 1; tho and 

a lso the corresponding experimental data/8,9/ are shown in Fig. 2 and 3. By comparing the calculated va­

lues of pairing energies with experimental data we find average values of the pairing interaction constants 

GrJ = 0.024 "tt wo , Gz = 0.026 ii &o . Note the value of pairing energy decreases with increasing 

deformation that is connected with the weakening of the role of residual interactions when the d!?format-ion 

increases. 

Fixing the scheme of the single-particle levels on the basis of the analysis of experimental data on 

spectra of odd-mass nur.lei with account of the influence of superfluidity and defining from pairing energies 

the constants Q"' and G 2. we exclude in this way any ambiguity from subsequent calculations. 

We investigate the behaviour of the correlation function C' = Qf. ftls V~ and chemical potential .A 
which corresponds to the ground states of even-even and odd-mass nuclei. The behaviour of the chemical 

potential .A depending on the degree of filling up the shell for systems with odd number of neutrons is 

giving in Fig. 4. The value of A fluctuates near the energy of the Fermi surface level, these .deflec-

tions being about l MeV. The fluctuations of the difference I .A - E F f for excited states become still 

more. The deflection of ).. from E F into excited states of even systems turns out to be especially 

great. 

The behaviour of the functions C for the ground states of even and odd systems is given in Fig.S 

and 6. Note the values of C for the ground sta tes of odd systems depend strongly on the behaviour of 



single-particle levels nearest to the Fermi surface energy. One can see from the scheme of single-particle 

neutron levels (Fig. l) that in the region of deformations 8 = 0.26 - 0.36 the difference of energies 

between the levels N = 97 and N = 99 reaches 1.4 MeV, -that leads to a sharp decrease of the quan­

tity C for the corresponding odd-mass nuclei. The values of C for the ground 3tates of even sys­

tems are less sensible to the behaviour of the single-particle levels. The values of C for odd systems 

( 2n - l ) are on the average less by ( 20%- 30%) than those for even ( 2n ) systems, that agrees with 

the evaluations in/ 11/. Thus the appearence of one quasiparticle leads to a considerable reduction of the 

superfluidity. It should be noted the values of C decrease as a rule with increasing deformation which 

testifies to the fact that the role of pairing correlations is reduced when lf increases. The function C 
for singlequasi-partitle states of odd systems has a minimum value for the ground state and increases for 

excited states as the excitation energy increases, approaching the value of C for the ground state> of 

the corresponding even system ( see Table l ). In the case of the even system the function 0 for 

two-quasi-particle excited states decreases by 30 or more percent, sometimes it vanishes. The value of 

this correlation function increases with the excitation energy increase. 

Single- t'article Levels of Odd-Mass Nuclei 

On the basis of the superfluid nucleus model we calculate the spectrum of single-particle levels for 

both odd - N and odd- Z nuclei in the region under investigation. As an example we give in Fig. 7 the cal-
t~>t .._p 175 

culated and experimental levels Dy and <><-l.i • Note that the excitation energy values calcu-

lated by us agree better with experimental data in comparison with those in the Nilsson schemes. However, 

because the levels of odd-mass nuclei depend strongly on the behaviour of average field levels it is diffi­

cult to expect to recieve a detailed agreement with experimental data. We investigate therefore the densitie~ 

. of single-particle levels. The average density of neutron levels for 99 ~ N ~ 109 is found to be equal 

to 3.3 levels per 1 MeV, and the density of experimental levels averaged in the same way is 3.1 levels 

per 1 MeV. The average density of the calculated proton levels for 63""- Z ....._ 73 is equal to 3.6 levels 

per 1 MeV. The corresponding experimental density is 3.4 levels per l MeV. The average densities of the 

calculated proton and neutron levels is larger than those of corresponding Nilsson schemes by a factor of 

l. 7. The calculation carried out are in agreement with the investigations of the single-particle level density 

in/13/ . 

Thus, as in the transuranic region/2/, the density of low-energy levels agrees with experiment and is 

about twice as large as the density of levels in the Nilsson scheme . Note the effect of increasing the level 

density is connected. with superfluid properties of ground and excited states. The necessary level density 

can be obtained by no changes of single-particle levels in the model of independent particles. 

Even-Even Nucleus Spectra and Evaluation of 

Calculation Precision 

The most interesting and hopeful is the application of methods based on the superfluid nucleus model to 
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the analysis of even-even nucleus spectra. In/2/ it has been hown that in the excited state I K,K -t- l > 
of the even system where one quasi-particle is on the level 1( and another of the level K + l 

l( denotes the final filled up level for G = 0 and K + l denotes the subsequent level with higher 

energy etc. ) the superfluidity of the system decreases strongly and sometimes is reduced to zero. This is 

connected with the fact that for the correlated pairs the level K and K + l are blocked and, therefore, 

in states available for pairs a large gap appears. Since below this gap the number of states is equal to 

that of particles and from the energy point of view it is not advantageous for pairs to occupy K + 2 and 

higher levels because of a great loss of kinetic energy, then in the I K, K + l > state the superfluidity 

is very small. In connection with this the energy of the system in the I K,K + l > state decreases and as 

a rule the energy difference between the I K, K + l ) and ground states is less than the value of energy 

gap 2 C being the correlation function of the ground state. 

. 102 yo'72 We Illustrate these considerations on the example 
70 

o whose calculated characteristics for 

excited states are given in Table .u. In the excited proton s tates I K, K + l > and I K, K + 2 > et al 

the superfluidity is absent, i.e. C=O while in the ground state C0 = O.l2 1iWo = 0.85MeV. In higher 

energy states the superfluidity increases approaching the value of the ground state. In the neutron system 

the superfluid properties are weakened considerably in the I K, K + l > state, because C = 0.034 1iw. 

while in the ground state C 0 "' 0.126 1\JJ.-::::. 0.93 MeV. Now we compare the calculated spectrum '{8 17
2. 

with experimental data/14/, which have been obtained in studying the decay .£a 17z. with the configu-

ration: neutrons {1/2.-[52.1]i-~ protons {7!2+[404]~j ,i.e. I=4, 

'Jl- .J K= 4. The excited 3+ 3 1172 KeV s~ate in the spectrum Yl'u is undoubtedly a single-par-

ticle one. It can be a proton state of the type { 7/2 + [ 4041 t J - i 1/z. + [ 411] t } 
as well as a neutron ohe { 1!2- [5"21] ~} + { S/2 - [SI2 J 1 J . The 3+ 3 level is an 

example of the \ K, K + l ') state and its energy is lower than that of the gap, since the neutron gap 

2Co = 1.86 MeV and the proton one 2 C o = 1.7 MeV. Because the superfluid properties of the system 

in the I T(, K -t- 1 '> state is decreased then its moment of inertia in this state must increase. The expe-
~~ . ~~ 

riment confirms this fact since we have :f5 = 13 for the ground state and n = f f for the 

\ K., I(+ 1) state. 

Note the> 11'\oment of inertia of the system which is in the excited state depends on superfluid pro­

perties of both the specified and other states. A sharp decrease of the magnitude of the correlation func­

tion C for this state does not ·lead therefore to a considerable change of the moment of inertia of the 

excited-state system by comparing with that of the ground- and other excited-state-system. 

Note that those o-t states, where both quasi-particles being on the same level are calculated with 

smaller accuracy than other states. The conservation of number of particles on the average leads to dif­

ficulties which are concentrated in these states. Among two-quasi-particle states there is one redundant 
+ c , •• 

state but the ground and 0 states are not ortogonal. Indeed, in the case c 'l: for ~= 0.31 

Gz.= 0.02s i;U,o and G,.; == 0.024 -l:;w. 

following results 

a) proton states 

thE: evaluations of the non-ortogonality lead to the 



<K- 1, K- ll 0)=0.30 

< K I K I 0 > = 0.39 
< 1( -t 1, I<+ ll 0 ) -::. 0.38 

b) neutron states 

< K- 1, K- 1 I 0 > = 0.08 

( K, K I 0 > =- 0.12 

( K + 1, K + lj O> = 0.10 

where I 0) is the ground state. 

7 

<. K -t 1, K + 1 I K - 1, K - 1 > = 0.10 

< K, K I K- 1, K- 1 > = 0.02 

<..K+l, K-t ll K,K) =0.13 

< 1( + 1, 1( + 1 I 1( - 1, K - 1 > = 0.15 

<.. K, K I K- 1, K- 1 > = 0 

< K -t 1, K + 1 I K, K > =--0.23 

Using the formulae given in/ 1/ we evaluate the error which is due to the conservation of number of 

particles on the average. Values of root-mean square fluctuation of number of particles Vllrii-' calcula-

ted are given in Table I and II. The relative magnitude of the fluctuation Von'-/fl..R. ( J\. -is the 

number of summed levels ) changes rather strongly in transition from ground states to excited ones but it 

does uot exceed 6 percent. Thus, the accuracy of our calculations is restricted not to the conservation 

of number of particles on the average but generally to the accuracy with which single-particle levels of 

the self-consistent field are known. 

In conclusion we are pleased to acknowledge N.N. Bogolubov, K.L. Gromov, B.S. Dzelepov, 

L.K. Peker for highly fruitful disc ussions of the work. 
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Table ! 

Characteristics of ground and excited states of 

odd-mass nuclei 

....----------- --------y---- ---
State of the system! in~unitsl v{lYI.~- I i~-~~I'ts 

+- i1 w~ -t. ~o 

"g ·9 K+ J 11/2-= [505] - - o, 091 I ;~ 01 I ----= o, 08~ 
0 ¥ K+2 J/2 + {651) o, 090 I, 2' 00 ! - o, 017 
II -.:t 

Go ~ K+l J/2 -{52~ 0,077 I 1,77 

0 K 5/2 + [642] I 0,074 I 1,71 

~ " K-1 5/2 - ~2~ I 0,076 1,75 + 0,016 

~ t.!r K-2 7/2 + [6JJ] I 0,094 I 2,08 + O,OJJ 

- 0,004 

+ 0,010 

II l I I 
::,; K-J 1/2 - 521] -+--o,o~- , + o,oJ4 

~ o-3 K+J l/2 - [541) · I O, 101 1
1 i: K+2 9/2 -[514) I 0,089 I 

lo ~ K+l 5/2 + l402) o, 080 I 
~ I K 7/2 + l404] 0,068 I 

r-l K-1 I 1/2 + l411) I o, 104 I 

+ O,l2J 

+ 0,118 

+ O,llJ 

+ 0,106 

+ 0,067 

lt;l t!J I K-2 I 7/2 - [52J] I o, 106 I 
N K-J 'I J/ 2 + l411] I 0,110 I - I + 0,065 

I I --------------- _J _______________________ , 

+ 0,065 
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